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Chapter 1

Introduction

1.1 Main problem and main results

The Hofer distance between the set of autonomous Hamiltonian diffeomorphisms and a time-
dependent Hamiltonian diffeomorphism has been recently studied in [PS14]. We first give several
definitions. Denote by Ham(X,w) the set of all the Hamiltonian diffeomorphisms. Not only can
we prove Ham(X,w) is a group, but also we can associate a bi-invariant metric on this group which

is the well-known Hofer’s metric, denoted as dg. It will be defined in (4.1)) in Section

Definition 1.1.1. For a closed symplectic manifold (X, w), define
Aut(X) = {¢ € Ham(X,w) | ¢ = ¢} where H(t, ) is independent of t}.
Definition 1.1.2. Let k > 2. For a symplectic manifold X, define

aut(X) = sup  dpu(¢,Aut(X)),
peHam(X w)

where dp is Hofer’s metric defined by (4.1]).

A special feature of time independent (or usually called autonomous) Hamiltonian diffeomor-

phism compared with time-dependent Hamiltonian comes from the following easy observation. If



a time-dependent function F(¢,z), as a Hamiltonian, generates 1, then
H(t,z) = pF(pt,x) generates ¢ = P. (1.1)

If, in particular, ¢ = gb}q € Aut(X), then for any prime p, we can simply take generating function

F(x) = %H (z) which generates a p-th root of ¢. This motivates another more delicate definition

as follows.

Definition 1.1.3. Let prime p > 2. For a symplectic manifold X, define
Powery(X) = {¢ =P |y € Ham(X)}.
Definition 1.1.4. Let prime p > 2. For a symplectic manifold X, define

powery(X) = sup  dg(¢, Power,(X))
peHam(X)

where dy is Hofer’s metric defined by (4.1)). |I|

As we have noticed earlier, Aut(X) C (), ,, ime Fowerp(X). With the notations above, we can

state the following main theorem in [PS14],

Theorem 1.1.5. [Theorem 1.3 in [PS1j|]] Let ¥, be a fized closed oriented surface with genus

g > 4. For any symplectically aspherical closed manifold M and for any p > 2. We have
powery(3g x M) = +o0.

Note that Theorem m (taking the limit along all the prime number p) immediately implies,

under the same hypothesis of Theorem [1.1.5

aut(Xg x M) = 4o0.

'The original definition in [PS14] is defined for any integer k > 2. But since
du (¢, Powery (X)) < du (¢, Powery(X)) when p |k,

we will only consider prime number p here.



This is actually another theorem stated in [PS14] (Theorem 1.2), where its original proof comes
from different (easier) process than the original proof of Theorem Last but not least, we
emphasize that results mentioned above are within the effort to prove or understand the following

general conjecture,
Conjecture 1.1.6. For any closed symplectic manifold X, aut(X) = +oc.
Here is our main theorems in this paper.

Theorem 1.1.7. Let X, be a fized closed oriented surface with genus g > 4. For any closed

symplectic manifold M, for any prime p > Eogig% bi(M),

powery(Xg x M) = +o00.

This immediately implies

Theorem 1.1.8. Let ¥, be a fized closed oriented surface with genus g > 4. For any closed
symplectic manifold M,
aut(Xg x M) = 4o00.

So we are closer to the Conjecture compared with results in [PS14]. Moreover, the method
used in this paper, as a combination of Hamiltonian Floer theory and persistent homology theory,
provides on the one hand, a sophisticated application of the non-Archimedean version of persistent
homology developed in [UZ15] and on the other hand, a potentially useful scheme (see Section

to attack other Hamiltonian dynamics problems.

1.2 Review of Poltervoch-Shelukhin’s method

Now back to Theorem from the title of [PS14], its proof is a successful combination of
Hamiltonian Floer theory (whose background will be given in Chapter 2) and persistent homology
theory (whose background will be given in Chapter 3). For any given prime p, define an operator

R, on the component of the loop space L£,X consisting of all loops representing some homotopy



class a by rotation

Ry(z(t)) = x (t + ;) .

Given a time-dependent Hamiltonian function H (¢, x) generating ¢, denote H (®) (t,x) = pH(pt,x)
generating ¢P by (1.1). Notice if z(t) is a Hamiltonian 1-periodic orbit of Hamiltonian H®), then
R,(x(t)) is also a Hamiltonian 1-periodic orbit from H®) because p(t + 1/p) = pt + 1 = pt on
R/Z. This induces a filtered chain isomorphism between two Floer chain complexes for each degree
k € Z,

R, : CF.(H® J))o — CF.(H® (R)).J;)o = CFL(H®, Jii1)o: (1.2)

After passing to the homology, taking advantage of the fact that Floer homology is independent of

almost complex structure, we get a pair

(Hix(¢),T) (1.3)

where components are

o Hy(¢) = ({HFlg_OO7S)(¢p>a)}S€R;(ﬁg’t) is a persistence module (see Definition below),

where transition function ¢, is induced by inclusion for any s < ¢;

e [(Rp)«] =T is a filtered isomorphism (or O-interleaving) giving a Z,, action on Hy(¢), that is,

17 =1.

A numerical measurement p,(¢) is defined (on the top of page 40 in [PS14]) by using combina-
torics data (barcode) from the associated persistence module satisfying Lipschitz continuity
with respect to Hofer’s metric. Therefore, by the most important theorem in this theory — stability
theorem, this proposition translates combinatorics information from barcode to analysis informa-
tion between (Floer) chain complexes which is captured partially by Hofer’s metric. This turns out
to be the key step in the proof of Theorem These Lipschitz type continuity will be carefully
explain in Chapter 4.

To generalize this process, we will make efforts in two directions. First, we will use more

sophisticated and powerful persistence module theory that is developed in the paper [UZ15] to



rewrite the set-up of this problem in the (Floer) chain complex level. Second, following the idea
above, we will also define some numerical measurement (in fact proved to be a symplectic invariant)
which satisfies Lipschitz continuity with respect to Hofer’s metric. We point out no effort will be

made in this paper improving the product structure as in the result of Theorem [I.1.5]

Remark 1.2.1. Through out the paper [PS14], the field of scalars C, should satisfies the following
important restriction. As we also assume this condition in this paper, we state it separately here.

Irreducible condition:
e char(K) # p and K contains all p-th roots of unity;

e For any primitive p-th root of unity &,, there is no solution of the following equation z? = &}

unless p | q.
Note that this condition gives a strong restriction on the dimension of invariant subspace.
Specifically, if V is a T-invariant subspace with 7?7 = £/ - T for some p-th root of unity & where
1 <q<p-1,then p| dim(V). (Lemma 4.15 in [PS14]).

1.3 Outline of constructing obstruction

First, we give the recipe in this story to construct a numerical measurement (proved to be symplectic

invariant).
Floer chain complex | (q) self-mapping cone (b) barcode (1.4)
(CE.(H®), Jt)a, T) (Conecp® 1), (T = &p - D, Oco) {B:(H)}
(d) (o)

‘ numerical measurement ox (¢x) ‘

We will explain each of the boxes followed by explanation of each of the arrows above. Mean-
while, we emphasize the speciality when ¢ = ¢y € Powery(X) because eventually we will use
the numerical measurement constructed above to form an obstruction to the condition that ¢ €

Power,(X).



1.3.1 Floer chain complex

Rotation action ([1.2]) on the Floer chain complex can pushforward the almost complex structure
that we start from, so once we are working on the Floer chain complex, the rotation action (|1.2)
does not behave as well as on the Floer homology in the sense that in order to work on the same

chain complex, we need to use some continuation map C,

T=CoR,

//\

CF(H®), Ji)o — CE(HW), J,y 1) S CR(HD, i) (1.5)
Note that in general, TP # I, which is the source of many difficulties when we are working on the
chain complex level. Meanwhile, recall in the proof of Theorem 4.22 in [PS14], if ¢ € Powery(X),
say ¢ = P for some 1p € Ham(X,w), then there exists a well-defined chain map for each degree
ke,

Ry : CF(HW), J}) o — CF(H®, JHP%)Q

where H (t,x) = pF(pt,x) and F is a Hamiltonian generating . Again, in order to work on a single

space itself, we also need to use some continuation map C’ to form the following composition

—Y
S=C oRpg

R ’
CF(HP, J)o — 2 CFy(HP, T, 1 Yo L CF(HP), J})a . (1.6)

t+-L
+3
Our first observation is

Proposition 1.3.1. For any closed symplectic manifold (X,w), if ¢ = ¢ € Powery(X), then for
any degree k € 7, there exists a continuation map C : CFk(H(p), Ji1)a — C’Fk(H(I’), Jt)a and a
P

continuation map C' : CF,(H®,.J

t+%)a — C’Fk(H(p), Jt)a such that, T = SP, where T and S are
r
compositions in and @

This result will be proved in Chapter 5, section [b.1

Notation 1.3.2. For the rest of the paper, whenever we use T, it always means the composition

defined in ([1.5]). If we need to emphasize the Hamiltonian H of the corresponding system, we will



denote it as TH. Whenever we use T, it always means the resulting composition from Proposition
that has a p-th root.

1.3.2 Self-mapping cone

Define mapping cone of chain complex CF,(H ®), Ji)o with respect to map T'— &, - I. We call it a
self-mapping cone of (CF,(H®,.J;),d). Degree-k piece is

(Conecppw g (T =& Dk = CF(HP, J})o ® CFr_y (HP), J)o (1.7)

and the boundary map 0, is
o ~(T—&-1)
0 —0

where 0 is Floer boundary operator of CF,(H), J,). Moreover,

Definition 1.3.3. For any element (21,22) € (Conecpgm ), (T — & - 1))s, if CF.(H® .J,), is

acted by some map A, then define its double map D4 by
Da(z1,22) = (Ax1, Axg).
In particular, by and , self-mapping cone is acted by double maps
Dr = Dg, + Cr, (1.9)
for some map C7 who strictly lowers the filtration, and (if it exists) also
Ds =Dg, +Cs, (1.10)

for some map Cg who also strictly lowers the filtration. Moreover, by Proposition Dg =Dr.

The following proposition shows our self-mapping cone is well-defined.

Proposition 1.3.4. For any closed symplectic manifold (X,w), up to a filtered isomorphism, con-

struction of (Conecppw )., (T—E&1))x, Oco) is independent of choice of continuation map (to form

7



map T ). Moreover, Dy and Dg defined in and are chain maps on (C’oneCF(H<p)7Jt)a(T_

& - 1))x, Oco), 1.€., commute with boundary operator of mapping cone Oc,.

This will be proved in Chapter 5, section 5.2}

1.3.3 Barcode of self-mapping cone

From discussion in Section we know these combinatorics data can reveal algebraic structures of
the chain complex. For barcode of self-mapping cone defined above, a natural question is whether
this “special” action Dg will shape its barcode in some way. In fact, we have the following important

theorem.

Theorem 1.3.5. For any degree k € Z and boundary map (Oco)k+1 : (C’oneCF(H@)Jt)a(T —&-
D)i+1 — Im(Oco)k+1 EL each bar in the concise barcode of (Oco)r+1 (that is, degree-k concise barcode)

has its multiplicity divisible by p.

This proposition is an analogue (but stronger) result with Proposition 4.18 in [PS14]. The proof
of this theorem is the most time-consuming part of this paper. The entire Chapter [6]is devoted to
its proof. But it should be easy to believe in that Dg is a strictly lower filtration perturbation of a
group action DRp2 with order p?, which makes each degree-k piece (COTLeC’F(H(P),Jt)a(T —& D)k
a representation. This restricts the singular value decomposition (see Theorem [3.3.6|) in a certain

special form.

1.3.4 Numerical measurement

Based on Theorem [1.3.5] we can define some numerical measurement from this combinatorics data.

Definition 1.3.6. First take the collection of length of bar in degree-k concise barcode of self-mapping

cone constructed with respect to ¢ = ¢, denoted as {f;} and by definition,

B1(@) > B2() ... = By (¢) >0

2In general, to compute (degree-k) barcode of (9co)r+1, we need codomain to be ker(9c0)r. But in this paper,
we only consider Hamiltonian Floer chain complex of non-contractible loop, so it can be shown that homology of
mapping cone vanishes. Therefore, ker(co)r = Im(Oeo)k+1-




(so my, = multiplicity of degree-k concise barcode). Then degree-k divisibility sensitive invariant of
¢ = ¢y is defined as
ox(P)r = max (Bop+1(®) = Brs1)p(9))

and if (s + 1)p > my, set Bs41)p(¢) = 0. In general, divisibility sensitive invariant of ¢ = ¢g is
defined as

ox(¢) = max supox (). (1.11)
primitive £, | =¥/

Likewise multiplicity sensitive spread u(¢) in [PS14], ox(¢) is used to provide an obstruction

to the condition ¢ € Powery,(X). Specifically, we have the proposition,

Proposition 1.3.7. If ¢ € Powery(X), ox(¢) = 0. If pt my for some degree k, then ¢x(¢p) >
B (6)-

This will be proved in Chapter 5, section [5.3

1.4 Lipschitz continuity

Now we move to the arrows in the diagram (1.4). All (a), (b) and (c¢) are in the flavor of Lipschitz
continuity (see Section . From now on, we will simply denote

Cone(H), := ((ConecF(H(p)’Jt)a (TH —&p- D)., 8co,H)>
and

Cone(G)s = ((Conecpiaw g, (T = & 1)) Oeoc);

the mapping cones constructed from different Hamiltonian functions H and G. Then (a) is corre-
sponding to the following Lipschitz continuity between quasiequivalence distance and Hofer distance

(see Section 4.2).

Proposition 1.4.1. For any Hamiltonian H and G, we have

dg(Cone(H),,Cone(G)x) < 3p-||H — G||u.



Moreover, (b) is corresponding to the following proposition which will be a direct application of

Corollary 8.8 in [UZ15].

Proposition 1.4.2. Denote B;(¢r) as the length of i-th bar in degree-k verbose barcode of Cone(H ).

and Bi(pg) as the length of i-th bar in degree-k verbose barcode of Cone(G).. We have

1Bi(or) — Bi(oa)| < 4dg(Cone(H)., Cone(G)y)

for every i € Z.
Note that (a) and (b) together imply the following proposition which corresponds to (c¢),

Proposition 1.4.3. For any closed symplectic manifold (X,w) and ¢,v € Ham(X,w), we have

lox(¢) —ox(¥)| < 24p - du (o, 7).

Remark 1.4.4. Indeed, 0x(¢) defined here and p1(¢) defined in [PS14] are similar but not completely
related. On the one hand, we point out that 1(¢) can also be defined in the Floer-Novikov persistent
homology theory language developed in [UZ15] in the chain complex level. Unfortunately, (weak)
stabilization proposition - Theorem 4.23 in [PS14] (with corrected version) can be modified to
hold for general symplectic manifold M, but it can not be applied in the same way as in [PS14],
especially when ¢;(M) is not zero. On the other hand, in some special cases (for instance, I' is
dense), interested reader can verify there exist positive constants C; and Cs both depending on p

such that C1u(¢) < ox(¢) < Cou(e).

All these Lipschitz type results will be proved in Chapter (7} Finally, (d) combines all the results
together giving the following intermediate theorem that reflects the essential part of the argument

for the proof of our main theorem in Section 1.1.

Theorem 1.4.5. Let (X,w) be a closed symplectic manifold. Suppose there exists a Hamiltonian

diffeomorphism ¢ = ¢ such that for some k € Z, p 1 my where my, is the multiplicity of degree-k

10



concise barcode of self-mapping cone Cone(H).. We have

1
powery(X) > %@nk (n).

Proof. For any given € > 0, we have

powery(X) + € = sup  du(¢, Powery(X)) + €
peHam(X,w)
> dy(¢n, Power,(X)) + € by Definition 1.4
> dy(bm,v) for some ¢ € Power,(X)
1
> g|UX<¢H) —ox(¢)] by Proposition [1.4.2
P
1
= mox(qﬁH) by Proposition [L.3.
1 "
> %Bmk (om). by Proposition [I.3.
Since € is arbitrarily chosen, we get the conclusion. O

1.5 Egg-beater model and product structure

From the argument above, we notice that in order to prove Conjecture for a given symplectic

manifold X, we should be able to create the following two situations:
(i) find a family of ¢y = gZ)}{A € Ham(X,w) such that B,,, (¢x) = 00 as A — oo;
(ii) control the non-divisibility (by p) of multiplicity of concise barcode of Cone(H}y)s;

In general, this might be difficult, especially for condition (i). Our main theorem indicates we can
do these on X = X, x M for any closed symplectic manifold M, which is the key to succeed in
generalizing results from [PS14]. Here we take advantage of a chaotic model called “egg-beater

model” which has been carefully studied in [PS14]. A brief introduction of this is needed.

11



1.5.1 Egg-beater model

Egg-beater model (¥4, ¢) with g > 4 is constructed to create large action gap. On X, we will focus
on a pair of annuli intersecting each other in a way such that in each component separated by the
annuli there exists some genus (see Figure 2 in [PS14]) . Moreover, our Hamiltonian dynamics comes
from a family of shear flow ¢§\ (highly degenerated) generated by a family of special Hamiltonian
functions supported only on the union of these annuli (see Figure 3 in [PS14]). The upshot is that

we have a well-defined Floer chain complex (for non-contractible loop), denoted as
CF.(Zg,07)a (1.12)

where a represents a homotopy class of a non-contractible loop and ¢, is a family of Hamiltonian
diffeomorphism parametrized by sufficiently large A (with family of generating Hamiltonians de-
noted as H)). The generator of this chain complex is non-contractible Hamiltonian orbits which
can be identified with fixed point and interestingly, by the construction of ¢,, there are exactly
22P_many generators coming in p-tuple in the sense that if z is a non-degenerate fixed point, then

each one from the following cyclic permutation

{2,002, oy 852} (1.13)

is also a non-degenerate fixed point. Moreover, actions and indices on (bg\z are the same for all
j € {0,..,p — 1}. Rotation action R, acts on generators as Ry (¢,z) = gzﬁj;rlmOdpz.

This model itself provides an example that we can carry on explicit computation concerning
(i) and (ii) mentioned above. On the one hand, Proposition 5.1 in [PS14] confirms the asymptotic
(to infinity) behavior of action gap required in (i). On the other hand, we have the following

proposition handling the other issue on multiplicity (and so divisibiity) in (ii),

Proposition 1.5.1. For any given prime number p > 3, total multiplicity of concise barcode of
self-mapping cone of CF.(X4, ¢y) is 22P . In particular, there exists some degree k such that p{my

where my, is the multiplicity of degree-k concise barcode.

This will be proved in Chapter 8, section [8.3

12



1.5.2 Product structure

First, for the corresponding product Floer chain complex,
CF*(ZQ X M, ¢y X H)ax{pt} = CF*(EQ, ¢)\)a & CF*(M, H){pt}
by the recipe (|1.4)) above, we will consider degree-1 concise barcode of self-mapping cone

Coneg(Hy)s = (ConeCF*(ngM,qﬁA XI) oo {pt} (THA X T =& 1), Oco) (1.14)

Study of barcode under product structure implies the following two propositions, in Section [9.2

Proposition 1.5.2. For any i € Z, length of i-th bar in degree-1 concise barcode of Coneg(H) )«
satisfies

Bi(pr xI) = 00 as A — o0

for any i < mqy where my is the multiplicity of degree-1 concise barcode.

By referring to CZ-index formula of generator of the egg-beater model (see Theorem 5.2 in

[AKKKPRRSSZ15]) and the following definition,

Definition 1.5.3. Define k-th quantum Betti number of symplectic manifold X as ¢bi(X) by

gbi(X) = Zkaers(X)
SEZL

where by ons(X) is the classical (k+ 2N s)-th Betti number of M and N is minimal Chern number

of M. Note when N is sufficiently large, for instance, ¢1(TX) = 0, gbi(X) = br(X).

we can show,

Proposition 1.5.4. Let X = X, x M. Denote m1 as multiplicity of degree-1 concise barcode of
Cones(Hy)-, if
P 1 (gbp(X) + 2gbo(X) + gb—p(X)) (1.15)

then p{tmy. In particular, if p > Z?i:rg(x) bi(X), then is always satisfied.

13



Chapter 2

Background of Floer theory

2.1 Overview

For a closed symplectic manifold (X,w), a smooth Hamiltonian H : R/Z x X — R gives rise to
a Hamiltonian flow {¢%; }o<i<1 and the fixed points of the time-1 map ¢}, (called a Hamiltonian
diffeomorphism) can be used to construct a chain complex called the Floer chain complex, denoted
as CF.(H,J). Floer theory is motivated to resolve Arnold’s conjecture on the minimal number
of the fixed point of a Hamiltonian diffeomorphism, which has been fully developed (see, [F1o89],
[HS95], [FO99] and [Par13]). By now, various applications of Floer theory together with its extended
version involving Lagrangians (see [FOOO09]) have shaped people’s fundamental understanding
of symplectic or contact structures. In particular, many symplectic invariants constructed from
CF.(H,J) or its homology H F,(X), such as spectral invariant p(a, H) (see, [Vit92], [Sch00], [Oh05]
and [Ush08]), boundary depth B(¢m) (see, [Ushl3]), symplectic quasi-state (,(H) (see, [EPO§]),
etc., have been successfully used to solve many problems on Hamiltonian dynamics (see, [Sey13],

[HLS15]) as well as some rigidity type topological problem (see, [EP09], [Ush10]).

2.2 Construction of Hamiltonian Floer chain complex

Suppose (X, w) is a close connected symplectic manifold. Given any smooth Hamiltonian function

H :R/Z x X — R, it induces a time-dependent Hamiltonian vector field Xz by taking advantage
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of non-degeneracy of w, i.e.,

w(-, Xp) = d(H(t,)).

This vector field X induces a flow denoted as ¢%,. Fixed point of time-1 map qﬁ}{ is corresponding
to a loop v : R/Z — X such that v(t) = ¢%(7(0)). We say that H is non-degenerate if for each

such loop 7,

(déh)y0) : Tyo) X = Tyo) X

has all eigenvalues distinct from 1. This will guarantee that there are only finitely many fixed point
of qbllq. In terms of constructing Floer chain complex, we will not use all the loops. There are two
different versions. One is to use all the contractible loops. Denote the collection of all such loops
by L(X) (or Ly (X) if necessary). The other is to use non-contractible loops in a fixed homotopy
class a € m(M). Denote the collection of all such loops by L, (X).

We will explicitly explain the construction of the first one. The construction of the second one
is similar. View ~ as a boundary of an embedded disk D? in X, i.e., there is a map v : D> — M

—_~—

and u|g1 = 7. Now consider a covering space of £(X), denoted as £(X) constructed by

— equivalent class [y, u]

,u) is equivalent to (7,v) <
ol (,0) (r,v)

of pair (v, u) ' v(t) = 7(t) and [u#(—v)] € ker(Jw]) Nker(cy)

—_

For each [y,u] € L(X), there are two functions associated to it. One is action functional Ay :

L(X) — R defined by

An(ly,u]) = —/Qu*w—i—/o H(t,~(8))dt.

D

P

The other one is Conley-Zehnder index pucz : L(X) — Z defined by, roughly speaking, counting
rotation of d¢%; on along ~(¢) with the help of trivialization induced by u. Its explicit definition
can be referred to [RS93]. Because of the conditions in £(X) above, action functional and Conley-

Zehnder index (or CZ-index) of [y, u] are both well-defined. As a vector space over ground field £,

for any k € Z, degree-k part of Floer chain complex CFy(H, J) (or CFy(H,J), if necessary), as
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a vector space is defined as

> apulyul|ap.g € K (VC € R)#{ [y, ullapy # 0, Au([y, u]) > C} < o)

[y, u] € Z(X),
poz([v,u]) =k
Now denote

so={w: S% = X |(c1(TX),w,[S?]) = 0} .

Note that if we change [y, u] by gluing some sphere w € sy on the capping w, it will change the
action functional by — [ g2 W*w, possibly not zero, but keep the degree the same. More importantly,
if such action difference is non-zero, then [y, u] # [y, u#w] in CFy(H,J), which implies that as a
vector space over K, C'Fy(H,J) is in general infinitely dimensional. It is finite dimensional if w
vanishes on the image of Hurewicz map ¢ : mo(X) — Ha(X,Z)/Torsion, in which case X is usually
called weakly exact (a stronger condition called symplectic aspherical if both w and ¢; vanishes).
In order to overcome this dimension issue, [HS95] suggests to consider a bigger coefficient field

- Novikov field AT defined as

AT = 83 " agt9 |ag € K, (VO € R)(#{glag #0, g < C} < x0)
ger

where I' = { st wr*w |w € so} < R and t is a formal variable. It is then easy to check that
CFy(H,J) is now a finite dimensional vector space over AT and its dimension is equal to the
number of v € £(X) such that there is u : D? — X with u|yp2 = v and pcz([y,u]) = k.

Next, graded vector space C'Fy(H,J) will become a chain complex once we define the (Floer)
boundary operator (O, r)«. Degree-k part of boundary operator (0g,s) : CFy(H,J) = CFy_1(H,J)
is defined by counting the solution (modulo R-translation) of the following partial differential equa-

tion (as a formal negative gradient flow of Ap)

e a0 (G = Xa(t.u(s.) =0, (21)
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where {J;}o<i<1 is a family of almost complex structure compatible with w and v : R x R/Z — X

such that

e v has finite energy F(u) = foR/Z %|2 dtds;

e u has asymptotic condition u(s,:) — vy+(-) as s — Fo0;

o pcz([v-,w-]) = pez([v+ wi]) =1 and [y4, wi] = [y4, w-#u].
By now, it is a deep but well-known and standard fact that

Theorem 2.2.1 (See [HS95] for semi-positive X or see [Parl3] for general X). (9m,7)« is well-

defined such that Op j o Om,; = 0.

2.3 Continuation map

The construction of Hamiltonian Floer chain complex (CFy(H, J), (Om,7)«) clearly depends on the
pair (H, J). We will now recall the relation between two such chain complexes if they are constructed
from different (H,J). Specifically, if we have (H_,J_) and (H4, J1), the standard way is to form
a (regular) homotopy (H,J) (with homotopy parameter s € R) between them so that when s < 0,
(Hs, Js) = (H-,J-) and when s > 0, (Hs,Js) = (H4,J4). For instance, we can use a cut-off

function «f(s), that is,
e «(s) is monotone increasing,
e a(s) =0 when s < 0 and «(s) =1 when s > 0,

to form the following homotopy,
Ho(t,) = (1 —als) H-(t,-) + a(s)(H(t,-)),

and it is similar to consider a J;. The upshot is there exists a well-defined chain map (where it is
a chain map by standard Floer gluing argument, see proof of Theorem 11.1.15 in [AD14]), usually
called continuation map ® 3y 7y : CF.(H-,J-) — CF\(H4,J}) constructed (similar to (2.1)) by
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counting the solution of the following parametrized partial differential equation

e+ (s 0) (G = Xt ) = (22)
where again u is required to satisfy certain conditions as above as for the defining properties of
boundary operator except here we require pucz([v—,u—]) = pcz([v+,uyt]). Here we emphasize
that if we use another homotopy (H',J’), the same construction will give another chain map
Qg gy CF(H-,J-) — CFy(Hy,Jy). These two chain maps are actually chain homotopic to
each other, induced by a “l-homotopy” (homotopy of a homotopy) between (H,7) and (H',T').

In other words, there exists a degree-1 map K : CF.(H_,J_) — CFy41(Hy, J+) such that
(I)(Hyj) — (b(’H’,J’) =0oK +Kod. (23)

The explicit construction of K is carried out in Lemma 6.3 in [Sal90]. Now using another homo-
topy (#,J) from (H,Jy) to (H_,J_) gives a well-defined chain map g7 ¢ CF.(Hy,Jy) —

CF.(H_,J_). Together, we have the following picture,

> B

CE(H_,J )L or.H,, J) 2L oF,(H_,J.) (2.4)
where identity map I can be regarded as the induced chain map by the obvious constant homotopy
(Heonsts Jeonst) between (H_,J_) and itself. On the one hand, the well-known gluing argument
(see Chapter 10 in [MS04] or B.10 in [Par13]) implies that

(I)(ﬁvj) © (I)(ij) = (I)(HR,,JR) (2.5)

where the right hand side is an induced chain map from a “gluing” homotopy (Hg, Jr) (for some
R > 0) from (H_,J_) to itself constructed from (H,J) and (#,J). On the other hand, it is
also well-known (see explicit construction in [Ushlll p.14]) that the resulting ® (3, 7,) is chain

homotopic to I, that is, there exists a degree-1 map K_ : CF,(H_,J_) — CF,11(H_,J_) such
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that

1.5 ° gy —I=0n_y oK+ K_00y__. (2.6)

Similarly, there exists a degree-1 map K : CFy(Hy,Jy) = CFyy1(H4, J4) such that

D7) 0 L5 —1=0m,,0, o Ky + Ky 00, g, (2.7)

2.4 Hamiltonian Floer homology

In terms of algebraic structure, different choices of pair (H, J) induce the same (up to isomorphism)

Floer homology, therefore, we are allowed to define
HF,(X):=H,(CF(H,J),0n.7).

Therefore, we can compute HF,(X) by choosing a preferred Hamiltonian function H. In most
cases, we will choose a C%-small H so the Hamiltonian orbits of H will be degenerated to critical

points, which makes the corresponding analysis much easier. Moreover, we have

Theorem 2.4.1 (See Theorem 6.1 in [HS95] for semi-positive X or see Theorem 10.7.1 in [Parl3]

for general X). For any degree k € Z,

HF(X)~ P Hi(X,K)ox AT
j=kmod 2N

In particular, when k=0 or dim(X), HFy(X) # 0.

We will close this section by put a remark on the Hamiltonian Floer theory with respect to
non-contractible loop (represented by homotopy class /). We will denote the corresponding Floer
chain complex as CF,(H, J), and Floer homology as HF,(X)s. Almost all the ingredients above
can be defined and constructed in a parallel way by starting from a covering space of £, (X) once
we fixed a reference non-contractible loop in the homotopy class a. The general construction has
been carried out explicitly in Section 5 in [Ush13]. What we want to emphasize is that Theorem

is not true for HF,(X),. In fact, we can readily show
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Theorem 2.4.2. HF,(X), = 0 if « is non-contractible.

Indeed, since H F,(X) is independent of Hamiltonian H. A C?-small H will only provide critical

points (as constant periodic orbits, so never in class «), which makes H F,(X),, has no generators.

2.5 Non-Archimedean normed vector space

One perspective that makes Hamiltonian Floer chain complex distinguished from a general chain
complex is that with the help of action functional Ay, for each degree k € Z, we can turn each
degree-k piece C'Fy(H,J) into a (finite dimensional) non-Archimedean normed vector space over

AT In general, a non-Archimedean normed vector space is defined as follows. First, recall

Definition 2.5.1. A valuation v on a field F is a function v : F — R U {oc} such that

(V1) v(z) = oo if and only if x = 0;

(V2) For any z,y € F, v(zy) = v(z) + v(y);

(V3) For any z,y € F, v(x +y) > min{v(z),v(y)} with equality when v(z) = v(y).

Moreover, we call a valuation v trivial if v(z) = 0 for x # 0 and (still) v(z) = oo precisely when

x = 0.

AIC,I‘

In particular, for F = , We can associate a valuation simply by

v (der agtg) = min{g|ay # 0}

where we use the standard convention that the minimum of the empty set is co. It is easy to
see that this v satisfies conditions (V1), (V2) and (V3). Note that the finiteness condition in the
definition of Novikov field ensures that the minimum exists. If I' = {0}, then the valuation v is

trivial.

Definition 2.5.2. A non-Archimedean normed vector space over F with filtration v is a pair (C,¥)
where C' is a F-vector space endowed with a filtration function ¢ : C' — R U {—o0} satisfying the

following axioms:
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(F1) ¢(xz) = —o0 if and only if = = 0;
(F2) For any A € F and z € C, {(Azx) = l(x) — v(N);
(F3) For any z,y € C, {(x +y) < max{l(x),{(y)}.

In terms of Definition the standard convention would be that the norm on a non-

Archimedean normed vector space (C,/) is e~¢, not £. For the entire paper, we will only focus

on the function ¢, not on the norm e’.

Example 2.5.3. For each k € Z, (CF,(H, J),¢x) is a non-Archimedean normed vector space with

associated filtration function

i1 (3 ap v ul) = mas{ A (1, ul) [ ap, ) # 0}.

Note that £y is defined for all degree k € 7Z.

Both boundary operator dy,; defined in Section and continuation map ®y ; described in

Section [2.3] have relations with £z by the following two theorems. For boundary operator,

Theorem 2.5.4. There exists some h > 0 (coming from Gromov-Floer compactness theorem) such

that for each c € CFy(H,J), {g(0u,yc) < lu(c)— h.
and for continuation map,

Theorem 2.5.5. Suppose @3 7y : CF(H_,J-) — CF.(Hy,Jy) is a continuation map con-
structed in Section[2.5 For any c € CF,(H_,J_), we have

There are a couple of results directly from Theorem [2.5.5

(a) There exists a symmetric inequality coming from the converse continuation map ® (L)’ that

is, for any ¢ € CF,(Hy, J),
1
(@0 < () + [ =i (0) — F (1)) (2.9)
0
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(b) By (2.8)) and (2.9), we have
1
EHf((q)(q-l,j) 0@y 7))c) < Llu_(c) +/0 m)z(xx(HJr(t, ) —H_(t,) — m)}n(HJr(t, ) — H_(t,-))dt.
Meanwhile, by (2.6)),
fH_((‘I)(?ij) o (I)(HJ))C) =l (C + (aH_,J_ oK +K o aH_J_)(C)).
So K_ will shift filtration at most by the value
1
| e ) = H(6,) ~ min(E 6,) — H (8, ). (2.10)
0
The same conclusion holds for K : CF,(Hy,J;) = CFep1(Hy, Jy).
2.6 Filtered Floer homology
By Theorem for any A € R, if denote
CFMH, J) = CF N (H, J) = {c € CF.(H,J) | n(c) < \},

then (CF}(H,J),0u.;) is a subcomplex of CF,(H,J). Therefore, we can define a filtered Floer

homology (which can be proved that it is independent of almost complex structure .J),
HF}H) := homology of (CE)NH,J),dm.). (2.11)

As this is defined for every A € R, we get a R-family of vector spaces {HF*(H)})cr. More
importantly, this R-family of vector spaces is endowed with an additional structure. Note that for
any A\ < 1 € R, there exists an inclusion ¢y, : CF2(H,J) — CF/(H,J), therefore, it induces a

morphism on the corresponding homologies, that is
(txp)s : HFNH) — HF!(H) (2.12)
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where collection of maps {(tx )« }aner satisfies
o ()= Ugpacmys

d (U\,n)* © (Lp,/\)* = (Lp,n)*-

Remark 2.6.1. In genera, a filtered Floer homology HF)}(H) is a K-vector space, not a A*-vector
space (or at best a A*T=0_module) because the action of Novikov field does not preserve filtrations.
Therefore, HF}(H) is in general an infinite dimensional IC-vector space unless we only work over

IC = AXO (that is T' = 0), for instance, on an aspherical symplectic manifold.

23



Chapter 3

Background of persistent homology

3.1 Overview

Persistent homology theory was first introduced with the goal of topological data analysis (see,
[Car09]). Since then, many different versions of its associated algebraic framework have been
developed and generalized (see, [BD13], [CCGGO09]). Briefly speaking, the basic idea is, for a
filtered chain complex (Cy, O, £) where £ is a filtration function, to consider a family of its homology
{Hifoo’t)(C)}teR (called persistence module) and trace the “birth” and “death” time for each
generator along the time parameter ¢. It provides much more information than the usual homology
in the sense that it can also detect when and where a generator of Im(0,) representing a non-zero
homology class becomes trivial in filtered/truncated homologies. There are two beautiful related
theoretic results. First, the persistence module forms the easiest model of quiver representation (see,
[DWO05]), therefore, Gabriel’s theorem classifies and decomposes it into direct sum of irreducible
quivers, which is called a barcode in persistent homology theory and is identified with a collection of
intervals. Moreover, in this special case, this abstract classification process can also be realized in an
algorithmic way (see, [CZ05]). Second, using algebraic chain maps, a metric called the interleaving
distance dp can be defined between two persistence modules while, using combinatorics data,
another metric called bottleneck distance dp (see, Section 4.2 in [CdSGO12]) can also be defined
between two barcodes. The most important theorem so far in persistent homology theory is Stability

Theorem (see, Theorem 4.10 in [CASGO12]) linking these two concepts together, saying dp = dp.

24



Therefore, to some extent, algebraic topology problems can be transferred into a combinatorial

problems.

3.2 Classical persistent homology

The topological idea of persistent homology comes from computing (Morse) homology of sublevel
submanifold (instead of the entire manifold). It results in a special algebraic structure called
persistence module. Discussion of filtered Floer homology in Section [2.6] provides a concrete example

of a persistence module. In general, it is defined as follows.

Definition 3.2.1. Define a persistence module as

V= ({Vi}ier, {¢s,})

where each V; is a module (over some algebra) and for any s <t € R, ¢5: Vs — V; is a transition

map is the sense that if s = ¢, then ¢, s = Iy, and if s <t <7, then ¢, 0 dst = s

Similar to classification of finitely generated abelian group, for any algebraic object, we want to
make it as simple as possible and as unique as possible. In other words, we want to find building
blocks for a possible decomposition (and therefore a classification). This is demonstrated by the

following example and the structure theorem next to it.

Example 3.2.2. For any interval [a,b) (with possibly b = oc), associate an “easiest persistence
module” Ijg 1y = (It, ¢s1) where
F a<t<bd

I; =
0 otherwise

Transition map ¢s ¢ is identity if and only if s,t € [a,b) and zero map otherwise.

Theorem 3.2.3. [Theorem 3.1 in [CZ0J]] Suppose V (over F with trivial valuation) satisfies
dim(V;) < oo for every t € R, then it can be uniquely (up to permutation) decomposed into the

following normal form

v=p, (3.1)
[a.b)
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where m is the multiplicity of Ij,p).

The (persistent homology) barcode of V is then by definition the multiset (S, 1) where

S = {[a,b) | [a, b) appears in (3.1)}

and

wu([a,b)] = {m | the multiplicity of ]I[a,b)} .

As follows from the discussion at the end of the introduction in [Cr12], the barcode is a complete
invariant of a finite dimenisonal persistence module. Moreover, in classical persistent homology,
[CZ05] provides an algorithm computing the resulting barcode. In this case the intervals in the
barcode are all half-open intervals [a, b) (with possibly b = 00). See, e.g., [Ghr08, Figure 4], [Car09,
p. 278] for some nice illustrations of barcodes.

In the spirit of Remark for most of the cases, especially related with Hamiltonian Floer
theory (on a general symplectic manifold), the condition - “finite dimensional” is almost never sat-
isfied. However, note for Floer chain complex itself, it is a finite dimensional over A*T. Therefore,
for the rest of this section, we will mainly focus on how to construct barcode by directly working
on the chain complex level. This needs some new work on the algebra that will be explain in the

next section.

3.3 Non-Archimedean linear algebra

The keyword of this section is “orthogonality”. We will use the standard notions of orthogonality

in non-Archimedean normed vector space (e.g. [MS65]).

Definition 3.3.1. Let (C,{) be a non-Archimedean normed vector space over a Novikov field A =

ART defined in Definition m

e Two subspaces V and W are said to be orthogonal if for all v € V and w € W, we have

(v +w) = max{{(v), {(w)}.
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e A finite ordered collection (wi,...,w,) of elements of C is said to be orthogonal if, for all

A, ..., A € A, we have

4 (z_; /\iwi> = 121?%3 é()\zwz) (3.2)

In particular a pair of elements of C, {v,w}, are orthogonal if and only if the spans (v), and
(w) A are orthogonal as subspaces of C. Of course, by (F2), the criterion (3.2)) can equivalently be

written as

1 <Z Aiwi> = max ((w;) — v(N\;)). (3.3)

1<i<r

Example 3.3.2. ForV = spany (a,b) with {(a) =1 and ¢(b) = 3. For subspace U = spany (a + b},

V1 = spany (a) is an orthogonal complement but Vo = spany (b) is not an orthogonal complement.

Definition 3.3.3. An orthogonalizable A-space (C, {) is a finite-dimensional non-Archimedean normed

vector space over A such that there exists an orthogonal basis for C.

Example 3.3.4. (A", —70) is an orthogonalizable A-space, where

P(A1, ., An) = min v(\;).

1<i<n

Non-Archimedean Gram-Schimdt process (Theorem 2.16 in [UZ15]) guarantees that we can
always modify an arbitrary given basis into an orthogonal basis. This implies the following expected

property.

Proposition 3.3.5. [Corollary 2.19 in [UZ15]] Suppose that (C,¢) is an orthogonalizable A-space
and U < C. Then there exists a subspace V' such that U @V = C and U and V are orthogonal.

(We call any such V' an orthogonal complement of U ).

Likewise in the Archimedean case, the proof of this proposition heavily depends on a “best
approximation type” property, see Theorem 2.14 in [UZ15]. What we want to emphasize here is
orthogonal complement is not unique. For instance, for C' = spany (z,y) with £(z) = 0 and {(y) = 1,
subspace U = (), has Vi = (y) as an orthogonal complement. Meanwhile, V5 = (z 4 y) is also

an orthogonal complement.
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Now consider a A-linear map between two orthogonalizable A-spaces, we have the following
important theorem which is in the same spirit of singular value decomposition of a linear transfor-

mation A : C* — C™.

Theorem 3.3.6. For any A-linear map A : (C,lc) — (D,€p) with rank(A) = r, there ezists a
singular value decomposition of A in the sense that there is a choice of orthogonal ordered bases

(Y1, ey Yn) for C and (x1,...,xm) for D such that:

(i) (Yrs1, - Yn) s an orthogonal ordered basis for ker A;

(ii) (x1,...,x,) is an orthogonal ordered basis for ImA;

(i1i) Ay; = x; fori € {1,...,r};

(iv) Lo(yr) — (1) = .. 2 Loly) — Col,).
Remark 3.3.7. To simplify the notation, we will simply denote a singular value decomposition
satisfying (i), (ii), (iii) and (iv) as above by

(Yr+15 - Yn)

A
(yla "'7y7’) - (1'17 -"7$T)

(x7“+17 ceey xm)

The way that we prove Theorem is by providing an algorithm, see Theorem 3.5 in [UZ15].

3.4 Barcode from Floer-type complex

Example and Theorem |2.5.4] suggest the abstract algebraic object we are studying is the

following one.

Definition 3.4.1. A Floer-type complex (Cy, 0, £c) over a Novikov field A = A®T is a chain complex
(Cx = ®1ezCr, Oc) over A together with a function ¢¢: C, — RU{—o0} such that each (C,¥|c,)

is an orthogonalizable A-space, and for each x € Cy we have dcx € Cy_1 with lo(dcz) < Lo(x).
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Similar to Example [3.2.2] we have the “easiest” Floer-type complexes.
Example 3.4.2. We list them as two types.
o Type I

ElWs=...20=(yYy = Oy, —=0—..;

o Type I

E@)=...2 0= (), > 0—....

It turns out these two types “easiest” Floer-type complexes form the building blocks of any

Floer-type complex similar to the structure theorem, Theorem of persistence module above.

Theorem 3.4.3. [Proposition 7.4 in [UZ15)]] Any Floer-type complex (Cy,dc,lc) over a Novikov

field A = AT can be orthogonally decomposed as (a direct sum of chain complezes)

(Cs, 00, tc) = P Enly) )™ & (E2(x)0)™") (3.4)

x7y

where mi(y) and ma(x) are multiplicities.

Here 2’s and y’s can be obtained by a singular value decomposition of boundary map 0, given
by Theorem Specifically, for degree k € Z, we can find a singular value decomposition of

map 11 : Cky1 — ker(0g). This will decompose the following two terms Floer-type complex
0,
o= 0= Chgr — S ker(d) = 0— ...

into direct sum of some E} and E2. Together all k € Z, we get the decomposition. Moreover, from
this decomposition, for each k € Z, we can define degree-k verbose barcode (of Floer-type complex)

as a multiset (S, 1) where

[lc(9y),Lc(y)), | ind(y) =ind(z) =k +1,
[lo(z),00) x,y appears in
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and

1([lc(9y), Le(y))) = {mi(y) | the multiplicity of &1(y).}
u([lo(x),00)) = {ma(z) | the multiplicity of Ex(x)4} .

Note that it is possible o (dy) = £o(y), therefore, we define degree-k concise barcode is a collection
of all elements in S which have positive lengths, that is ¢ (y) — £c(Qy) > 0.

By classification theorems, Theorem A and Theorem B in [UZ15], verbose barcode is a complete
invariant, up to filtered isomorphism (see Definition 4.4 in [UZ15]), of Floer-type complexes and
concise barcode is a complete invariant, up to filtered homotopy equivalence (see Definition 4.5 in

[UZ15]), of Floer-type complexes.

3.5 Example of computing barcode

So far, we have seen there are two approaches to generate barcode. One is from classical persistence
module and the other is from Floer-type complex. By theorem 6.2 in [UZ15], reducing to the case
that AT = AKAOY = K| these two approaches give the same barcode. We will demonstrate this

by a concrete example.

Example 3.5.1. This picture is borrowed from [Weill] with our assigned initial data as follows.

Figure 1. 2-dimensional manifold X with height function F'
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Associate a height function F' on it and the dots represent critical points, namely from bottom to

top as a,b,c,d, e, f and their heights are

p/hlalb|lc|d|el|f

Flilals|7]s8]9

Method one: By tracing the homology of truncated (by height function F') sublevel submanifolds,

we can easily get the following table.

level/homology 0 11 2
h<1 0 0|0
1<h<3 K 0|0
3<h<4 KeK | o]0
4<h<T7 K 0|0
T<h<8 K K1|o0
8<h<9 K 0|0
9<h K 0| K

Therefore, we have our (persistent homology) barcode as

e degree-0 barcode = {[1,00),[3,4)};

o degree-1 barcode = {[7,8)};

e degree-2 barcode = {[9,00)}.

Method two: From critical points, we can form a Morse chain complex (which is a case of
Floer-type complex). Namely,

o 08 oMy, F) 2 oMy(X,F) 2 OMo(X,F) 20— .

where by counting the corresponding indices,
o CMQ(Xv F) = spall (6, f>7
e CMy(X,F)=spany (c,d);
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o CMy(X,F)=spang (a,b).
Moreover, the boundary operators are

e Jic=a+b and 01d =0;

e Ohe=0of =d.

Finally, the filtration £ = £r is induced by the height function in an obvious way. In order to get
an orthogonal decomposition [3.4), we need to get a singular value decomposition of each boundary
maps (or precise, the associated two terms Floer-type complex). For 0y : CMy(X, F) — ker(dp) =
CMy(X, F),

Im(01) = spany (a +b) = its orthogonal complement is spany (a) .

Note that orthogonality plays an important role in choosing orthogonal complement. From FExample
spany (b) is not an option for orthogonal complement. Therefore, we have a singular value

decomposition of 01, by notation from Remark [3.5.7,

)
c—=>a+b

For 03 : CMy(X, F) — ker(01) = spang (d). Then
ker(92) = spang (e — f) = its orthogonal complement is spany (e) .

Again, by orthogonality spang (f) is prohibited from being an orthogonal complement. So, a singular

value decomposition of Oy is

e—f (3.6)



Therefore, if we put and together and complete them as complezes, we get (C M, (X, F'),0)

18 orthogonally decomposed as a direct sum of

..— 0 ———spany (e — f) 0 (3.7)
0 spany (e) —— spany (d) 0
0 spany (¢) —spanyg (a + b) ——0—— ...
0 spany (a) 0

Therefore, the verbose barcode (which is the same as concise barcode here) is
o degree-0 = {[gF(a)7 OO): [EF(a + b)ng(C))} = {[17 OO), [37 4)};
o degree-1 = {[lr(d),lr(e))} ={[T,8)};

o degree-2 = {[{p(e — f),00)} = {[9,00)}.

3.6 Relation to some symplectic invariants

As verbose or concise is a complete invariant for Floer-type complex, any invariant constructed from
Floer-type chain complex (containing information up to filtered isomorphism or filtered homotopy

equivalence) should be rewritten by some information from barcode. Here we give two relations.

3.6.1 Relation to spectral invariant

Following a construction that is found in [Sch00], [Oh05] in the context of Hamiltonian Floer theory
(and which is closely related to classical minimax-type arguments in Morse theory), we may describe
the spectral invariant associated to a Floer-type complex (Cy, d,¢): where Hy(Cy) is the degree-k
homology of Cy, as a map p: Hp(Ci) - RU{—o00} defined by, for a € Hy(Cy),

p(a) = inf{l(c)|c € Cy, [c] = a}
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(where [c] denotes the homology class of ¢). In a more general context the main result of [Ush0§]
shows that the infimum in the definition of p(«) is always attained.

The spectral invariants are reflected in the concise barcode in the following way.

Proposition 3.6.1 (Proposition 6.4 in [UZ15]). Let Bcy, denote the degree-k part of the con-
cise barcode of a Floer-type complex (Cy,0,(), obtained from a singular value decomposition of

Ok+1: Cry1 — ker Oy. Then:

e For each o € Cy \ {0}, the concise barcode Bcj contains an element of the form ([p(c)], 00),

where [p(a)] is the reduction of p(a) modulo T'.
e There is a basis o, . .., oy, for Hi(Cy) such that the submultiset of Bej, consisting of elements
with second coordinate equal to 0o is equal to {([p(a1)], ), ..., ([p(an)], 00)}.
3.6.2 Relation to boundary depth

Recall in [Ush13|, boundary depth of a two terms Floer-type complex 0 : C1 — Cj is defined as

B(0) = sup inf {l(y)—{(z)|dy = x}. (3.8)

z<Imd z€V\{0}

Actually, we can generalize this definition to the following one,

Definition 3.6.2. For any given k € Z, define the generalized boundary depth of a two terms Floer-

type complex 0 : C; — Cy by

0) = su inf {l(y) —4l(x)|0y==x
Br(0) vgfna xGV\{O}{ (y) — l(z) | Oy = '}

dim(V) = k

and [y (0) = 0 if 0 is the zero map or if £ > dim(Imd).

When k = 1, this is exactly the definition of boundary depth in (3.8). Clearly one has

B1(0) = B2(0) = -+ r(0) 2 0
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for all k. In terms of computation, the following theorem which relates the S (9)’s to singular value

decompositions.

Theorem 3.6.3 (Theorem 4.11 in [UZ15]). Given a singular value decomposition ((y1, ..., Yn), (T1, .., Tm))
for a two-term chain complex 0 : C1 — Cy, the numbers f(0) are given by
Lyk) — () 1<k<r

Br(0) =
0 k>r

where r is the rank of 9.

On the one hand, indicates the values of fj(0) are independent of choice of singular
value decomposition. On the other hand, Theorem together with classification theorems
implies that values of f;(9) are just lengths of finite-length bars in the barcode associated to the
Floer-type complex. In particular, boundary depth in [Ush13| is the length of the longest bars

(within all finite length bars).

35



Chapter 4

Application and distance comparison

4.1 Quantitative application

In this section, we will give a general scheme on how to combine Hamiltonian Floer theory and

persistent homology to solve a dynamics problem. First, we give a logic picture as follows.

detect

/\

dynamics problem transfer Floer chain complex topological invariant
_—

Hamiltonian diffeo ¢ (CF.(H,J),0n,) o(H)

algorithm ) )
combinatorics

barcode

B(CF.(H))

Figure 2. Logic picture of solving a dynamics problem

Second, a brief explanation goes as follows. Starting from a Hamiltonian dynamics problem
that involves a given Hamiltonian function H, by its geometric or topological construction, we
can use language of Floer theory to rewrite this problem so that it will be possible to formulate a

Floer chain complex, as a special case of Floer-type complex defined in Chapter 3. As mentioned
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earlier, there is an algorithm to compute the barcode of Floer chain complex so that we obtain a
rich resource to construct symplectic invariants. The concrete construction of invariants depends
on the initial problem and possibly not unique. Some constructions, especially in this paper, rely
on the observation from combinatorics. Eventually, we will use these invariants to detect or answer
the initial dynamics problem.

Third, an important family of properties is that for each of categories above in Figure 2, we
can associate a meaningful “distance”. The most obvious one is for topological invariant. As they
are numbers in R, the obvious distance is the (absolute value of) difference of two numbers. The
associated distances we will use later for the other three will be explicitly explained and defined in
Section 4.2. What’s more important is that all the distances are Lipschitz continuous in terms of
the others, which will be explained in Section 4.3. Therefore, each step in the logic picture can be

quantitatively detected and controlled.

4.2 Various distances

4.2.1 Hamiltonian diffeomorphism ¢

There are many different ways to compare two diffeomorphisms. However, as introduced in the
Chapter 1, on Hamiltonian diffeomorphism group Ham(X,w), the well-known Hofer’s metric dy
of ¢ = (j)}{ is the one that we will mainly focus on in this paper. Hofer’s metric is defined by the

following two steps. First, for any ¢ € Ham(X,w), define (the Hofer norm)
1
||¢|| = inf {/ (maxH(t, -) — min H (¢, )) dt ‘ = ¢11q} .
0 X X
Then define Hofer’s metric by, for ¢,1 € Ham(X,w),

drr(¢,%) = llo™ o Y|l (4.1)
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This is a bi-invariant metric on Ham(X,w) which leads to a fast-developed subject called Hofer
geometry partly because this metric is closely related with dynamics. For more details, please see

a well-written book [Pol01].

4.2.2 Floer chain complex (CF,(H,J),0n,;)

It might sound strange at the first sight that how we will measure the distance between two
complexes, but by the special filtration shift property of Hamiltonian Floer chain complex, Theorem

and the discussion after it, we can give the following abstract definition.

Definition 4.2.1. Let (Cy,dc,c) and (Dy,0p,¢p) be two Floer-type complexes, and d,,0_ > 0.

A (64,0-)-quasiequivalence between Cy and D, is a quadruple (®, ¥, Ko, Kp) where:

e &: C, —» D, and ¥: D, — C, are chain maps, with £p(Pc) < lo(c) + 04+ and bo(Pd) <
lp(d)+ 6 for all c € Cy and d € D,.

e Ko: Cy — Cyqq and Kp: Dy — Dyiq obey the homotopy equations Vo ® — o, = dco Ko+
Kcodo and ® oV —1Ip, = dp o Kp + Kp o 0dp, and for all c € Cy and d € D, we have
Ec(KCc) < fc(c) + 904 +0_ and ED(KDd) < fp(d) +0L+6_.

The quasiequivalence distance between (Cy,0c,lc) and (D, 0p,¥{p) is then defined to be

0 + 46— 0 There ezists a (04,0 )-quasiequivalence between

do(Cy, D) = inf
(Cy, 8¢, L) and (D, dp,Lp)

Example 4.2.2. From (@, (@) and , using the notation introduced above, we can summa-
rize the relation between (CF.(H_,J_),(O0u_.j_)«€u_) and (CF.(Hy,J1), (O, 7, )« LH,) E| that

they are (fl

o maxx (Hy — H_)dt, fol —minx (Hy — H_)dt)-quasiequivalent. Moreover, Proposition

5.1 in [Ush13] implies this still holds for CF.(H,J), with non-contractible homotopy class «.

Remark 4.2.3. If passing to the corresponding homologies, for persistent homologies, people very of-
ten use interleaving distance (e.g., in [CCGGO09]). The relation between quasiequivalence distance

and interleaving distance has been studied carefully in Appendix A in [UZI5].

'Here we choose normalized Hamiltonians H; and H_ in the sense that [, H(t,-) = [, H_(t,-) = 0 for every
t € [0,1]. Therefore, fol —minx (Hy — H-)dt > 0.
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4.2.3 Barcode B(CF,(H,J))

By definition, barcode is nothing but a collection of half closed and half open intervals. More
precisely, we will denote each interval as [[a], [b]) because in general over AT because of action
from T", the (left) end point of this interval is actually in coset R/T". Therefore, we can regard
[[a], [b]) as a pair ([a],L) € R/T x (0,00] where L = b — a. In the spirit of Gromov-Hausdroff
distance, we can define a distance between two concise barcodes in the following two steps (cf.

[CdSGO12]). First,

Definition 4.2.4. Consider two concise barcodes (viewed as multisets of elements of (R/I") x (0, 00])

S and 7. A d-matching between S and T consists of the following data:

(i) submultisets Ssport and Tgpore such that the second coordinate L of every element ([a], L) €

Sshort U 7-short Obeys L< 26.

(ii) A bijection o: S\ Sshort = T \ Tshort such that, for each ([a], L) € S\ Ssport (where a € R,
L € [0,00]) we have o([a],L) = ([a], L’) where for all € > 0 the representative a’ of the
coset [a'] € R/T can be chosen such that both |a’ — a| < § + € and either L = L' = oo or

|(a + L") — (a+ L)| <d+e.

Example 4.2.5. Suppose

S =1{[2,2),[4,5),[2,4)} and T ={[3,),[3,6)}.

There ezists a 2-matching. In fact, take Sshore = {[4,5),[2,4)} and Tghore = {[3,6)}. Moreover, we
can set up a bijection o’ as

a'([2,00)) = [3, 00).

However, there exists a 1-matching (which is better in the sense of distance defined below). In fact,

take Sshort = {[2,4)} and Tspore = {0}. Moreover, we can set up a bijection o as

([2,00)) = [3,00) and o([4,5)) = [3,6).
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Note that in order to get a §-matching with finite §, there must be equal numbers of infinite-length
bars from S and T.

Definition 4.2.6. If S and T are two multisets of elements of (R/T") x (0, 00] then the bottleneck

distance between S and T is

dp(S,T) = inf{d > 0| There exists a J-matching between S and T }.

Example 4.2.7. Suppose S and T are barcodes given in Example . dp(S,T)=1.

Our construction associates to a Floer-type complex a concise barcode for every k € Z, so the

appropriate notion of distance for this entire collection of data is:

Definition 4.2.8. Let S = {Sk}rez and T = {Ti}rez be two families of multisets of elements of

(R/T) x (0, 00]. The bottleneck distance between S and 7 is then

dB(S7 T) = sup dB(Ska 776)

keZ
4.3 Lipschitz comparison
Example easily implies
1
dQ(CF.(H_,J ), CF.(Hy, 1)) < 5du(9hy_, 8}s,). (4.2)

Moreover, we know from Stability Theorem (Theorem 8.16 and Theorem 8.17 in [UZ15]),

dp(B(CF.(H-,J-)),B(CF.(H,J}))) < 2do(CF.(H-,J-),CF.(H,Jy)) (4.3)
do(CF.(H-,J_-),CF,(Hy,Jy)) <dp(B(CF.(H-,J-)),B(CF.(H, J}))). (4.4)

So we have
dp < 2dg < dpg. (4.5)
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Actually, for most part of this paper, we will only use a (much) weaker version of stability theorem,
which only involves the generalized boundary depth (because our construction of invariant (1.11])

is only based on the generalized boundary depth).

Theorem 4.3.1. [Corollary 8.8 in [UZ15]] Suppose that (Cy,0c,lc) and (Dy,dp,Lp) are (9,9)-

quasiequivalent. Then for all i € Z and k € N, we have |Bx((0c)i+1) — Br((Op)i+1)| < 20.

Remark 4.3.2. In order to use Theorem note any (d4,0_)-quasiequivalent is automatically

(04 + 9,04 + d_)-quasiequivalent because d4,d_ > 0. Therefore, Theorem says

1Br((9c)i+1) — Br((Op)i+1)] < 4dg(Cx, D).

Remark 4.3.3. (4.5) and Theorem reflect a general principle of the well-known facts of Lipschitz

continuity of spectral invariant and boundary depth. See [Oh05] and [Ush13].
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Chapter 5

Build up numerical measurement

5.1 Existence of p-th root map

Lemma 5.1.1. For any a € N, we have the following commuting diagram

R
CF(HW), Jiy 5)o —"= CF(HD), J,, s11)a (5.1)
p p

cal (RPQ)*(Ca)l

CF,(HW, Jy)q CF(H®),J,\ 1 )a
P

R

where Cy is some continuation map.

Proof. Suppose z(t + a/p?) is a (capped) periodic orbit as a generator of CFy(H®), Jita/p?)a
and suppose there exists a Floer connecting orbit u(s,t) satisfying parametrized partial differential
equation ([2.2) connecting z(t4a/p?) and y(t) for some y(t) as a generator of CFj,(H®), .J;), followed

by a rotation on the parameter ¢ to t + 1/p?. In other words, we have
o\ u(s;t) Ry2 2
z(t+a/p”) —— y(t) —> y(t +1/p7)

Then by rotating u(s,t) to be u(s,t + 1/p?), we will also get a Floer connecting orbit, namely

u(s,t+1/p?), satisfying the following parametrized partial differential equation (used to construct
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(Rp)«(Ca)),
St (s )5, 1) @: X lEH 1/p2’“(5’t))> -

connecting x(t + (a + 1)/p?) and y(t + 1/p?). In other words,

R u(s, 2
2(t 4+ afp?) 25wt + (a+ 1)/p2) LT 1)

(5.2)

By a symmetric argument, there is a one-to-one correspondence between these two approaches.

Therefore, this diagram commutes by definition of Floer continuation map.

O]

Proof of Proposition[1.3.1. Because R, is well-defined, consider composition C7 o R, (which is a

map on CF,(H® .J;), itself). We observe that

(Cro sz) o(Cyo sz) =Cjo (sz o(Ch)o Rp2
== Cl o) ((Rp2)*(C1) o sz) o Rp2

= (Cro(Ry2)«(C1)) o RZ
where the second equality comes from Lemma [5.1.1} By setting
Cy = Cro(Ry2).(Ch)
we have (C o Rp2)2 =(Cyo0 Rf)Q. Applying Lemma inductively, we can get
(CroRpe)P = CI,ORZ2 =CpoR,
where C), is recursively defined by

Cp = Cl o) (sz)*(Cp,l).

Therefore, in order to get the conclusion, set C' = C), (that is determined by C1) and set C' = C4

SO S:C’loRpg.
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5.2 Well-definiteness of self-mapping cone

We will prove the following general lemma,

Lemma 5.2.1. For two filtration preserving chain maps ® and ¥ on Floer-type complex (Cy, Oy, (),
if ® and ¥ are filtered homotopic to each other, then the associated self-mapping cones Conec(®P).

and Conec (V). are filtered isomorphic to each other.

Proof. Suppose the chain homotopy between ® and ¥ is K, which preserves the filtration. Con-

struct a map F': Conec(®),. — Conec(¥), by

First F preserves filtration. In fact, for any (z,y) € Conec(®)., we have

fco(F(UC,y)) = gco((‘r - Kyvy)) = max{ﬁc(:r - K:‘/)veC(y)}
< max{lc(z), lc(Ky), le(y)}

= max{lc(x),lc(y)}

= gco((xa y))
Second, F' is a chain map because
I -K oc —® oc —®+ Koo
0 I 0 —0¢ 0 e
g~V —doK do  —U I K
0 —0c 0 —0c 0 I

Third, F' is an isomorphism because we have its inverse

I K
0 I
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which is easily seen to preserve the filtration too. O

Proof of Proposition[1.3.7. By standard result of Floer theory explained Section 2.2, different
choices of continuation maps C and Cs will result in different but filtered homotopic chain maps.
Therefore, the first conclusion comes from a direct application of Lemma to® =CioR,—§,-1
and U =Cho R, —¢&,- L.

For the second conclusion, note that for the following diagram

Ry

CE(H®, J)a CF(HP, J,, 1)0 ——> CF(H®), 1),
P

O J{(Rp)*(ak) I

R
CF1(HP), Jp)o —> CF_1(HP), J, 1) -S> CFy (HP), Jy)a
P
the associated gluing diagram (see Lemma 3.10 in [Sal97]) is

z(t) —=x%(t + 1/p) — 25()

| |

y*(t) —=y*(t +1/p) —=° (1)

which confirms that 1-dimensional moduli space M (x(t),3°(t)) has its boundary

U M (1), 5°(8), HP)) x M(y* (). 4°(¢), T)
(t)

U |J M@(t),2" (), T) x M@ (t),y°(t), HP)
zP(t)

where J is a composition homotopy of homotopies arising from J; to J, 1 (by rotation R,) and
p
then from J,, 1 back to J; (by continuation C'). Therefore, by compactness of M(z%(t),y5(t)),
p

T = C o R, commutes with . Similarly, S = C’ o R, commutes with 9, for any k € Z. Then by
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definition of 0., we can check

0 ~(T-&- D\ (T 0\ (0T «(T-& DoT
0 —9 0 T 0 —T

Similarly, since S commutes with T,

0 ~(T-&-D\ (S 0\ (85 ~(T-§-DoS
0 ;) 0 S 0 ~98

(89 —So(T—¢-1)
0 ~S0

(s o) (o -5
0 S 0 9 '

5.3 Non-divisibility

Proof of Proposition|1.3.7. The first conclusion directly comes from the Theorem (which will
be proved in the next section) and definition of ox(¢) in Deﬁnitionm For the second conclusion,
SUPpPOSE Smae 1S the largest multiple of p smaller than my, the multiplicity of degree-k concise
barcode of Conecpyw) gy, (Ip—E&p-1). Then ptmy, implies Bs,,,,.p+1(C) # 0 and B, ,.+1),(C) = 0.
Therefore,

0X (D) 2 Bsmarpt1(®) = Blspaat+1)p(®) = Bsmazp+1(8) = Biny (¢)-

By its definition again, ox(¢) > 0x(¢)k > Bm, (¢). d
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Chapter 6

Chain complex with a group action

Recall our set-up. For any given Hamiltonian H, there is a Floer chain complex (CF,(H®, .J;), OH.y)-
Its self-mapping cone of linear map T'— &, - I, (Cone. (T — &y - 1), Oc), is in general a filtered chain

AT where T is a strict lower filtration perturbation of rotation R,,

complex over Novikov field
i.e., T =Co R, = Ry, + P where for any = from domain, ¢(P(z)) < ¢(x). Moreover, there exists a
AR T linear chain map Dy on (Cone (T — &, - 1), Oco), defined as an action of T’ on each component.
If in the p-th power situation defined in the introduction, there exists a A*T-linear chain map Dg

on (Cone, (T — &, - 1), Oco) such that DY = Dy where S is a strictly lower filtration perturbation of

rotation R. In this section, we will prove the important Theorem [I.13]

6.1 Reduce to a group action

Recall our definitions,

Dr = DRp + Cr and Dg = DRp2 + Cg (6.1)

and by Proposition [1.3.4]
Dr10co = OcoDr and Dsaco - 8001)5 (62)

because T0 = 9T and SO = 05. In particular, we know Dy and Dg exactly preserves filtration.

Moreover, due to Floer continuation map, there exists a constant A > 0 such that for any x €
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Cone, (T — &, - 1),
leo(Crx) < U(x) — h and lqo(Csx) < l(x) — h. (6.3)

Because of this, we have the following lemma.

Lemma 6.1.1. Dy and Dg (if it exists) are invertible.

Proof. First, because Dy = and D, , =1,
Dh =T1—Qr and DY =T- Qg (6.4)

where Q7 is a combination of Cr and Dg,, so strictly lowers filtration (by at least h) and Qg is a

combination of Cs and Dp, ,, so also strictly lowers filtration (by at least h). Then Dy o (Dp)P =

(Dr)P*! = (Dr)? o Dr, so0 by (6.4),
Dro(I-Qr)=(0-Qr)oDr = DrQr=QrDr. (6.5)
Similarly, Dg o (Ds)P’ = (Dg)P"*! = (D)’ 0 Dy, so by (6.4),
Dgo(I-Qs)=({I—-Qs)oDs = DsQs=QsDs. (6.6)
For Dp, on the one hand, we can define
Br=0I-Qp) '=1+Qr+Q%*+....

It is a well-defined operator over AT because by (6.3) £(Q%(x)) diverges to —oc (as k — oo) for
any x. Moreover, by (6.5), BrDr = DrBr. On the other hand, for operator B, = (Dr)P~'Br, we
know

’DTB% = (DT)pBT = (]I - QT)(]I - QT)i1 =1= (’DT)pilBT'DT = B%DT.

Therefore, BY. is the required inverse of Dy. Similarly for Dg, we can define

Bj = (Ds)” "'Bs where Bg=(I-Qs) ' =1+ Qs +Q%+....
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and then DgBy = B¢Dg, so By is the desired inverse of Dg. d

Remark 6.1.2. Note that 7" and S also satisfy perturbed group relations in the form of (6.4]),

therefore, the same argument in Lemma [6.1.1] implies both T and S are invertible too.

Note that by (6.4), Dr and Dg are not (but almost like in terms of strictly lower filtration
perturbations) do not generate finite group actions (where Dp, and DRp2 are group actions with
order p and p? respectively). However, from the following lemma, these can always be reduced to

be group actions.

Lemma 6.1.3. There exists T' and S" such that Dy and Dg: are group actions, that is,
DY, =1 and D% =Dy (so D% =1).

Moreover, T' and S’ are strictly lower filtration perturbations of T' and S respectively.

Proof. Denote TP = 1 — Pp where ¢(Ppz) < {(x) — h for any x. We want to find 7" such that
(T")P = (T? + Pp) = L. Since T is invertible by Remark define

PV =7Pp and T' =TI+ PY)»
where (I + P:(Fl))% is defined using the binomial expansion, that is,

1 1
I+PD)yr =1+ (f)P}l) + <§> (P2 4+ =1+ PP

where Pi(p2) = (%)Pj(ﬂl) + (é)(P}I))Q + ... and it defines an operator over A*T. Hence, denote
PP =1p?,
T =T+ P

which is the required (group action) 7" such that it is a strictly lower filtration perturbation of 7.

Moreover, DY, = Dy =Dp =L
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Now suppose T' = SP. We want to find S’ such that (S =T' =T + P:(r3)- Again, by Remark

define
PP = 57pP®) and § = ST+ PY)r

1
where (I + Pgl))i is defined using the binomial expansion, that is

1 1
I+ PPy =1+ <p>P§” + (p>(Pé1))2 +..:=1+P%

1 2
where Pg) = (%)Pél) + (%)(Pél))2 + .... Denote Pég) = SPS),
S =S+ P
which is the required (group action) S’ such that it is a strictly lower filtration perturbation of S.
Moreover, Dg, =D(s1y» = Drv. O

To simplify the notation of proofs below, denote [-, -] as commutator (of two matrices or opera-
tors). So A and B commutes if and only if [A, B] = 0. An important observation from definition

of T'is [T, Pr] = [Pr,T] = 0. Then we have

Corollary 6.1.4. For Dy and Dg constructed from Lemma we have [Dyr, 00 = 0 and
[Dgr, 0co] = 0.

Proof. First, we claim [T7,0] = 0 and [S’, 9] = 0. In fact, starting from [T, 9] = 0 and the definitions
of Pj(}), P}2) and Pg’), we have

[1,0)=0 = [Pr,0]=0 = [PV, 9]=0 =[PP 9 =0

= [P¥ 9] =0 = [T',0] =0.
Similarly, for S’, from [S, 8] = (3) g = iti 1 p@ (3)
y, for S’, from [S,0] = 0, [P}, 0] = 0 and definitions of Pg’, Pg” and Pg”, we have

(15.0] = 0, [P, 0] = 0]) = [P{M,0] =0 = [PY,0] =0

= PP, 0] =0 = [9,0] =0.
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Second, we claim [T7,T] = 0 and [S’,T] = 0. In fact, starting from [Pr,T] = 0, we have

Pr,T]=0 = [PV, T]=0 = PP, 1] = PP T]=0 = [T, T] =0.

Similar for S’, starting from [S,7] = 0 and [Pﬁ),T] =0, we have
(8,7 =0, [P, 71 = 0) = [P{", T] =0 = [P§, 7]
= PP T =0 = [, T]=0.
Third, we conclude [Dyv, d.0] = 0 and [Dgr, dco) = 0. In fact,

T 0 0 —(T—¢-0) T9 —T'(T—¢&,-1)
0o T 0 — 0 —oT"

T —(T —¢&,-I)T"
0 —oT

[0 (141 T 0
0 -9 0 T

where the second equality comes from the first part of two claims above. Similarly,

S0 0 —(T—¢&-1) S0 —S(T—¢&,-1)
0 s 0 ;) 0 —98’

08" —(T—-¢& 1)

0 —-05’
0 —(T'-¢&-0) S0
0 -0 0o 9
where the second equality comes from the second part of two claims above. O

Remark 6.1.5. Since Dr is a strictly lower filtration perturbation of Dg», so is Dy by its construc-

tion. Similarly, Dg is a strictly lower filtration perturbation of DRpQ' For orthogonality, strictly
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lower filtration perturbation behaves well as proved by the following easy lemma which will be used
often later.

Lemma 6.1.6. Strictly lower filtration perturbation preserves orthogonality. Specifically, given a

AIC,F

set of orthogonal elements over , say {v1,...,vn} and any strictly lower filtration for each v;,

that is v; + w; where £(w;) < £(v;), for 1 < i <mn,

{v1 + w1, ...,vn +wy} are orthogonal over ART,

Proof. For any \q, ..., A\p € AT,

LA (v1 +w1) + A (v +wy)) = L( A1 + . Apvp) = max {f(\ivi) } = max {€(Ni(vi +w;))}

So {v1 + w1, ..., v, + wy} are also orthogonal. O

6.2 Preparation

6.2.1 Orthogonal invariant complement

Proposition 6.2.1. Suppose V' is acted by a group action T such that TP = 1 and it exactly
preserves filtration. For any T-invariant subspace Vy, there exists an orthogonal complementary

T-invariant W in the sense that Vi is orthogonal to W and V =V, & W.
Recall if vector space V' is a representation of a group G satisfying condition that field of scalars

for V has its [
char(K) t |G| (6.7)

then given any G-invariant subspace V; < V, there exists a G-invariant complementary subspace

W < V. Actually we can construct W explicitly.

Construction 6.2.2. Taking any complement of V; (in the sense of vector space, no orthogonality

is involved and not necessarily G-invariant), say U, consider the projection map 7y, : V' — V; with

!See Theorem 4.1 and it equivalent conclusion like Lemma 2.2.11 in [Kow13]). Non-division between characteristic
of field of scalars and order of group is the only hypothesis. When we apply to Novikov field A! and group G with
order p here, char(K) # p implies char(AT) # p. Therefore it satisfies this hypothesis.
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respect to the decomposition V' =V} & U, and define

1
W = ker 629-77%-9—1 . (6.8)
|G| 4=
It is easy to check that W is G-invariant for any ¢ € G and dimW = dimU. There is a useful
observation that implies each x € W satisfies

é, S 91— m)g~ (2) = 0.

geG

Therefore, we have

1
T = @ Zg STy - g_l(x) for all z € W. (6.9)
geG

In order to get Proposition [6.2.1] we need to show W is orthogonal to V3. We will use the

following lemma from [UZ15],

Lemma 6.2.3. Let (V,¢) be a filtered vector space over AT and let Vi,UW <V be such that U
is an orthogonal complement to Vi and dim(U) = dim(W). Consider the projection my : V. — U

associated to the direct sum decomposition V.=U @ Vy. Then W is an orthogonal complement of

Vi if and only if {(myx) = £(x) for allx € W.

Proof of Proposition|6.2.1. Let U be the orthogonal complement of V; that is used in the Con-
struction By Lemma we will need to show for any z € W, ¢(z) = {(nyx). Decompose
x=1u+v where w € U and v € V;. By , we have

1
1 b . .

r=—|myx+ T'ryTP 2
5 < >

=1

p—1
<u + Z TiWUTp_iu> .
i=1

"=



The key step for the second line is that since V; is invariant, 7y TP~ (u+v) = g TP u+ 7y TP~ v =
7y TP~ u because 7y TP v = 0. So we can write v in terms of u, that is
-1
p—1 1%

v=— U+ — TiryTP .

Because T exactly preserves filtration and U is orthogonal to Vi, it follows that £(v) < f(u).

Therefore,

0(x) = max{l(u),l(v)} = L(u) = l(myx).
Therefore, we get the conclusion. O

Example 6.2.4. For group action (gquaranteed by Lemmal[6.1.5) Dy : Coney,(T—&-1) — Coney(T—
€-1), since ker(Oco) is a Dpr-invariant subspace of Coneg(T — & - 1) by Corollary there ezists

an orthogonal complement of ker(0c,) in Conex (T —&-1), denoted as W which is also Dys-invariant.

6.2.2 Restriction to 0-level

In this subsection, we will work on the vector space over universal Novikov field, that is, for AT
I' = R. The advantage is that we can always rescale preferred element x in the vector space such
that ¢(z) = 0. Moreover, since we have seen that our obstruction (see (L.11))) will be constructed
only from generalized boundary depth (which does not involve the specific value of end points), By
Proposition 6.8 in [UZ15], it will be invariant under the coefficient extension.

From the idea of [Ush08], any orthogonalizable A*®-space (V, £) can be identified with ((A*®)", —7)
(for some n = dimycr V € N) in Example under an orthonormal basis, where ¢(v) =
—U(A1, ..., A\p) if v is identified with a vector (Aq,...,A,) under this basis. Therefore, for such
V', we can associated a K-module

V] =V<o/V<o

where

Vo :i={v e V]l(v) <0} and Vo:={veV]|l(v) <0}
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In particular, denote AME>0 = (X € AMR|p(N) > 0} and AOF>0 = {X € ARR|p()\) > 0}, Note
that K ~ AMR=0 /AKR>0 There is a quotient projection 7 : V<o — [V] by, roughly speaking, taking

the O-level filtration term, that is, for A € AFR,

A=Y a7 5 ag (6.10)
g

Then we can show

Lemma 6.2.5. A AX®_orthonormal set {ey, ..., e,} reduces to a K-linearly independent set {[e1], ..., [en]}
under projection w defined in . Conwersely, for a set {e1,...,en} over NOR, if its reduction
{[e1], ..., [en]} are K-linearly independent, then {e, ...,en} are AR-orthogonal. Therefore, in par-

ticular, [V] = (0)dmace Y,

Proof. Suppose {le1], ..., [en]} are not K-linearly independent. There exists 71, ...,7m, € K, not all

zero, such that

mlei] + ... + mulen] = 0.

Then

strictly lower
mei + ... + nnen = mler] + ... + nnlen] +
filtration terms

So

{(imer + .+ finen) < 0 = max {((e:) = v()}.

Therefore, {e1, ..., e} are not A*F-orthogonal.
Conversely, suppose {ey,...,e,} are not AR _orthogonal. There exist A, ...\, € AR not all

zero, such that

l(Aer + ...+ dpep) < ax {€(e;) —v(N)} =0— min {v(\)}.

<i<n 1<i<n
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If we rescale A\; on both sides such that min;<;<,{v(A\;)} = 0, then still we have the inequality.

However, reducing to the O-filtration level, which is the highest filtration level, we have

[A1]le1] + ...[An][en] = 0 where [\] in K.

Because of our rescaling, not all [\;] are zero, which means {[e1], ..., [en]} are not K-linearly inde-
pendent.
In particular, if {e, ..., e,} is an AX®-orthonormal basis of V, then dimx[V] > n. Meanwhile,

[V] is a submodule of [ARR]? = K. So dimy[V] =n = dimycr V. O

Not only can we reduce spaces, but also we can reduce maps. For a A®R-linear map A on
(V,£) which is exact filtration preserving (for instance, Dps or Dg/), under an orthonormal basis,
A € Myyn(AOF20). Note that then A(Veg) < Ao which implies we have a well-defined reduced
map of A, denoted as [A],

[A] : [V] = [V].

Example 6.2.6. Suppose under an orthonormal basis,

1+72%2 76 T2474
A= T4 2 TG_TIO
2 T2 5472

Then
100
A= 0 2 0
2 0 5

Example 6.2.7. Suppose A is exact filtration preserving and A € AR,
AP — . reduces to, [A]" = [\] - L.

In particular, for any x € V, Az = Az reduces to [A][z] = [N][z].

56



6.2.3 Irreducible condition

AIC,I‘

Lemma 6.2.8. K satisfies “irreducible condition” if and only if satisfies “irreducible condi-

tion”.
Proof. One direction “<” is trivial because K < AT, We will just prove the other one “=7.
Suppose not. Then there exists some z € A*T" and number ¢ such that

P =&l (6.11)

but p does not divide q. The general form of  is & = @t + a1t + ... where a,, # 0 and

Am < Am+1 < ... (which diverges to infinity). If \,, # 0, then
aP = aP tPAm 4

such that the lowest degree pA,, is either strictly positive or strictly negative, which by equation
(6.11)) above, forces ah, = 0. So a,, = 0. Contradiction. Now we are left to the case that \,, = 0,
SO We may rewrite & as & = an, + amy1t™ + ... where a,, € K. Therefore, 1} implies ab, = &/

which contradicts the hypothesis that K satisfies “irreducible condition”. O
Here comes a perturbed version of the lemma above, which will be used later.

Lemma 6.2.9. Suppose K satisfies “irreducible condition”. For any g(x) € AT>0[x] with deg(g(x)) <

D,

oP =1+ g(x) is solvable in AT

while for any q not divisible by p,
a? = &1+ g(x) is not solvable in AV

Proof. The second conclusion is easier to prove. Suppose it is solvable with some solution x. Then

¢(x) is necessarily 0. So reduced to [V],

[z]" = &

57



for some ¢ not divisible by p in K. It contradicts to the condition that IC satisfies “irreducible
condition”.
For the first conclusion, we will run an inductive process to solve x piece by piece. First note

that since ¢(z) is necessarily 0, we can write
x = agt?® + a1t9" + ast?? + ...

where g9 = 0 and ¢g; > 0 for any ¢ > 1. Moreover, we arrange the exponents to be in a
strictly increasing order, that is, ¢; < g¢it+1, which, by definition, diverge to infinity. Denote

G, = {gi| g; is an exponent of z}. Then denote

S = Z ngg|ng € NU {0}
9€Ga

Note that for any given number A € R, there are only finitely many linear combinations from S
whose values are no greater than A (so S is discrete). Therefore, it makes sense to define, for any
n € NU {0}, s, representing the n-th smallest combination from S. For example, sy = 0 = gp and
s$1 = g1. It’s not clear in general what the expression of s, is, but for sure, s, < g, because there

might be combination of smaller terms still not exceeding g,,.
Now denote Vo, = {v € V|{(v) < —si} and projection 7, : V<o — V<o/V<s,. Note when

k =0, ms, = m defined in (6.10). For initial step, apply mg, to 2 = 1 + h(x) and we get
(WSOx)p =147 (h(x))a

that is, af = 1. Indeed, 7, (h(z)) = 0 because by definition of h(z), each of its coeflicients has
valuation strictly bigger than 0 which implies the lowest valuation of h(x) is strictly bigger than
sp. Since K contains all the p-th root of unity, we can solve ag. Suppose for s,, we can solved
A0, +-+s Ay () fOr sOmMeE m(n) € N. For s,,41, there are two cases. Either, there is no new coefficient a;
appearing to be solved. Then we are done with this step and then move to s,+2. Or new ;)41

appears. However, new a,,(,)4+1 always appears in accompany with its formal power t9m()+1 and
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the lowest exponent it contributes is pag_lam(n) 1tIm+1 Moreover, as this term is not in the

previous inductive step, we know (sn <) gm(n)+1 = Sn+1 by definition of s;. Therefore,
-1
(7T5n+1x)p = F(ao, ey am(n),t) + pag am(n)+1tgm(n)+l7

where F(ag, ..., Gp(n),t) is some combination of ay, ..., ap,) and powers of ¢ with exponents no
greater than s,;.

On the other hand, from the similar reason as above, 75, , (h(z)) will not contain any @, ()41
(or any 7 > n(m) + 1) because the lowest exponent it contributes from its formal power is already

bigger than s,11. Therefore,
1+ Tsn41 (h‘(x)) =1+ G(G’Ov o Am(n)> t),

where G(ag, .-, Gp(n),t) is some combination of ay, ..., ap,,) and powers of ¢ with exponents no
greater than s,41. From the inductive step of s,, we have already known ay, ..., a,(,) and the

following equation
F((Lo, ) am(n)at) + pagilam(n)-&-ltgm(n”l = G(a(]a <y Am(n)s t)

is linear on @, (n)41, therefore, a,,,)41 can be solved. O

From now on, we will always assume /C satisfies “irreducible condition” and I' = R. For brevity,

we introduce the following notation.

Definition 6.2.10. For any = € V and an operator A such that AP = X -1 for some scalar A € AT,
we denote

V., = span,k.r <$, Az, ...,Ap_1x>

and call it the cyclic span (of A) by x.

Note that by Lemma and Lemma 4.15 in [PST4], if A = ¢l for 1 < ¢ < p — 1, we know
{z, Az, ..., AP~ 1z} are AR T linearly independent, so dim rk.r Vp = p. However, we can get a stronger

result as follows.
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Corollary 6.2.11. Let V be a AT -vector space associated with an AT -linear exact filtration

preserving operator A such that

AP =gl 1
for1<q<p—1. Then for any x € V, {x, Az, ..., A"z} are A*T -orthogonal.

Proof. Rescale z such that ¢(x) = 0 if necessary. The cyclic span V. of A is an A-invariant subspace.

Then, [V;] is an [A]-invariant subspace where
[Va] = spanyc ([], [A][], ..., [A]P~"[])

is a cyclic span of [z] since [A]P = & - 1. Because K satisfies “irreducible condition”, we know
p| dimg[V;]. But dimg[V,] < p. The rigidity dimg[V;] = p implies {[z], [4][z], ..., [A]P~![z]} are
K-linearly independent. By Lemma {z, Az, ..., AP~ 1z} are AT orthogonal. O

Corollary 6.2.12. Under condition of Corollary|6.2.11], if y € V is AT -orthogonal to Vy, then

cyclic span 'V, is AT orthogonal to V.

Proof. Rescale y and z such that ¢(z) = ¢(y) = 0 if necessary. By Lemma condition y being

AR T orthogonal to V, implies [y] being K-linearly independent from cyclic K-span [V,]. We claim

{l), [Ally), ... [AP ], [], [Alla], ..., [AP~ o]}

are K-linearly independent. In fact, K-span of all these reduced 2p elements, denoted as V4, is an

[A]-invariant subspace. By “irreducible condition”, its dimension is either p or 2p. If it is p, then,

by Corollary [6.2.12]
dimic ([Vy] N [Vz]) = dimg[Vy] + dimg[Vy] — dimg Ve =0 +p —p = p.

Then since p is prime, [V,] = [V,], which is a contradiction. Then by Lemma the original 2p
elements {y, ..., AP 1y, z, ..., AP~ 1z} are AT orthogonal. So, in particular, Vj, is A*I-orthogonal

to V. O
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Remark 6.2.13. Note that in the situation of both Corollary[6.2.11)and Corollary[6.2.12] if A satisfies
AP =1 (that is ¢ = 0), then we can’t directly conclude that {z, Az, ..., AP"1z} are A"T-orthogonal
(even AT linearly independent) because “irreducible condition” does not apply here. To get the

expected result on the multiplicity of p, more structure of self-mapping cone will be used later.

6.2.4 Filtration optimal pair

The following lemma is key to construct singular value decomposition later. E|

Lemma 6.2.14. Let (Vi1,¢1) and (Va,{2) be AT vector space and let A : Vi — Va be any nonzero

AT linear map. Then there exists some y, € Vi \ {0} such that, for all y € Vi \ {0},
lo(Ays) — li(yx) > L2(Ay) — Li(y). (6.12)

Proof. Because ker A is a subspace of Vi, by Corollary 2.17 and 2.18 in [UZ15], there exists an
orthogonal basis of Vi, say (v1,...,Vp, Upt1,...,0,) such that (v,41,...,v,) is an orthogonal basis
for ker A where r = rank(A). Meanwhile, let (wy, ..., w,,) be an orthogonal basis for V5. Represent

AIC,F

A by an m xn matrix {A;;} over with respect to these two bases, so that Av; =) ;... Aijw;

for each j € {1,...,n}. For any y = Zlgjgn Ajv; in V', we have

Kg(Ay) = 52 Z Z Aij/\j Ww; = 1I£a<X Kg(wi) — UV Z Aij/\j
1<i<m \1<j<n == 1<j<n

= b(wiy) —v | D AN

1<j<n

where i(y) € {1,...,m} is the index attaining the maximum in the middle. By the definition of the

valuation v,

—v (lemz Ai(y)j/\j) < maxi<j<n (—(Ai);) — () = —v(Aig)ie) — vXj)

2This lemma is exactly the same as Lemma 3.5 in the early version of [UZ15]. For submitted version, this lemma
has been deleted for brevity. For reader’s convenience, we add/repeat it here.
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where, again, j(y) € {1,...,n} is the index attaining the maximum in the middle. Also due to the

orthogonality of (v1,...,vy),

li(y) = lféljaé(n(gl(vj) — V() 2 (Vi) — v(Njy))s

SO

la(Ay) — (i(y) < (C2(wigy)) — v(Ai)ie) — vNiw)) — () —v(N)) (6.13)

= ba(wity)) — v(Aiw)iw) — G (vi))-
Now choose (ig, jo) among (i,7) € {1,...,m} x {1,...,n} so that
la(wig) — v(Aigjo) — l1(vjy) = La(wi) — v(Ag) — la(vy) (6.14)

for all i and j. Then due to the orthogonality of (w1, ..., wm), f2(Avj,) = maxi<i<n(lo(w;)—v(Asj,))-

So using , we have
lo(Avjy) — €1(vjy) = maxi<i<m (L2(wi) — v(Aijy) — l1(vj,)) = La2(wiy) — v(Aigjy) — £1(vjo)

Given any y € C, (6.14) holds for i = i(y), j = j(y), so using (6.13]) we get lo(Avj,) — l1(vj,) >
l3(Ay) — £1(y). Therefore yo = vj, obeys the desired optimality property. O

Roughly speaking The proof of the main theorem goes as follows. Step one: prove the conclusion
in a special case that Cp = Cs = 0 in (6.1)). Then it’s easy to check

Dr =Dr = DRp and Dgr = Dg = DRPQ'

We call this unperturbed case. Step two: we will prove the conclusion in the general case, that is,
perturbed case. We emphasize here that Step one will give a clear picture of the general algebraic

strategy of the proof. The difference in the proofs between unperturbed case and perturbed case
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is mild. The majority of the algebraic construction can be adopted directly from Step one to Step
two.
6.3 Unperturbed p-cyclic singular value decomposition

In this subsection, as mentioned above, we will work on the special case - unperturbed case. The

idea is the following

eigenspace decomposition (a) | singular value decomposition
—_—
of action Dg, of dco compatible with Dg,
J/(C) l(b)
special care of singular value decomposition
eigenvalue 1 of 0., compatible with DRp2

First, by Example there exists a Dpg, -invariant orthogonal complement of ker(9.,) in

Conepy1(T —&p-1), denoted as W. Let’s start from (a). Since Dg, is diagonalizable, its eigenvalues

are {1,&, ..., 571}. Therefore, we have the following decompositions
ker(Oco) = Eo®E1® ... 0 Epq (6.15)
and
W=FoFh®.. Fp—l and Im(é‘co) =GodG1D... D Gp—l (616)

where E;, F; and G; are eigenspaces of D, of eigenvalue ‘f; in their corresponding (invariant)
subspaces. Note that it is possible that some of them are trivial. Study the algebraic relation
between different eigenspaces is crucial. From linear algebra, different E;’s (so are F; and G;) are
AT Jinearly independent over AT, Now we will show they are actually mutually orthogonal to

each other. This is the following lemma.

Lemma 6.3.1. {El}f;f are mutually orthogonal to each other. So are {E}f;ll and {GZ}IZD;1
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Proof. Assume all the basis elements have filtration 0. Dg, acting on E; implies [(Dg,)] = Drg,
acting on [E;]. Moreover, by Example eigenspace E; (of eigenvalue 5;) reduces to KC-space
[E;] which is a subspace of eigenspace (of eigenvalue [¢1] = &) of [ker(deo)]. Because different
eigenspaces [E;| are K-linearly independent, by Lemma E; is AT orthogonal to E; for all
i # j. A similar argument holds for {Fz}f;ol and {Gi}f;ol . O

On the other hand, W is isomorphic to Im(0,,), so in particular,
dimx.r (W) = dimpx,r (Im(9g0)). (6.17)

Oco and Dp, commutes gives rise to an important observation that 0. brings a Dp, -invariant
subspace into a Dpg, -invariant subspace. In particular, we have Oco(F;) < Gy, so dimykr(F;) <

dimyx,r(G;). (6.17) implies the dimensions are actually equal for each i. So restrictions

OcolF, : Fi = Gi,

AIC,F

are isomorphisms between two (smaller) filtered -vector spaces. Then

Proposition 6.3.2. There exists a singular value decomposition of Oco = (Oco)k+1 : Conegi1(T —

&p-1) — Im(0eo) (compatible with action Dg, in the sense that they span eigenspaces of eigenvalues

& for0<g<p-—1).

Proof. Choose an orthogonal basis for each FE;. Together all 0 < ¢ < p — 1, they will form an
orthogonal basis for ker(d,,) by Lemma [6.3.1] By Theorem 3.5 in [UZ15], there exists a singular
value decomposition of each O |r,. Again together all 0 < ¢ < p—1, they will form a singular value

decomposition of Jg|w again by Lemma O

Now for (b), we have Dg = D R and therefore Dg acts on each eigenspace of Dg,. By discussion
above, we will work on E; and Oel|F, : F; — G; piece by piece for each 1 <i <p—1.

On E;, for any = € E;, by Lemma {z,Dsx, ..., Dg_lw} as a A*T-orthogonal set occupies
a p-dimensional subspace of E;. Choose (if dim(E;) > p) a y € E; such that it is orthogonal to
cyclic span V.. By Lemma Vy is AT orthogonal to V. So it occupies another p-dimensional
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subspace of E;. Inductively going through this process, we find an orthogonal basis of E; in the
form of p-tuple,
(x, Dguz, ...,Dg_lm,y,DSy, ...,Dg_ly...). (6.18)

On Oeolr, : Fi — G, we will formulate a theoretic process (in accordance with the algorithmic
process, Theorem 3.5 in [UZ15] of finding a singular value decomposition) which is the following
lemma. The idea of generating singular value decomposition is by orthogonally cutting down p-

dimensional subspaces. In general, we have

Lemma 6.3.3. For a filtered isomorphism A : (Vy,01) — (Va,{a) with group action by S such that
SP=¢-Tfor1<q<p-—1 (soS exactly preserves filtration), there exists a pair of dimension p
subspaces in the cyclic span form of (V,,, V) where A(Vy) = V, such that there exists an orthogonal

complement pair (W1, Wa) in the sense that
(1) A(Wh) = Wa;
(2) Vi =V, ® Wy and W, is orthogonal to Vy;
(8) Vo =V, ® Wy and Wy is orthogonal to V.

Proof. By Lemma [6.2.14] there exists an optimal pair (z*,y*) where A(y*) = z* such that for all
yeW,

G(y") = ba(z7) < fi(y) — Lo(Ay). (6.19)

Since S exactly preserve filtrations,
0(S'y*) = 6(S'z*) < li(y) — La(Ay) (6.20)

for all the i = 0,...,p— 1. By Lemmal6.2.12| we know elements from {z*, ..., SP~12*} are orthogonal,
so are elements from {y*, ..., SP~1y*}. So consider the span V,« and denote its orthogonal comple-
ment as Wo and its preimage under A as Wi = A~'(W5). Now we only need to show proposition

(2) above. We will show this inductively (with finitely many steps). By Lemma 2.15 in [UZ15],

Wy L (y*) and (Sy*) L W7 @ (y*) = Wi L (y*,Sy*).
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Then
Wy L (y*,Sy*) and <52y*> LWy e (y*,Sy*) = Wi L <y*,Sy*,52y*>.

Inductively, we will get the conclusion.

Indeed, in order to prove Wi L (y*), which is equivalent to the statement that for any v € W7,
0 (y*) < 4i(y* — v), we note since Wa is orthogonal to (z.), l2(A(y* — v)) > la(z), so by optimal
choice we get the conclusion. Now let’s prove (Sy*) L Wi1@(y*). Actually, the proof is similar.
Again, this is equivalent to show for any v € Wi & (y*), ¢1(Sy*) < £1(Sy* —v). Because W & (z*)
is orthogonal to (Sz*), fo(A(Sy* — v)) > f2(Sz*). Then by optimal choice (6.20)), we get the

conclusion. in general, the same argument works for the proof of <S”1y*> 4L W1@<y*, ey Siy*>. O

Remark 6.3.4. Note that the condition S? = &} - I of Lemma is only used to formulate a cyclic
span V».

Inductively applying Lemma t0 Oco = Oco|lF,, Vi = F; and Vo = G;, we get a singular
value decomposition of Og |, for each 1 <4 < p — 1 in p-tuple. Together, we get a singular value

decomposition of d.|w, that is

yi Dsyi ... Dilyi wo
L A (6.21)
I Ds.fEl e Dg_lxl T2

and this is the required p-tuple form. In summary, we get the following proposition.

Proposition 6.3.5. Assume Dg = DRpQ' There exists a singular value decomposition in p-tuple

form as and of
acol@lgiﬁp—lEieaFi : @ Eiohi— @ GZ

1<i<p—1 1<i<p—1

which s compatible with action D, in the sense that cyclic spans generate each eigenspace.
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Now, we deal with (¢). By Remark [6.2.13] we will take a special consideration of eigenspace of
eigenvalue 1. Denote Ko = Eo @ Fy (eigenspace of eigenvalue 1 of D, in Conegq1(T —&p-1)). We

claim

Proposition 6.3.6. The restriction map Ocolk, : Ko — Go only contributes (in p-tuple) 0-length

bars.

Proof. On the one hand, we know precisely the generators of K. Indeed, for each generating loop
(for rotation), say x(t) denote x(t);) = = (t + ﬁ) where 0 < i < p? — 1. Then
0,2;(t))..., (0, 2;(t) (p2_
Con@k+1(T — é'p . ]I) = span,x,r < ( l( )) ( Z( )(p 1)) > :
(yj(t))o)"'v(yj(t)(pQ—l)ao) 1<i<m

where z;(t)’s have indices equal to k + 1 and y;(t)’s have indices equal to k + 2. Moreover, these
(initial) generators are A*T-orthogonal. On the one hand, from the definition of DRpQ’ we know

K is generated by the element in the following form. Denote
vi = xi(t) + 2i(t)p + .. + 2i()p2—p and wy = y;(t) +y;(t)p + oo + Y5 () 2y (6.22)

Then,

(6.23)

(Oa Ui)a (Oa SUi)» ceey (07 Sp_lvi)
Ko = spanpk.r )
1<i<m

(w]',O), (Swj, 0), v (Spfl’u}j, 0)

1<j<n
Note that generators are all eigenvector of eigenvalue 1 of Dg, because Dg commutes with Dg,
and more importantly, they are AXT-orthogonal. On the other hand, by definition of d,,, for any

eigenvector of eigenvalue 1 of Dy, in the form of (0, 2(t)),

9 —(T—¢,) 0
9eo((0, 2(1))) = : = ((&p — Dz(t), —0=(1)) -
0 -0 z(t)

3All these loops are normalized to be filtration 0 by adjusting cappings.
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Applying this relation to (0, S"w;) for 0 < h < p— 1, we get
Be0(0, S™w;) = ((g,, — 1)Shw;, —ashwj) .

By Lemma since 0 strictly decreases the filtration, orthogonality of {(Shwj, 0)}1;:) is equiv-
alent to orthogonality of {9.0(0, S"w;) i;é = {(& — 1)S"wj, 95 w;) i;é which are also eigen-

vectors of eigenvalue 1 of Dg,. Therefore, instead of (6.23)), we can write

(0, ’UZ‘), ceey (0, Sp_l’l)i)
Ky = spanx,r (6.24)
aco(oawj)v"'aaCO(OaSp_le) 1<i<m
1<j<n
So,
Im(aCO|KO) = Spanpx,r <aco(0a Ui)a (X aCO(O; Sp_lvi)>1<i<m

because (9e)? = 0. Moreover {0.(0,v;), ..., 800(0,Dg_1vi)} are orthogonal by the same reason as
above. In other words, for each degree k + 1, we get p-tuple singular value decomposition of 0|,

with building block

(0, v;) (0,8v;) ... (0,877 1y)
\ 4 ‘oo 4
aco(O,UZ-) 800(0751)1) L. 8CO(O,SP_1vi)

(together with those mapped to 0 which are also in p-tuple). Moreover, these p-tuples only con-

tribute O-length bar because it’s easy to check £,((0,v;)) = leo(0co(0,v;)) for any v; in (6.22). O

Put all (a), (b) and (c) together, we confirm the unperturbed version of the main theorem.

6.4 Perturbed p-cyclic singular value decomposition

Now we are working with general Dy and Dg. By Lemmal6.1.3] we can reduce to group actions Dy
and Dgs. Once we have group action, by Lemma [6.2.1]and Lemma there exists an orthogonal

Dr-invariant decomposition of the domain, denoted as ker(9.,) @ W where W is also Dyr-invariant.
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Next, we want to find the eigenvalue decomposition of Dpr. Different from Dg,, the exact values

of eigenvalues are not obvious here. However, we have

Lemma 6.4.1. For any eigenvalue X of Dy,

. strictly lower
A=E,+
filtration terms

for some i € {0,...,p — 1}.

Proof. This is a direct application of Lemma because characteristic polynomial of Dy is in
the form of \?» = 1 + g(\) for some polynomial g(x) € A*F>0[z] with degree at most p — 1. In
fact, AP is part of the summand of product of all the diagonal entries (so contains p-many \) and
1 is part of the summand of product of (possibly perturbed) all the entries involving —1. Other

summand of product contains at most (p — 1)-many . O

Now denote, for 0 <i <p—1,

. A strictly lower
O%) =&, + (6.25)

filtration terms

where generic element in O(i) is denoted as 6(z). We remark here that different perturbations of

strictly lower filtration terms will give rise to different eigenvalues. But for each 0 <¢ <p —1,

#{0(i) € ©(1)} = #{5}, as eigenvalue of D }.

where #{-} means the algebraic multiplicity of the set {-}. Moreover, perturbed operator Dy is

not necessarily diagonalizable. However, similar to (6.15)) and (6.16)), we have

Lemma 6.4.2. ker(0q), W and Im(0.,) can be orthogonally decomposed as

ker(@co) = Eo D El D... Ep,1 (626)
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and

W:ﬁ‘o@ﬁl@...@ﬁp,1 and Im(aco):ég@él@...@Gp,1 (627)

where

E; = @ Eg), Fi @ Fopy, Gi= @ Goi)

0(i)€O (1) 0(i)€O (1) 0(i)€O (1)
are direct sums of generalized eigenspaces Eg;y, Fyuy and Gy of D of (perturbed) eigenvalue

0(i) respectively.

Proof. The decompositions come from a general fact in linear algebra that an operator can be
decomposed as a direct sum of generalized eigenspaces as long as the field of scalars contains the
corresponding eigenvalues (and this is guaranteed by Lemma . The proof of orthogonality is
exactly the same as Lemma together with Lemma [6.1.6 O

By the same argument as above, we have isomorphisms O, I FZ- ~ (; as a direct sum of
family of isomorphisms Oco|r,,, : Fy) = Ga(iy for each 0(i) € O(:) for 0 <4 < p — 1. Similar to

Proposition [6.3.2

Proposition 6.4.3. There exists a singular value decomposition of Oco : Conepi1(T — & - 1) —

Im(0.) (compatible with Dp+ in the sense of that they span its generalized eigenspaces).

Now assume Dpr = D‘g/? then Dy acts on each Ej;, F; and G; because it acts on each E@(i),
Fg(i) and é@(i). Moreover, for instance on E;, if ©(i) = {0(i)1, ..., 0(i)m}, then for any z € E; with

expression & = x1 + ...z, where z; € Ep(;), for 1 < j <m,

, strictly lower
Dg,l‘ =Dpx = 9(1')1301 + ...+ Q(Z)mxm = 5;(361 + ...+ .T}m) +
filtration terms

(6.28)

¢ strictly lower
= €T —|—
P

filtration terms

In other words, for x € E;, spanyx,r <£L', ey Dgflx> is not an invariant subspace any more (due to

the perturbed terms). However, still we have (perturbed version of Corollary [6.2.11]),
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Lemma 6.4.4. For 1 < i <p-—1, ifz € E; (or F,, C?Z) , then {m,DS/x,...,Dg/_lx} are AT -

orthogonal.

Proof. By Lemma AT orthogonality of {z, Dgz, ...,Dg,_lx} is equivalent to KC-linearly in-

_ —1 . .
dependent of {[z), [Dylfa], ... (D))~ [a]} = {le]. D y[e]. .. Dy 'fal}. Meanwhile, cyclic span
Viz) (over K) is Dg ,-invariant because (6.28) reduces to

D} ] = le]

Hence, “irreducible condition” implies the desired K-linear independence. ]
Also similar to Corollary we have

Lemma 6.4.5. For 1 <i < p—1, if for a given y € E; (or F; and éz), it is AT -orthogonal to

spanx,r <93, ...,Dgfl$>, then
spanx,r <y, ...,Dg,_ly> is AT -orthogonal to spanx,r <£L', Dg,_lx>
Proof. By Lemma [6.2.5) we only need to consider the set
{12), Do), DR [e], [ Dol o D ]

These span a D, ,-invariant subspace. Then the argument of Corollary [6.2.12| (with “irreducible
condition”) implies the K-linearly independence. 0

Then we have a perturbed version of Proposition [6.3.5

Proposition 6.4.6. Assume Dg: exists. There exists a singular value decomposition in p-tuple

form as and of

CO‘®1<Z<p 1 E®F,; @ E @F \ él
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Proof. For each Ei, for any x € EZ-, we get a p-dimensional subspace span,x,r <£L‘, ...,Dg,_lx> by

Lemma [6.4.4L Choose y € E; such that y is A“T-orthogonal to spanpx,r <x, ey g/_lx>. By Lemma

6.4.5] we get another p-dimensional subspace. Inductively apply this process until we run out of
the dimension of E;. Thus together for all 1 < i < p — 1, we get a basis of ker(9yo) as in (6.18)),
that is,

{z,D%x..., Dg?la:, y, D%y..., Dgfly, o (6.29)

Now we will deal with 0| P F; — G;. By Remark we can apply Lemma t0 Ocol o

Vi = F; and Vo = G;. The only difference is replacing cyclic span V,+ by (non-invariant) subspace

spanx,r <:E*, e Dg71$*>. Thus we get a correspondence as in ((6.21)), that is,

w Dsgyr ... Doyt oy
o \J 1 AN (6.30)
1 Dgx1 ... D‘g,_lxl T

Together we get the desired singular value decomposition in p-tuple. O

Remark 6.4.7. If applying Lemma to 8CO|F9(Z.) : Fyiy = Go(i), 1t is not quite clear the singular
value decomposition for this restriction is orthogonal or not to another restriction 0| Fyrii) of
another perturbed eigenvalue #'(7) since the reduced K-space of both Fy(;) and Fy(;) are subspaces of
eigenspace space of the same eigenvalue 5},, SO Lemmadoes not apply directly. Similar situation
for EZ-. In other words, each basis element of singular value decomposition for d,,| o 1*:} — él is,

in general, a A’*T-linear combination of elements from Fyiy and G-

Last but not least, denote Ko = Eo @ E, we have a similar result as Proposition m

Proposition 6.4.8. The restriction map 800|f<0 : Ko — Gy only contributes (in p-tuple) 0-length

bars.

Proof. Similar to proof of Proposition [6.3.6] it’s easy to show

(6.31)

- < (0,;), (0, 8"%;), ..., (0, (S")P~ L) >
Ky =spanyx,r ,
1<i<m

(w;,0), (S"104,0), ..., ((S")P~1@;,0)
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where vU; and w; are strictly lower filtration perturbations of v; and w; as defined in (6.22]). More

important, these elements are pairwise orthogonal. For w;, on the one hand,

strictly lower
= (1" = Py = ; +

filtration terms

strictly lower
(& — DS ) + ,—0(8") 0

filtration terms

By Lemma orthogonality of {(S)"d;, 0)}2;%] implies orthogonality of {J.,(0, (S )hw])}’,’;})
Meanwhile, we can rewrite

8 (0,9;), (0, S"%;), ..., (0, (S")P~1;)
Koy = spanyxr
600(0> ’IIJ]'), 800(07 Sle)v ceey 800(0’ (Sl)pile) 1<i<m
1<j<n
Therefore, we have the correspondence as in (6.3)),
(0,%:)  (0,(8):)
\J \J

... 1
0e0(0,7;)  Oeo(0, (S") ;) Deo(0, (S)P~1)

(0, (S")P~*14)

It’s easy to check e, ((0,7;)) = Leo(0eo(0,0;)) for any perturbed v;, so these only contribute 0-length
bars.

O
6.4.1 Proof of main theorem

Proof. Proposition [6.4.6| and Proposition [6.4.8
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Chapter 7

Filtered homotopy category

In this section, we will prove all the Lipschitz continuity propositions that have been advertised in

the introduction part. Recall these three propositions.

e Proposition For any Hamiltonian H and G, we have

dg(Cone(H)y,Cone(G)x) < 3p-||H — G||u.

e Proposition Denote §;(¢r) as the length of i-th bar in degree-k verbose barcode of
Cone(H ). and B;(¢¢c) as the length of i-th bar in degree-k verbose barcode of Cone(G).. We

have for every ¢ € Z,
Bi(on) — Bi(pc)| < 4dg(Cone(H)., Cone(G)y).

e Proposition For any closed symplectic manifold (X,w) and ¢,¢ € Ham(X,w), we

have, for divisibility sensitive invariants,
lox(¢) —ox(¥)| < 24p - du (e, ).

The others quickly follows from the first proposition. Among various methods, we will prove it by

an idea from triangulated category.
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7.1 Algebraic set-up

Definition 7.1.1. For a A-linear map F : (V,¢1) — (W, {3) between two orthogonalizable A-space,

F is called a §-morphism if there exists a 6 > 0 such that for any v € V,

U5(Fv) < £4(v) + 6.

In particular a filtration preserving map is a O-morphism.
Note that by definition, a §-morphism is automatically a n-morphism for any ¢ < n.

Definition 7.1.2. Given two Floer-type complexes (Cy,d¢, b)) and (D, Op, ¢p), suppose chain map
®: C, — D, is a d;-morphism and ¥ : Cy, — D, is a d_-morphism. Then we call & and ¥ are

(04,9_)-homotopic if there exists a degree-1 (04, d_)-morphism K : Cy, — D,y such that

® -V =Kodo+09IpokK.

where then K is called a (04, 0_)-homotopy.

Example 7.1.3. Using Definition[7.1.9, definiton of (85, _)-quasiequivalence between (C., dc, l¢)
and (Dy,0p,¥p) (defined in Definition can be rephrased as

e there exist a §1-morphism ® : Cy — D, and a d_-morphism ¥ : D, — C;
e Uod and e, are (64,0-)-homotopic and ® o ¥ and Ip, are (§4,d_)-homotopic.

Now consider the following algebraic set-up. For two Floer-type complexes (Cl, dc, £¢) (simply

denoted as C) and (D, dp, ¢p) (simply denoted as D), we will study the following diagram

K¢ D D Kc

Kp C C Kp




where
e S and S’ 0-morphism chain maps;
e ¢ and ¢ are (04, 0_)-quasiequivalent with homotopies K¢ and Kp;
e S'o¢ and ¢ o S are (d4,d_)-homotopic with homotopy P;
e So and ¥ oS are (04, d_)-homotopic with homotopy Q.
Here we give a supporting example from our story to this algebraic set-up.

Example 7.1.4. When we are considering the chain complexes with (almost) rotation actions con-
structed from different Hamiltonians H and G, that is, the following diagram for some continuation

maps Cy, Cq and Cyq,

CF(H®, J))0 — 5 CFy(HD, J. 1 )0 s CF(H®), J,)s

1
t+;
Cu,a \L(Rp)*(CH,G) CH,c

CF(GP), J)a — 5 CF(GP), J,, 1)o ~Sm CEU(GP), )
P

Because the second (right) diagram above is not necessarily commutative (where continuation map
commutes with boundary operator but not necessarily commutes with other continuation maps), the

following collapsed diagram is then not necessarily a commutative diagram,

TH
CEL(H®) J)q — CF(HP), J)), (7.1)

CH,Gi \LCH,G

CF (G, 1) 5o ORGP, )

where TH = Cy o R, and T¢ = Cg o R,. Meanwhile, we can symmetrically form continuation
map Ca,m : CFk(G(p), Jt)a — CFk(H(p), Jt)a. Likewise, we have a (not necessarily commutative)
diagram,
TG
CF(GW), J})o —= CFL(GWP), J;)q (7.2)

CG,H\L lCG,H

CF(H®, 1) L2 CE(H®), ).
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However, we can prove these two diagrams are not far from being commutative. In fact,

Lemma 7.1.5. The diagram is commutative up to a filtration-shifted homotopy with filtra-
tion shifted up to p||H — G||u. More precisely, T% o Cy ¢ and Cy o TH are (p fol maxyx (H —
G)dt,pfo1 —miny (H — G)dt)-homotopic with homotopy P. The same conclusion holds for diagram

with a homotopy Q.

Proof. By Floer gluing argument, we can glue the homotopy inducing T¢ and the homotopy
between (H®),J) and (G, .J) so that it gives a new chain map between CF,(H® J), and
CF*(G(p), J)a. Similarly, for CygoT H we get another chain map. By the discussion in Section
2.3, two induced chain maps (from different homotopies) are homotopic to each other with certain
filtration shifts. Moreover, the filtration shift is given by the standard energy estimations and the

definitions of H®) and G®). O

Therefore, , , Lemma and Example together gives rise to the following

diagram compatible with the algebraic set-up above.

CF(HP, J)o — 0~ CF(HP, J,)a

P
CH,G \ CH,G

Ke| CFL(H® J)qa T CF.(H?), J))s |Ka

P
CH,G \ CH,G

CF(GP), J)a ¢ CF(GP), J)a

Now we remark that Proposition can be easily proved if we can prove the following general

algebraic proposition.

Proposition 7.1.6. With the algebraic set-up above, there exist finite constants Ay and A_ such
that self-mapping cones of complex C' and complex D with respect to map S and S’ respectively,

Conec(S) and Conep(S"), are (A4, A_)-quasiequivalent. Moreover, Ay + A_ < 6(64 +d-).
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In other words, by Example [7.1.3] we are looking for A -morphism and A_-morphism with
(A4, A_)-homotopies. Assuming Proposition we have

Proof of Proposition[I.7.1. Denote

1 1
0y :p/ max(H — G)dt and J_ :p/ —min(H — G)dt.
o X 0 X

Let S =TH — &-Tand S = TG — §p-I. First, they are O-morphisms because TH and TC preserves
filtration. Moreover, they are chain maps because T# and TC commutes with boundary operator
0. Second, Cg g o Cy g are (04,0_)-quasiequivalent. Third, S' o Cy g and Cy o S are (04,0_)-
homotopic by Lemma [7.1.5 Therefore, all the conditions in the algebraic set-up are satisfied. By
Proposition there exists a (A4, A_)-quasiequivalence between Cone(H ). and Cone(G).. So

we have
AL +A_

dg(Cone(H )y, Cone(G),) < 5

< 3(04 +0-) = 3p- |H — Glla.

Thus we get the conclusion. O

For the rest of this section, we will focus on the proof of Proposition [7.1.6

7.2 Homotopy category

Definition 7.2.1. Considering the following category, denoted as JF: E|
e Object in F: Floer-type complex (Cy, dc, lc);
e Morphism in F: 0-morphism chain map.

Note that by this definition, any d-morphism ¢ with § > 0 is not a morphism in . On the

other hand, fixing this constant § > 0, we can define a map on F itself, denoted as X9 by
i 25((0*7 aC'ng)) = (0*7807£C + 5)7

. $(g) = 0.

Tt is routine to check that F is an additive category.
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It is easy to see this map is a functor. This functor does not change morphism and shift up the

filtration of any filtered chain complex by 6. In short notation, X°C := X((C,, d¢, £c)) and

Ussc = Lo+ 0.

Therefore, for any d-morphism ¢ : C — D, we know

0 % D

is a well-defined morphism in F because {p(¢(x)) < lo(z) + 0 = lys(x) for any x € C.

Example 7.2.2. Suppose C and D are (§4,d_)-quasiequivalent with chain maps ¢ and . By

discussion above, we have well-defined maps in F,

-0 S50 and  THH-D &y YD

Meanwhile, there is an obvious map is_ s+ : YO++9-C — C by identity map on C as a vector space.
We emphasize that in category F,
YHT-C £ O,

because their filtrations are different. Therefore, is, 1s5_ is not an identity map. Moreover, by

definition of (64, 0—_)-quasiequivalence, we know

Yo ¢ is filtered homotopic to is, 5. in F

and

¢ o is filtered homotopic to is, y5_ in F.

Now consider the following “smaller” category defined as

Definition 7.2.3. Define (filtered) homotopy category of Floer-type complex K (F) as

e Object in K(F): the same as object in F;
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e Morphism in K (F): filtered homotopy class (in F).

Example 7.2.4. The condition that C and D are (d4,0-)-quasiequivalent with chain maps ¢ and
Y is equivalent to the condition ¥ o ¢ = ¢ o =is, 15 in K(F).

Using this language, we transfer the problem of constructing certain chain maps with (desired)
bounded filtration shifting homotopies into an existence question of morphisms in K (F) up to a

finite filtration shift. Therefore, we can restate Proposition in this new category as

Proposition 7.2.5. Suppose we have the algebraic set-up above. There exist finite positive con-
stants Ay and A_ such that there exist morphism ® and V in F to form the following sequence of
maps,

SA+ A~ Conep (S) x, 2+ Conec(S) 2 Conep(S) AR > 8- Conec(S)

and

PoV=Vod=ix,n_in K(F).
Moreover, Ay + A_ =6(d4 +J_).
First, we note K (F) is a triangulated category, therefore, for the following diagram in K (F),

C—2+ C—> Conec(S) —== C]1] (7.3)

¢ ¢ ih J{qﬁ[ll

D-5-D —— Conep(S") — D[1]
where ¢ is inclusion and 7 is projection. By 4. Corollary in [GM, p. 242], we know if the first ¢, the
second ¢ and the fourth ¢[1] are isomorphisms, then the middle morphism A is also an isomorphism
(existence of this map is given by axiom one (TR1) of triangulated category). The basic tool to
prove this is the exactness of functor Hom(Conep(S’), —) and Hom(—, Conec(S)) together with
Five Lemma. Second, here our situation is ¢ and v is not necessarily invertible (because 45, 45_
is not identity). But we still can prove the following technical proposition saying h is “close to be

invertible” in K(F) modulo enough shift of filtration, which will directly imply proposition
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Proposition 7.2.6. Apply exact functor Hom(X30++9-)Conep(S'), —) to the diagram shifted
by X% on the first row. For i§++5_ € Hom(X3(++9-)Conep(S"), Conep(S')), there exists a j in

Hom(230++9-)Conep(S’), B9+ Conec(S)) such that ho j = i§++57.

Remark 7.2.7. Note that filtration of Conep(S’) is just £p since S’ preserves filtration. If f : C — D
is well-defined in K (F) then f is also well-defined from X°C' — D for any § > 0. Moreover, for any

chain map f and any is5, we know

fois=isof. (7.4)

Proof. We will closely follow the proof of Five Lemma. Starting from i§+ 5. = 13(5.46.) €

Hom(230++97) Conep(S'), Conep(S’)), due to the following diagram,

Hom (230++9-)Conep(S’), B+ Conec(S)) ——= Hom(X30++9-)Conec(S'), £+ C)

iho iqﬁo

Hom(X3(++9-)Conep(S'), Conep(S')) —————= Hom(X3++0-)Conep(S’), D)
and ([7.4) with Example m we know

-3 -3 -2
TOis, 45 =5, 45 OT = ¢(16++6, ot om).

Therefore, there exists an element, say, i§++§, o9 o € Hom(¥30++9-)Conep(S’), £9+C) with

image under ¢ to be 7 o i3 . Then composed with S/, we have
g Sy+6— p )
s 3 s =i 3 Som) =0
omois, 5 =i 45 (5,45 050m) =

SO

i3, 15 0Som=0. (7.5)

Therefore, combining with ([7.5)) and relation ¢ o S8’ = S o1,

S(i§++6, oYom) = i§++§, (Sotpom) = Z%H-é, (oS om) = ¢(i§++6, oSom)=0.
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Since the top row is exact, there exists some z € Hom(X30++9-)Conep(S’), £+ C) such that

moz = i§++5_ o o, so by 1} we can choose z to be in the form
. /
Z =15 .45 0%

where 2/ € Hom(X30++9-)Conep(S’), B20++9-C) (such that 7o z = 1) o 7). Next, considering the

following diagram

Hom(230++9-)Conep(S'), 2%+ C) —== Hom(X3C++9-) Conep (S'), 2%+ Conec(S))

l“ iho

Hom (230++9-)Conep(S’), D) ——= Hom(X3®++9-)Conep(S’), Conep(S’))
and element

ig, 15— M(2) =5, 4s_ (i3, 15— h(z")).

By commutativity of previous diagram, we know this element is ker(7o). In fact,
-3 _ h _ 3 o -2 =0
mois 45 —moh(z) =15 15 T — ¢(if 45 oY om)=0.

So by exactness of lower row, we know there exists some u € Hom(X3®++9-)Conep(S'), D) such

that (u) = i5, 45_ (i§++5_ —h(z)) = ¢(w(i§++5_ —h(2"))). Then we can take a preimage (under ¢)
w = (i3, 15— h(z'))
in Hom(X3++9-)Conep(S’), 29+ C). Therefore
t(u) =rop(w) =ho(w)= i§++5_ — h(z)

SO

igﬁ_& = h(z + t(w)).
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Hence we have shown that there exists a preimage of i§+ 45 under map h, that is

ji=z+ (i3, 15— h(2))).

Therefore, we find a j such that hoj = i§+ Lo O

Proof of Proposition[7.2.5, Similarly to the proof of Proposition we can apply contravariant
functor Hom(—, ¥~2%+ 739~ Conec(S)) on the first row of diagram (7.3 shifted by functor X%+ so

we will get some j/ € Hom(Conep(S'), 572+739-Conec(S)) such that
jloh=ijy 5 . (7.6)
Combined with Proposition we have the following composition,
230++39- Conep (S) EN ¥+ Conec(S) LN Conep(S’) EN 204739 Conec(S). (7.7)

Now j and j are not necessarily the same since i§+ 15 Isnot an isomorphism. But taking advantage

that i§+ 45 commutes with any morphism, we have
(j'ohoj)oh=jo(hoj)oh=jois 5 oh=(j'oh)oiy 5 =ig 5

and

ho(j'ohoj)=ho(j'oh)oj=hoij s oj=(hoj)oi} s =if .5 .

Denote g = j' o h o j, then we can improve chain of maps (7.7)) into
200++69- Conep(8') L 29+ Conec(S) LN Conep(S') & £+ Conex(S). (7.8)

Hence, we will get the conclusion by setting Ay =04, A_ =564 +66_ and P=hand V =¢g. 0O
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7.3 Proofs of Proposition [1.4.2| and Proposition [1.4.3

7.3.1 Proof of Proposition [1.4.2

Proof of Proposition[1.4.3. By Remark (A4, A_)-quasiequivalence is in particular (A +
A_, A + A_)-quasiequivalence. For any given € > 0, there exists a (A4, A_)-quasiequivalence

between Cone(H ), and Cone(G), with
Ay + A <2dg(Cone(H)y, Cone(G)s) + 2¢
Moreover, by Proposition [£.3.1] we know
Bi(or) — Bi(oa)] < 2(A4 + A_) < 4dg(Cone(H)., Cone(G),) + 4e.

As € is arbitrarily chosen, we get the conclusion. O

7.3.2 Proof of Proposition [1.4.3

Proof of Proposition[I.4.3 Clearly, we only need to prove the following conclusion

ox(®)x —ox (V)i < 24p - du(d,7) (7.9)

for each degree k. Indeed, for any € > 0, there exists some k € Z such that ox(¢) < ox(¢)i + €.

Meanwhile, for this k, we have ox (1) < 0x(?). Therefore, (7.9) will implies

ox(¢) —ox (1) <ox(d)r —ox(¥)r +e€ < 24p - du(9, )

and by symmetry, we get the other direction.

Now suppose ¢ = ¢y and 1) = Y. Proposition and Proposition [1.4.2] give

1Bi(¢) — Bi(¥)| < 12p- ||H — G| n.
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If ox (@) is realized by some index sp € N, then

0k(0) = 0k (1) < (Bsop+1(0) = Blso+1)p(#)) = (Bsop+1(¥) = Bso+1)p(¥))

< (B80p+1(¢) - 550p+1(¢)) + (B(so+1)p(¢) - B(so+1)p(¢)) <24p- ||H - GHH

So we get the conclusion by taking the infimum of generating functions for ¢ and ).
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Chapter 8

Chaotic model

As explained in the introduction part, the key that we can conclude our main result lies in a chaotic
model - egg-beater model, ¥, (for ¢ > 4). In this section, we will do a concrete computation
combining all the ingredients from previous chapters to draw the following conclusion, which is a

special case of our main theorem.

Theorem 8.0.1. When p > 3, power,(3,) = +o0o. In particular, aut(X,) = +00.

8.1 Count multiplicity

This section is devoted to prove Proposition First, we will state CZ-index formula for
generator of CF, (X4, $»)q to help us label the indices later in this section. Recall from construction
of egg-beater model, for each fixed point z, it will naturally come up with another 2p—1 intermediate

points, denoted as z1, ..., z2,—1 and set z = zy9. Using coordinates, we denote

225 = (025, y2j) and 22541 = (L2541, Y2j+1)-

By (41) in [PS14], we know

(902j+1,y2j+1) = (—y2j+2,ﬂ?2j) and (x2p7y2p) = (20, %0)-
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So we will expect our formula only involves x and y coordinate of even index intermediate points.

Here it is,

Theorem 8.1.1. [Theorem 3.5 in [AKKKPRRSSZ15]] In egg-beater model (1.19), the CZ-index

of fixed point z with intermediate points z1,. .., zap—1 s given by
151
poz(z) =1+ > (sign(wa;) — sign(yz)). (8.1)
§=0

Note that each summand sign(xg;) — sign(yz;) only takes value —2,0 and 2, so support of index

is [-p+ 1,p + 1]. Moreover, we know

Corollary 8.1.2. For each degree k € [—p+1,p+1], there are (kf]f_l) -many fixed points z coming
in with their p-tuple . Moreover, action of each generator of degree k + 1 is strictly bigger

than any generator of degree k with action gap proportion to X\ up to a constant.

Proof. For the first conclusion, suppose, within all the possible choices for sign(zz;) and —sign(ya;),
we have a-many 1 and b-many —1, then by (8.1)), we know a —b = 2(k —1). Meanwhile, a +b = 2p,

therefore, we need to choose a = k+p— 1-many 1’s. The second conclusion comes from Proposition

5.1 in [PSI4] with (8.1). O

Now consider self-mapping cone of egg-beater model, denoted as
Cones, (Hy)« := Conecp(s, (T — &p - D

First, by a standard result from Floer theory, see Theorem H,.(CF(X,¢))a) = 0 because «
is non-contractible, so

H.(Cones, (H))) = 0. (8.2)

Therefore, in terms of barcode, there are only finite length bars, possibly with zero length. Mean-

while, by rank-nullity theorem, it is easy to check

dim(ker(0co)r) = dim(Im(Oeo) 1) = dim(CFi (g, pr)a) =D - <k +2§_ 1). (8.3)
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Therefore, total multiplicity of verbose barcode of Cones, (H))s is
1
> dimker(8eo)i = 3 > " dim(Cones, (H))i) = p - 2.
k k

Therefore, to prove Proposition we need to prove there are exactly (p — 1) - 22P-many zero
length bars in total for Cones, (H))s. The way to prove this is by running the algorithm, see
Theorem 3.5 in [UZ15)], to get a singular value decomposition so that we can compute barcode
in this concrete example. Actually, we will show for each degree k € [—p + 1,p + 1], there are
(p—1)- (k f;’_l)—many zero length bars. We will first demonstrate this by an explicit computational

example in next section.

Remark 8.1.3. Structure of mapping cone is the key to succeed computing barcode and count its
multiplicity. If we work only on CF.(¥X4, #5)a, in general, we don’t have enough information of

Floer boundary operator of C'F, (3, ¢)) to compute the associated barcode.

8.2 Barcode of self-mapping cone of egg-beater model 1

First we briefly recall the process of generating a singular value decomposition of a filtration pre-
serving linear map F': (V,¢1) — (W, {3) when specializing I being trivial (here egg-beater model
satisfies). For general process, see Theorem 3.5 in [UZ15]. Given an ordered orthogonal basis
(v1, ..., vp) for V and (wy, ..., wy,,) for W, we will run the Gaussian elimination by choosing pivot

column where the optimal index pair (ig, jo) lies in. Here optimal index pair (ig, jo) means

U (vj,) — La(wiy) < i (vj) — la(w;) forall (4,75) € {1,...,n} x{1,...,m}. (8.4)

I

Therefore, after Gaussian elimination, v; is modified to be v;

v; — cvj, for some constant ¢ € K.
Moreover, we know

((v;) = €(vj) and ((Fuvj;) < 0(Fuy).
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Since F' is filtration preserving,
((v}) = L(Fv}) =0 implies £(v;) — £(Fv;) = 0. (8.5)

Each step will start from choosing a pivot column and end up with deleting this column from

consideration of pivot column for next step. Here is an example relating with our model. E|

Example 8.2.1. Let p = 3. For Cones,(H))_1 Oeo)-1, Cones, (Hy)—2, our initial (orthogonal)
bases are

((b17 0)7 (¢A(b1)7 0)7 (Qg\(bl), 0)7 ) (bﬁa 0)7 (¢A(b6)v 0)7 (¢§\(b6)7 O))
and

((0,a), (0, px(a)), (0, ¢3(a)))
for Cones, (Hy)_1 where b; (fori=1,...,6) and a are fived points; and
((a’ 0)7 (¢A(a)7 0)’ (¢§\(a)’ 0))

for Cones, (Hy) 2. First, by action functional formula for each fived point (see (40) in [PS1])]),

we can generically get, for s € {0,1,2},

Leo((05(0:),0)) < Leo((93(b5),0)) whenever i < j.
Therefore, under the boundary map O, we have,

—C o . S (1. t
om0 = |0 TCoRsE T A0 L)
0 -0 0 0

'We recommend reader to go through this example carefully before reading the proof of Proposition right
after it.
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where L(¢4(a)) is a linear combination of generators ¢ (a) for t € {0,1,2}. Meanwhile,

_ (s+1)mod3 s (s4+1) mod 3 .
Do (0, 65 (a)) = C(o) O(a)) +&305(a) _ |9 (;L) + 3¢5 (a)

because continuation map C is always in the form

strictly lower
Cx)=x+

filtration terms

and by the speciality of generators (with lowest grading), there is no strictly lower filtration terms.

In other words, if (0co)—1 is represented by a matriz, it will be a 3 by 21 matrixz as

-1 & 0 x...%|- (8.6)

More importantly, we note
leo((0, 93(a)) = Leo((¢3(a), 0)) = €(a) — £(a) = 0
while for any * position in the matriz (8.6),
Ceo(((03.(01), 0)) = Leo(0, 93 (@) > 0 (8.7)

therefore, our first choice of pivot column should come from one of the first three columns. Let’s

take column one. After Gaussian elimination, we have

&0 0 *...%

-1 & =& x...x

0 —1 53 ...k
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and ((0,¢3(a)) is changed to (0, ¢3(a) + &3a). Again, by the same reason, our second pivot column

can be taken as the second column, so Gaussian elimination will give

§3 0 0 *...x
—1 & 0 x...x%
0 —1 0 =*...x%

and (0, ¢3 (a)+&3a) is changed to (0, ¢3 (a)+Espa(a)+E3a). Note that second factor is in the kernel of
Rs—¢&3-1. Thus we get two elements in the singular value decomposition, (0,a) — (—¢x(a)+Esa,0)
and (0, ¢r(a)) = (—¢3(a) +E&¢a(a),0). Both of them will give zero length bars. The choice of next
piwot column will start from column corresponding to generator (¢3(b;),0). But by and ,
we know none of them will give zero length bars. Moreover, by , multiplicity of degree-(—2)

verbose barcode is 3. So multiplicity of degree-(—2) concise barcode is 1.

8.3 Barcode of self-mapping cone of egg-beater model I1

For any p-tuple generator of CF,(X,$))s denoted as {z,é(2),...,#"?"1(2)}, for the span V =

spany <z, d(2), ey ¢p*1(z)>, the operator R, — &, -1 on V is represented by the matrix

T U |
1 =& .. ... 0
Q=10 1 —-¢& ... 0 (8.8)
00 —&

and it has rank p — 1. Its kernel is
ker(R, — &, - I) = spany <§£_1z + fg_Qqﬁ(z) + ...+ ¢p_1(z)> .

Proof of Proposition[1.5.1. For any degree k, after choosing “the standard” orthogonal bases as

the generating loop with in the p-tuple forms, boundary map (9., )x+1 can be represented as the
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following matrix

0 oo

S SR
0 0 ... [P] x|

where boxed P = —@Q, in (8.8). Starting from the most left boxed P, we know after choosing

pivot columns as describe in the Example above, we will have (p — 1)-many elements in the
singular value decomposition which contribute to (p — 1)-many zero length bars. Moreover, after
the first p — 1 step of Gaussian elimination, we will change the basis element corresponding to the

p-th column in in the form

strictly lower
V= VU +
filtration terms
where v, € ker(R, — &, - I). Therefore £(v) — £((TH» — &, -T)(v)) > 0. Meanwhile, due to the nice
position of boxed P and the order that we start from the most left boxed P and consecutively move
to the last boxed P, we will eventually get

p—1 . 2p
— dim(CFi(%,¢3)a) = (p—1)- <k tp— 1)

many zero length bars. By (8.5, we know after we used up all the pairs (under boundary map)
from original basis having zero difference on the filtration, others will always give positive length

bar. So in total, the multiplicity of zero length bars is

p+1
>, -1 <k+2;)_ 1) =(p—1)-2%.

k=—p+1
So we have exactly 22P-many non-zero positive length bars in total. O
Proof of Theorem (8.0.1. Proposition [L.5.1] Lemma [8.1.2| and Theorem [1.4.5 O
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Chapter 9

Product structure

9.1 Product of barcode

Given two Floer-type complexes (Cy,dc,fc) and (Dy,0p,fp) over AT we can form its tensor
product
((C® D)y, 09,ls)
where
dg(a®b) = dca @b+ (—1)1%a @ dpb (9.1)
where | - | denotes degree of element and

lo(a®b) = Lo(a) + Ln(b).

Singular value decomposition of (C' ® D), is built from singular value decompositions of C, and
D,. Specifically, by Theorem [3.4.3] each Floer-type complex can be decomposed as a direct sum of

elementary complez as follows,

...~ 0—=spanpcr () = 0— ... and ...— 0 — spanykr (y) = spanycr (Oy) -0 — ...

Therefore, we have the following four types elementary complexes for the tensor product structure,
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o ...~ 0—=spamrr(y®@z) = 0— ...

o ... = 0—spanykr (Y ® z) = spanpkr (0y @ 2) — ..

o ... = 0—spanykr (Y ® z) — spanpcr (Y ® 0z) — .. ;

e ...~ 0—spanykr (y®z) = spanpcr (Y Rzt y®0dz) — .. ..

If y and z are elements from singular value decompositions of C, and D, then orthogonality of
each of these building blocks are guaranteed by Corollary 8.2 in [Ush13]. Therefore, we have the

following proposition describing the barcodes of tensor product.

Proposition 9.1.1. Barcodeﬂ of (C®D)y, 0g,Llg) is given by carrying on the following operations
for the original barcodes from (Cy,d¢c) and (D, 0p),

e For 0oy =0pz =0,

((lc(y) mod T, 00), ({p(z) modT, 0)) —

((bc(y) + €p(z)) mod T, 00).

e For Ocy =x and Opz =0,

((be(y)mod T be(y) — bo(z)), (Up(2) mod T, 00)) —

((lc(y) + €p(z)) mod ', Lo (y) — Lo(x)).
o For 0cy =0 and Opz = w,

((lo(y) mod T, 00), ({p(z)mod T, p(z) —lp(w))) —

((bc(y) +£p(2)) mod T, £p(2) — £p(w)).

'Here degree is not specified.
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e For Ocy =x and Opz = w,

(bo(x)mod T, le(y) — p(x)), (Up(w)modl, lp(z) — p(w)) —

((max{fc(x) + €p(2), fe(y) + £p(w)}) mod T, min{le(y) — £p(x),£p(2) — £p(w)}).

Proof. All the items are easy to verify. Here, we give the proof of the last item. If Ocy = = and

Opz = w, then under the boundary map,
ey 2)=0cy®@z+ (-)W¥y@dpz =202+ (-1)¥y o w

since z ® z is orthogonal to y ® w, for filtration, if {g(x ® 2) > lg(y ® w) (which is equivalent to

lp(z) —Up(w) > Lo(y) — Lo(x)), then
Loy ® 2) — ba(z ® 2 + (—)Vly 0 w) = Loy) + £p(2) — (lolz) + En(2)) = loly) — Lo(@)
and if g (r ® 2) > Lg(y ® w) (which is equivalent to £(y) — £(x) > £(z) — £(w)), then

lo(y ©2) — la(z © 2+ (~1)Vy ® w) = Lo(y) + €p(2) = (Le(y) + p(w)) = £p(z) — Lp(w).

Example 9.1.2. Suppose we are given two Floer-type complexes,
(Cy,0c,lc) (with trivial homology) and (CFy(M,I) = CF.(M,I)y, O, f1)

where M is a symplectically aspherical manifold associated with a Hamiltonian diffeomorphism
being identity map. First, in order to have a well-defined Hamiltonian Floer chain complex with
identity map, we should always think it as the limit of CF.(M,ef) for some small € > 0 and a

Morse function f: M — R when € — 0. Then by standard Floer theory,
CF.(M,ef) ~ CM.(M,ef)
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where C M, represents a Morse chain complex. For barcode of CM.(M,ef), there are two types.

One is infinite length bars which correspond to the generators of (Morse) homology of M with

respect to Morse function ef. The other is finite length bars whose lengths are, by Proposition 3.4

in [Ush1l1], at most €||f|| (the total variation of f on M), so they are called “e-small intervals”.
Now denote

B(Cy) = {(a, L) where L is finite},

and

B(CF.(M,ef)) = {{e-small intervals}, (c,00)}.

For its tensor product (C @i CF (M, ef))s«, by Proposition only the second and fourth items
are considered, that is,

((a,L),(c,0)) = (a+¢, L)

and

((a, L), e-small interval) — e-small interval

because the output of the operator on a pair of bars as in Proposition always takes the minimal
of lengths of two bars. Meanwhile, when € — 0, CM,(M,ef) has trivial boundary operator, so, for

each degree j,

Betti number bj(M) = dim H;(M, K)
= dim CM; (M, ef) = dim CF;(M, ef)

= dim HF;(M,I) = {# of infinite length bars of degree j}.
In particular, given k € Z, for any degree i,j such that i+ j =k (where 0 < j < 2n = dim(M))

(a, L) € B(Cy)
B(C; @k CFj(M,ef)) = { (a+* L)
L repeats bj(M)-many times
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So the multiplicity of (i, j)-piece of degree-k barcode of product is

{multiplicity of B(C;)} x bj(M). (9.2)

9.2 Reproof of Polterovich-Shelukhin’s result and generalization

Lemma 9.2.1. Considering the following two maps between two Floer-type complexes C 5, C and

DL D, then we have a chain isomorphism for any degree k € Z,
Conecgp(S @ 1)y ~ @ Conec(S); ® D;
itj=k

where the left side is mapping cone of C @ D LN ®D.

Proof. We have the following diagram

Sl
Ditjoi Ci © Dj —= D1 Ci @ D — Dy j—r Conec(5)i @ D; — Ditjmr1 Ci1 @ D; .

I X | I

(C® D)y —22 . (C® D), Conex(S @ 1) (C ® D)js1

™

The top row is a distinguished triangle because tensor (of vector spaces) preserves distinguished
triangle here E] and direct sum of distinguished triangles is also distinguished triangle. Moreover, ¢
is an isomorphism by definition, so there exists a chain map h being an isomorphism. O

We can get the following result, which is a special case of Proposition

Lemma 9.2.2. For self-mapping cone of Xy X M where surface X4 has genus g > 4 and M is a
symplectically aspherical manifold under map TH> x I — &p - I, its concise barcode of degree-1 has

multiplicities not divisible by p when p is sufficiently large.

Proof. Denote

Coneg(H))x := (ConeCF*(Eg><M,¢>\><]I)a><{pt} (THA xI—¢&- Dy, Oco)-

2Note that in general, tensoring is only right exact. But here our category only consists of vector spaces, as a
special case of flat module, tensoring here is then exact.
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Then by Lemma [9.2.T] for degree k =1,

Coneg(H))1 = @ Cones,(H)); ® CF;(M,I).
i+j=1

For index 7, by proof of Proposition we know i € {—p+1,...,p+ 1} and for each i, degree-i
concise barcode of of Conesy, (H))«, denoted as mq, has multiplicity (1 ﬁ;pq)- Moreover, since M is

aspherical, j € {0, ...,2n}. In other words,

j=1—ie{-p,...p}N{0,....2n}.

So there are three cases.

e Case 1. When p > 2n(> 2). Then by (9.2), we know

2n

=Y (ﬂ’j)bj(M) - (if) bo(M) + (pz_p1>b1(M) - (p fp%) o (M),

J=0

where p — 2n > 0. On the one hand, for 1 < j < 2n, p| (pz_pj), therefore, since bg(M) =1,

2
mp = ( p) mod p.
p

On the other hand, by Babbage’s theorem in [B19], we know

Therefore, m; is not divisible by p.

e Case 2. When p = 2n. By the similar argument as above and bg, (M) = 1,

mi = (2;’) bo(M) + (25’ > bon (M) = 3 mod p.

Therefore, since p is even, m; is not divisible by p.
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e Case 3. When p < 2n. Then by (9.2), we know

my = ij (p?’j)bj(M) - <2;7>b0(M) + <p2_pl>b1(M) bt <2S’>bp(M).

So by the similar argument,

my = (2;) bo(M) + <2é’> b, (M) = 2+ b,(M) mod p.

If p> 24 by(M), then m; is not divisible by p.

O

By Theorem Proposition (which will be proved in the next section) and Lemma
we actually reproof one of the main result in [PS14] (under a stronger condition - p is sufficiently

large).

Theorem 9.2.3. (Theorem 1.3 in [PS1j)]) For ¥, x M where £ is a surface with genus g > 4

and M is a symplectically aspherical manifold,
powery(Xy x M) = 400,

when k is sufficiently large.

In order to generalize from a symplectically aspherical manifold to any symplectic manifold
(M, w), we count multiplicity of concise barcode in a more subtle way since for C'Fy(M,I) (which
is isomorphic to regular homology of manifold), Novikov field will be involved because (again since

boundary operator is trivial)
CF,(M,I) ~ HF,(M,I) = H,(M,K) ® AT

where I' < R. Specifically, adding a homotopy class S € ma(M)/(ker(w) Nker(cy)) to each critical

point p will result in
e (a) filtration is shifted by [¢» S*w;
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e (b) CZ-index is shifted by —2N¢1(S5),

where N is minimal Chern number. However, in terms of barcode, shift of filtration (a) will not
change the length of bars since the end point is defined modulo I'. The issue will come from shift
of degree because different from the symplectically aspherical case, support of index of HF,(M,1T)
might be infinite by the shift of index (b) (when N is nonzero). Quantum Betti number (see
Definition is helpful for our counting in the sense that, similar to , the number of

positive length bars that a (i, j)-piece will contribute is
{multiplicity of B(C;)} x gb;(M). (9.3)

Proof of Proposition and Proposition[1.5.4. (a) By Proposition there will be only the
first two types to be considered. Indeed, due to the minimality of the length component in
the last two type, it will be neglected eventually because any finite length bar contributed from
CFy(M, 1) has e-small length. Moreover, from the operation in Proposition especially the
second type, the length of finite length bar keeps the same. Therefore, the smallest length of finite
length bar of Coneg(H) )« is the same as the smallest length of finite length bar of Cones, (Hy)«
coming from egg-beater model. Therefore, we draw the conclusion of Proposition by Lemma

(b) Fix the degree of product being 1. By and Proposition multiplicity of degree-1

concise barcode of Coneg(H))x is

p+1 ( % >

> - b1k (M). (9.4)
b1 k+p—1

We can split (9.4) into two parts. One is

<2§) > by (M) + (?) ~qbo(M) + @i ) - qb—p(M) (9.5)

and

Z <k‘ +2;?_ 1) : qbl—k(M)' (9.6)

k#{—p+1,1,p+1}

100



Note that each binomial number in is divisible by p, therefore divisibility of (9.4) depends

only on (9.5). First, it is never equal to zero because gby(M) # 0. Moreover, by Babbage’s theorem

2 —
<p>:2(2p 1)52m0dp.
p p—1

Therefore, modulo p, we get the first conclusion of Proposition For its second conclusion, by

in [B19], we know

definition,

qbp(M) = " bprons(M) < Y bi(M)

SEZL iis odd

because p + 2N's is always odd. Similarly to ¢b_,(M); and

gbo(M) = " bans(M) < > bi(M)

SEL i is even

because 2N s is always even. Therefore, together, modulo p, we get (9.5)) is at most 23 ;5 bi(M).

So when p > > <o, bi(M), non-divisibility always holds. O

Remark 9.2.4. Here we remark that the non-divisibility requirement for Proposition can

sometimes be improved considerably. Here we give two examples.

(a) If ¢y (T M) = 0, then since gbi(M) = bi(M) for any k € Z, modulo p, (9.5) is equal to
by(M) + 2.

Therefore, if p { b,(M) + 2, then p{ m;.

(b) If M = CP™, s0 ¢;(TCP™) = n+1 and b, (CP") is nonzero only when k is even and k € [0, 2n].
Therefore, back to (9.5)), we only need to consider the middle term and modulo p, we get 2.

Therefore, the non-divisibility holds for any prime p > 3 in this case.
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