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ABSTRACT

Single-index models are useful and fundamental tools for handling “curse of dimension-
ality” problems in nonparametric regression. In addition to that, variable selection also
plays an important role in such model building processes when the index vectors are
high-dimensional. Several procedures have been developed for estimation and variable

selection for single-index models when the number of index parameters is fixed.

In many high-dimensional model selection problems, the number of parameters is in-
creasing along with the sample size. In the first part of this work, we consider weakly
dependent data and propose a class of variable selection procedures for single-index
prediction models. We apply polynomial spline basis function expansion and smoothly
clipped absolute deviation penalty to perform estimation and variable selection in the
framework of a diverging number of index parameters. Under stationary and strong

mixing conditions, the proposed variable selection method is shown to have the “oracle”



property when the number of index parameters tends to infinity as the sample size in-
creases. A fast and efficient iterative algorithm is developed to simultaneously estimate
parameters and select significant variables. The finite sample behavior of the proposed
method is evaluated with simulation studies and illustrated by some river flow data from

Iceland.

Most recently, among numerous modern problems in multiple scientific fields, a notewor-
thy characteristic feature is that the dimension of the explanatory variable, p, is large,
and potentially much larger than the sample size, n. For those problems of large scale or
dimensionality, variable selection again plays an important role in the modeling process.
Under the sparsity assumption, a variable screening procedure was proposed by [16] to
reduce the ultra-high dimensionality to a moderate level. However, for practical data
analysis, without any prior knowledge, both the true model and the marginal regression
can be highly non-linear. To address the above issues in the second part of this work,
we investigate ultra-high dimensional penalized single-index models. We further extend
the sure independence screening method into a nonparametric independence screening
procedure. In addition, a data-driven thresholding determination procedure is proposed
to enhance the finite sample performance. New theoretical results are also derived for
oracle parameters. Both the numerical results and the real data application demonstrate
that the proposed procedure works very well, even for moderate sample size and large

dimensionality.
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Chapter 1

Introduction

1.1 Single-Index Models

In Statistics, a linear regression is an approach for modeling the relationship between a
response variable, Y, and one or more explanatory variables denoted as X. The model

can be expressed as

EY|X)=X"p5.

Unfortunately, in practice, the relationship between response variable and explanatory
variables is not limit to linearity. The generalized linear model is a flexible generalization
of ordinary linear regression by allowing the linear model to be related to the response

variable via a link function, i.e.,

E(Y|X)=m(X"3). (1.1.1)



These models typically assume that m(-) is known up to a finite number of parame-
ters, such as binary logit or probit. When m is unknown, model (1.1.1) can provide a
specification which is more flexible than a purely parametric model, and it can become
a single-index model (SIM) under certain conditions. Single-index models have appli-
cations to a variety of fields. For example, econometric studies use these models as a
compromise between too restrictive parametric models and flexible but hardly estimable

purely non-parametric models.

Another excellent feature of the single-index model is that it is an attractive dimension
reduction method. Single-index models are similar to the first step of projection pursuit
regression, a dimension reduction method, (see [24], [33] and [6]). The basic appeal of
the single-index model is its simplicity: the p-variate function m(x) = m(zy,...,z,) is

expressed as a univariate function of 276, = Z§:1 xib ;.

Over the last two decades, much effort has been focused on research into estimation
of the single-index coefficients, as well as into the non-parametric link function, with
concentration on proofs of root-n consistency and demonstrations of efficiency. Examples
can be found in [43], [29], [4], [54] and [30]. Among these methods of estimation, the
most popular are the average derivative estimation method proposed by [29] and [28].
More recently, [55] proposed the minimum average variance estimation (MAVE) for
several index vectors. [52] proposed the polynomial spline estimator for the single-
index prediction model (SIP), which is more robust against deviations from SIMs. [5]
studied the SIMs with heteroscedastic errors and recommended an estimating equation

method in terms of transferring restricted least squares to un-restricted least squares.



[59] derived inference for the index parameters by the local linear method. [7] suggested

an estimating function method to study the SIMs.

1.2 Variable Selection Techniques

When the dimension of X is high, one unavoidable issue is the “curse of dimension-
ality”, which refers to phenomena that when the dimensionality increases, the volume
of the space increases so fast that the available data become sparse. To circumvent
this difficulty, variable selection techniques play pivotal roles. The statistical literature
contains numerous procedures on variable selection for linear models and other para-
metric models. Akaike’s information criterion (AIC), Mallows’ C,, and the Bayesian
information criterion (BIC) are several examples of traditional variable selection proce-
dures. They all use a fixed penalty on the size of a model. To replace fixed penalties,
[1] and [45] suggest the use of a data adaptive penalty in the variable selection proce-
dures. However, as pointed out in [15] and [19], all these procedures follow stepwise
or subset selection procedures, which are extremely computationally intensive, hard to
derive sampling properties for, and unstable. On the other hand, most convex penalties,
such as quadratic penalties, often produce shrinkage estimators of parameters that make
trade-offs between bias and variance. To avoid the unnecessary biases and the ineffi-
ciency of traditional variable selection procedures, [15] proposed a unified approach via
non-concave penalized least squares. Such methods can select variables and estimate the

coefficients of variables automatically and simultaneously. There are four fundamental



good features of this method: (1) it keeps the appealing features of subset selection
and ridge regression; (2) it produces sparse solutions; (3) it ensures continuity of the
selected models, and (4) it has unbiased estimates for large coefficients. All of the above-
mentioned appealing features can be achieved by choosing suitable penalized functions,
such as the smoothly clipped absolute deviation (SCAD) penalty that was proposed by
[12], the Lasso [46], the Dantzig selector [3], the Elastic net (Enet) penalty [65], the

MCP [58] and related methods proposed in [64] and [66].

In Chapter 2, we consider a class of single-index prediction models with diverging number
of index parameters. We propose to use polynomial spline basis function expansion and

SCAD penalty to perform estimation and variable selection.

1.3 Independence Screening Techniques

With rapid improvement of computing power, high-throughput data of unprecedented
size and complexity are frequently collected in many scientific fields. As discussed in the
previous section, to handle these large-scale data, variable selection plays an important
role in high dimensional statistical modeling. However, when the number of variables p
grows much faster than the sample size n, the aforementioned variable selection tech-
niques face the following three tremendous challenges: (1) computational expediency,
(2) statistical accuracy, and (3) algorithmic stability. To tackle these problems, [16]
introduced a sure independence screening (SIS) method to select important variables

in the framework of ultra-high dimensional linear regression via marginal correlation



learning. Later, [25] extended the SIS method to the generalized correlation ranking.
[21] extended the SIS idea to ultra-high dimensional generalized linear models. In ad-
dition, a useful technical tool for establishing the sure screening results and bounding
false selection rates is derived in the same paper. In 2011, [13] further extended the SIS
method to nonparametric independence screening (NIS) which can be implemented onto

ultra-high dimensional additive models.

In the meantime, several other methods have been developed to handle such ultra-high
dimensional problems, such as the data-tiling method proposed by [26], the marginal
partial likelihood method [57], robust screening methods using rank correlation by [37],
and distance correlation [38]. Inspired by all these previous works, in Chapter 3, we will
focus on variable nonparametric independence screening in single-index models with

non-polynomial (NP) dimensionality.



Chapter 2

High Dimensional Single-Index

Models !

2.1 Introduction

For the past two decades, high dimensional problems are becoming increasingly com-
mon in many scientific areas, including biostatistics, medicine, economics and financial
econometric. When the dimension of covariates increases, one unavoidable issue is the
“curse of dimensionality”, which refers to the poor convergence rate. Much effort has
been devoted to tackling of this difficulty. As an attractive dimension reduction method,

single-index models (SIMs) play a useful and fundamental role for handling “curse of

'Wang, G. and Wang, L. (2015). Spline estimation and variable selection for single-index prediction
models with diverging number of index parameters. Journal of Statistical Planning and Inference 162,
1-19. Reprinted here with permission of publisher.



dimensionality” problems. Various intelligent estimators of the single-index coefficients
have been derived by many researchers. Examples can be found in [43], [29], [4], [54]
and [30]. [55] introduced the minimum average variance estimation (MAVE) for several
index vectors. [52] proposed the polynomial spline estimator for the SIP, which is more
robust against deviations from SIMs. [5] studied the SIMs with heteroscedastic errors
and recommended an estimating equation method in terms of transferring restricted
least squares to un-restricted least squares. [59] derived inference for the index param-
eters by the local linear method. [7] suggested an estimating function method to study

the SIMs.

Along with the SIMs, when the index vectors are high-dimensional, variable selection for
significant predictors is very practical in such model building processes. For example,
in time series modeling, we often need to select significant explanatory lagged variables.
Most traditional variable selection procedures, such as Akaike’s information criterion
(AIC), Mallow’s C,, and the Bayesian information criterion (BIC), use a fixed penalty
on the size of a model. To overcome the inefficiency of traditional variable selection
procedures, [15] proposed a unified approach via non-concave penalized likelihood and
demonstrated that penalized likelihood estimators are asymptotically as efficient as the
ideal “oracle” estimator for certain penalty functions, such as the smoothly clipped ab-
solute deviation (SCAD) penalty. [19] further extended the method to the situation
with a diverging number of parameters, which substantially enlarges the scope of appli-

cability of the shrinkage methods. We refer to [19], [31] and [53] for more works in the



high-dimensional framework where the number of covariates increases with the sample

size.

Several procedures have been developed for estimation and variable selection for SIMs
when the number of index parameters is fixed. Examples include the dissected cross-
validation (DCV) method in [36], the profile least squares (PrLS) estimation procedure
in [39], the adaptive lasso with kernel smoothing in [63], the penalized least squares
method in [41], and the lasso with local linear smoothing method in [60]. Unfortunately,
in practice, many variables are sometimes introduced in an effort to reduce possible
modeling biases. In many high-dimensional model selection problems, the number of
introduced variables depends on the sample size, which reflects the instability of the
parametric problem. For example, when running regressions on time-series data, it is
often important to include many lagged values of the dependent variable as predictor
variables. Sometimes, to capture the persistence of a time series, the lag length can be

very long, or even close to the entire length of the time series.

When a diverging number of predictors are involved in SIM, [62] proposed a method
based on slice inverse regression (SIR) to select variables. However, the SIR based
method imposes a strong assumption on the predictors: the distribution of the covariates
must be elliptically symmetric distributions. In time series analysis, the covariates are
typically the lagged values of a time series. As discussed in [55], the elliptical symmetry of
the covariates implies the time series itself is time reversible [47], which is an exceptional
feature in most time series. Therefore, their method will not work for most time series

data; see the discussions in [55] and [41].



In this work, we consider weakly dependent data, and focus on variable selection and
estimation for single-index prediction models, as in [52]. We apply the SCAD penalty
and polynomial spline basis function expansion to simultaneously perform variable se-
lection and estimation in the framework of a diverging number of index parameters.
Under a mixing condition and some other regularity conditions, the proposed variable
selection method is shown to have the “oracle” property when the number of parame-
ters diverges as the sample size increases. A fast and efficient algorithm is developed
to simultaneously estimate parameters and select significant variables. Our method is
applicable to selecting significant variables when modeling time series data, which may

include endogenous variables (lagged variables) as well as exogenous variables.

The rest of the article is organized as follows. Section 2.2 first provides the background
of the single-index prediction model, then introduces the polynomial spline smoothing
and the penalized SCAD estimators. Section 2.3 shows the main theoretical results
in the framework of a diverging number of index parameters. Section 2.4 presents an
algorithm to implement the proposed method. Section 2.5 reports our findings in three
simulation studies. The proposed method is applied in Section 2.6 to the Iceland river

flow data. All technical proofs are given in Section 2.7.



2.2 Methodologies

2.2.1 Single-Index Prediction Model

Let {X;,Y;}!_, be a length n realization of a (d + 1)-dimensional (strictly) stationary
process with X; = {X;;, -+, X;q} being R? valued (d > 1) and Y; being real valued.
In particular, X; may consist of lagged values of Y;, and X; may also include some

exogenous variables. We assume {X;,Y;}!" | follow the single-index model

YVi=m(X[0) +e&, i=12,.,n, (2.2.1)

in which F (g|X;) = 0, F(¢7|X;) = o2. Without loss of generality, we assume the
predictors considered in this article are standardized to have mean zero and variance
one. In what follows, let (X Ty, 8) represent the stationary distribution of (XlT Y 52‘)-
In (2.2.1), the unknown parameter 6, is the single-index coefficient used for simple
interpretation once estimated, and m is a smooth but unknown function used for further

data summary. For model identifiability, we assume the Euclidean norm for 6, ||6o|| = 1.

2.2.2 Estimation and Variable Selection for Single-Index Model

The dimension d of predictors can be large, and here we consider the case that d increases

as the sample size n, so we write it as d,,. The goal of this article is to select a proper

10



subset of significant variables {X;;,j € s}, s C {1,...,d,} while estimating 6, € © =

{(01,---,04,)] Zjil 65 = 1,6, > 0} and m simultaneously.

For simplicity, given a fixed 6, denote Xy = X760, Xy, = X0, 1 <i <n. Let
mg (u) = E (V| Xy = u) = E{m(Xp,)| Xy = u}, (2.2.2)
then 6y is the minimizer of the following population least squares criterion function

R(6) = %E (Y — ma (X)) (2.2.3)

To select significant variables, we need some nonparametric techniques to estimate the
unknown function m in (2.2.1). We consider the use of polynomial spline smoothing
introduced in [52]. The appeal of polynomial splines is that they often provide good
approximations of smoothing functions with a simple linear combination of spline basis;

see more discussions in [56]. Let NV € N be the number of interior knots, and let
a:t0<t1<---<tN<tN+1:b

be a knot sequence. Denote by I'"~2) = I'("=2) [q, b] the polynomial spline space of order
r on [a,b], i.e., the space of all I'""?) [a,b] functions that are polynomials of degree
r — 1 on each interval [ty,txy1), & =0,---, N. For any given 6, the polynomial spline

estimator of order r for my can be obtained from solving the least squares problem over

11



=2 [q, b):

me (u) = arg  min Z{Y m (Xes)}. (2.2.4)

m(u)er(r—2)

Note that © is not a compact set, so we consider the minimization problem of (2.2.3)

over all 8 € ©,, where

dn
(")C = {(91, "'79dn) | 293 = 1,91 2 C} , C € (O, 1)
j=1

We define the empirical least squares criterion function of 0 as

n

DAY — g (Xo0)}?

=1

1
2n

HOE
In practice, many variables can be introduced to reduce possible modeling biases. To

perform simultaneous selection and estimation for the single-index model, we propose

minimizing the following penalized sum of squares

Q) = RO)+ Y m, (0D # max (4], (225)

which shrinks small components of estimated functions to zero. Note that the above

minimization in (2.2.5) is for all § € O, so we don’t penalize the largest element of 6.

12



[12] proposed a continuous differentiable penalty function called SCAD penalty, which

is defined in terms of its first derivative by

PA(0) = A {1(9 <N+ %1(9 > )\)}

for some a > 2 and 0 > 0. In this article, we consider the SCAD penalty, and use a = 3.7

as suggested in [15].

The penalized estimator of the single-index coefficient 6 is then defined as follows:

>

~ g in Q(0),

and the polynomial spline estimator of order r for m is mg with 6 replaced by 9, ie.

n

2
me (-) = ar min Yi—me}.
o) =arg  min S {¥i-m(X;)

i=1

2.3 Main Results

In this section, we establish the asymptotic properties of the estimators for the penalized
single-index model in the following theorems. We state only the main results here. The

regularity conditions and proofs are given in Section 2.7.

Note that one can always arrange the predictors, X;i,---,X,4,, in a non-increasing

order of |6p 1|, -, |fo.q,|- Without loss of generality, we assume 6, belongs to a compact

13



set

dn
0, = {(01,...,0dn)|20§ = 1,101 > |0s] > - > 104,],01 > c}, ce (0,1).

Jj=1

For 0, € éc, let s,, be the number of non-zero components of 6. Write 6y = (o1, ,00.4,)"
= (6%,,0%,)", where 6, consists of all s, non-zero components of y, and 6y, = 0. Fur-
ther we denote 0, = (fo2,- - ,00,)". Similarly, we define 6%, 0" and g, as the regular

0 vectors, but without the first element.

Note that for fixed § € ©,, the least squares criterion function R (6) depends only on
0%, so in the following, with a slight abuse of notation, we use R(6*) and 1%(9*) instead
of R(0) and R(A). Similarly, we write Q(6*) and Q(#*) rather than Q(6) and Q(6)

respectively.

The first theorem provides the existence and consistency of the penalized estimator when

d,, diverges.

Theorem 2.1. (Ezistence of penalized local minimizer). Suppose Conditions (A1)-(A7)
and (P2)-(P4) in Section 2.7 are satisfied. If the number of predictors d,, = n® for some
0<6<1/4(1=3/(2r+1)) (r > 1), then there is a local minimizer 8 of Q(6") such that
67— 051 = Op{dal” (n ™2 N*/2og(n) + @)}, where an = maxi<ics, 1 {p4, (100,1), 05,5 #
0}.

Remark 1. Note that [19] assume that d,, = n’® (§ < 1/4) for linear regression models
with independent data, and our condition of d, for single-index models with weakly de-

pendent data is in parallel with their requirement. Here d,, depends on both the sample

14



size and the smoothness assumption of the true link function m. If we assume that m
1s infinitely differentiable or smooth, i.e., m has infinitely many derivatives, then only

d < 1/4 is required.

Let the Score function, S(), and Hessian, H(), be defined as:

* a * * 82

R(07),

and denote S, H and ri; as the values of S (6*), H(6") and 53-my evaluated at 6* = 6.

We further define

B, = diag{py, (165,11, - PX,(165,5,11)}

and

bn = {p), (1651 1)sgn(65,), -+, P, (1065, 1 [)sgn (65, 1)}

Theorem 2.2 below shows that the “oracle” property holds for the penalized estimator

when d,, diverges.

Theorem 2.2. Assume Assumptions (A1)-(A8) and (P1)-(P4) in Section 2.7 are sat-
isfied. If d, = n® for some 0 < § < 1/5(1 = 3/(r — 1)) (r > 4), \, — 0 and
d;l/in/zN*?’/Q)\n — 00, then, with probability tending to 1, the consistent local min-
mazer

- ~x - 2 ur 77 ,
6 = (1 —16411> — H92H2) .0, .05 ¢ in Theorem 2.1 must satisfy:
1. (Sparsity) 6, = 0.

15



2. (Asymptotic normality) Let A, be a q x (s, — 1) matriz such that A, AL converges

to a nonnegative symmetric ¢ X q matrix 3 4. Then
VAL (0] = 03) + (H+2,,) b} — N (0,5)

in distribution, where @ = (H+ 3, )" ¢(H+ X, )7}, ¥ = {%k j’;;ll with

Yo=Y B [{(h; — 05 ,051m1) (Xap) (e — 05,06 11i01) (Xop140) } €18144]

1=—00

forany j,k=1,---,s,— 1.

Remark 2. When {X;,Y;} | are i.i.d.,
by = B [{ (110 — 05 ;001m) (i — 05 4.051711) } (X, ) €]

forany j,k=1,---,s, — 1.

Remark 3. Our condition on the number of index variables d, = n’ for some 0 <
0 < 1/5(1 —3/(r — 1)) is an analog to the assumption in [19], in which they require
d < 1/5 for linear regression models when the observations are independent. We require
0<0<1/5(1=3/(r—1)) terms because we need to consider the smoothness of the true

link function and the approximation power of polynomial splines.

The results in Theorems 2.1, 2.2 and Lemma 3.1 in Section 2.7 lead to the following

Corollary.

16



Corollary 2.1. Assume Assumptions (A1)-(A7) and (P2)-(P4) in the Section 2.7 are

satisfied. If d,, = n® for some 0 < 6 < 1/5(1 —3/(r — 1)), then

|77 — m||oe = O{n"Y2N"?1og(n) + N7"}.

2.4 Algorithm

In this section, we develop the estimation algorithm for the single-index coefficient as well
as the unknown link function in (2.2.1). As discussed in Section 2.2, polynomial spline
approximations are used to estimate the unknown functions. Let By, (u), k = 1—r,..., N,
be the spline basis functions of order r, u € [a, b]. For any given 6, the polynomial spline

estimator 7y in (2.2.4) can be obtained via
g (u) = B.(u) (BSBg) " BRY. (2.4.1)

where Y = (Yi,...,Y,)", By (u) = { By ()}, and By = { By, (Xo)} 1,y for

any fixed 6.

Forany v <r—2 k=1-—r,...,N, let B,(fyg (u) be the v-th order derivative of By, (u)

with respect to u, and let B (u) = {B,(Cyg (u)}_, . According to B-spline property in

17



8], B (u) = DT, B,_, (u), where Dy, = D; - - - D,,_;D,, with matrix
v) (v)

-1
re— 0 0 - 0 0
1 -1
ti—ti—rqp1  l2—tloprqy 0 0 0
— — 1 —1
D =(r-1) 0 e e 0 0 1< <.
0 0 0 1

tNtr—1—tN

Next, we denote two n x (N + ) matrices B; = {Bﬁl) (Xo.i) Xi,j} and By =
i=1

{ B (Xe,) Xi,jxi,j,} . For any fixed 6, let Py = By (B§By) ' B} be the projec-

=1

tion matrix onto the polynomial spline space ', For any j,7 = 1,...,d,, let Pj and

ij/ be the first and second order partial derivatives of Pg with respect to ¢; and 6.

Simple algebra shows that

P, = (I-Py) B, (BjB,) Bf,

. . . -1 . 1

Py =(I-Py){B;; —B; (ByBs) ByB;}(ByBs) By
+{(I-Py) B, — By(BIBy) 'B;By} (BIBy) ' BL(I— Py)

B, (BJB,) ' BT(I-Py) B, (BIB,) ' B

Then, the score vector can be written as

A 0
509 = o

R LI 1 . . dn
R(0") = —% Y807 = {YTPJ-Y - eje;lyTply} ,
=1

n j=2
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and the Hessian matrix is

o 2 . 1
=5 a0 "

RO = —— {YTBy — o7 (6,778, + 0,y Y ) )

dn

3,3’ =2

1 . .
+—{YTP Y (0, T+ 0.°0%0"") — YTP 1Y (0,20°0°T)}.
n

In addition, given a tuning penalty parameter A\, we denote

B (8D (85
BN R AN

3, (07) = diag {

} , € is a small number,
which is an approximation of 3, and

b (07) = {p (167) sen (67) -+, ph (|03, -]) sem (63,-1)} -

We outline our algorithm based on the local quadratic approximation [15] to solve the

penalized least squares problem in (2.2.5). Note that the unpenalized estimator of [52]

is still consistent if spline basis functions are appropriately chosen, thus we use it as the

initial value in our estimating algorithm. To satisfy the assumption 6 € O, for small

¢ = 1079, we first arrange éj and X;;, j = 1,...,d,, according to the non-increasing

order of the absolute values of f;. Then we set 9" — sgn(0;) x 0/]|0]|, where sgn(6) is

~ ~(0
the sign of the first parameter in the rearranged 6. Using this initial estimator 9( ), the

algorithm iterates through the following steps.

1. k< k+1.
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2. By the local quadratic approximations for penalty functions, a better approxima-

tion is given by

3. 16107 > vI— e, then 8" = "0 x vI— &

~(k ~x(k
4. Set the first index parameter 8(1 P 1- I ®)

[

5. If @;k) is close to 0, say |9§k)| < 61, for a small number 6, (for example, §; = 1073),

S (k ~(k (k) ax(k s(k) k) Ak
then we set 9§ " — 0. Rescale 8" = (9§ ),9 ( )T)T by - )/||9( )||

6. Obtain the difference between 8 and §* ; diffy = ||9(k) - 9(k_1)||.

~(k ~(k ~(k
7. Arrange 9( ) and the predictors in a non-increasing order of |9( )| and set 0( )

~(k o
sgn(Qi )) x 0"

8. Repeat Steps 1 and 7 until we have diffy < d5, for a small number §, (for example,

0y = 10_6).

The tuning parameter, A\, plays an important role in the performance of model selection.
It is well known that for a fixed predictor dimension that SCAD estimator can identify
the true model consistently when one chooses the tuning parameter using a BIC-type
criterion. For example, [39] show that BIC can identify the true model consistently for
penalized partially linear single-index models. However, as shown in [48], the traditional

BIC does not work very well for diverging number of parameters because the number of
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candidate models increases rapidly and can easily exceed the sample size. To overcome
this challenge, in this article, we adopt the modified BIC approach proposed by [48] to
select the tuning parameter. Such modified BIC has been proved to be consistent in

model selection, even with a diverging number of parameters.

Let 0, and dy be the estimator and the effective number of parameters respectively in

the last iteration of the our algorithm above. Then the modified BIC can be defined as
BIC (\) = log {f‘i(é,\)} + dyn"tlog (n)C,,.

In our simulations and application, we choose C,, to be log{log(d,)}, as suggested in

[48].

The spline approximation for the regression function requires an appropriate selection
of the knot sequences. For the ease of computation, we consider equally spaced knots
after conducting the transformation introduced the above. Note that Assumption (A.5)
requires n!/ 20D} « N < min{n"/%log=%3(n)d,"’°, n/#log/*(n)d,*'*} for some in-
teger r > 5. Therefore, we choose r = 6 for the simulations and real data application
in the article. In our numerical studies, we find that the variable selection result is less
sensitive to the choice N compared with the function estimation result, so we suggest

the following simple formula to compute the number of interior knots:

N = [0V} jog ],
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for some positive tuning parameter 7. For example, 7 € [0.5, 1] usually works very well,

and in our simulations and application below, we choose 7 = 0.8.
The standard errors for the estimated parameters can be obtained as follows. Given a

PSIM estimator 9*, a good estimator of ¥ is given by

A%k

V=Y (n—|i—d])'Si(07)S5 (). (2.4.2)

1<4,i<n

When {X;,Y;}? ;| are i.i.d., the above estimator can be reduced to

Our limited simulation results indicate that this variance estimator performs very well.

2.5 Simulations

In this section, three simulation studies are carried out to illustrate the finite-sample
behavior of our estimation and variable selection method for the single-index models.

All the codes for these simulations are written in R and the computing environment is

x64 PC with Intel Dual Core i5.
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2.5.1 Example 1

In this example, we compare our method (PSIM) with the penalized least squares (PLS)
method [41] and the penalized slice inverse regression (PSIR) method [62]. We consider

the following single-index model
. T T
Y; = sin <ZXZ 90> + 00&;. (2.5.1)

Here, X; = (X1, -+, X, 4)", &/’s are independently and identically distributed as N (0, 1),
for all i = 1,--- ,n and o9 = 0.2. In this simulation, the true parameter is Qg =
(1,1,1,1,1,0,--- ,0)/+/5, i.e., the first five elements of 6, are 1/4/5 and the remaining
d — 5 elements are zero. We consider the selection and estimation for model (2.5.1)
with d = 25, 50, or 100 which is smaller than or close to the sample size used in this
example. We draw samples of size n = 100 and n = 200 and implement 500 Monte

Carlo experiments.

We consider SCAD penalty for all three methods. We use the five-fold generalized cross
validation to choose the tuning parameter for PLS and PSIR, as suggested in both
[41] and [62]. The results are summarized in Table 2.1. The column labeled “TPN”
presents the average number of zero coefficients estimated from among the d — 5 true
zero coefficients, “FPN” shows the average number of 5 non-zero coefficients erroneously
set to zero, and “C” demonstrates the percentage of runs for which the correct model
has been chosen. The “oracle” (ORACLE) method always identifies the five non-zero

coefficients and d — 5 zero coefficients correctly. The medians of model errors (MMEs),
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(0—00)T E(XTX)(6—0y), of the “oracle” estimators and our penalized estimators (PSIM)
are used to measure the effectiveness of the methods. In addition, Table 2.1 also provides
the average computing time (“TIME”) in seconds and the average number of iterations
(“ITER”) of our PSIM method. Table 2.2 presents the bias (BIAS), standard error (SD)
and the mean squared error (MSE) of the estimates of 6y. In terms of the computing
time, PSIR method is the fastest, followed by our PSIM method, and the slowest is
the PLS method. However, in terms of the accuracy of selection and estimation, the
behavior of our PSIM method is the closest to that of the “oracle”. Table 2.2 lists the
bias and the mse of various estimators for the five non-zero index parameters. From the
tables, one can see that regardless of sample size and the dimension of the parameter,

the PSIM estimator is superior to the PLS and PSIR estimators.

[Tables 2.1 and 2.2 about here]

We now test the accuracy of the standard error formula in (2.4.2) for the PSIM esti-
mators. Table 2.3 presents the results for the first five coefficients. Similar to [19], the
standard deviations of the estimated index parameters are computed over 500 simula-
tions. These can be regarded as the true standard errors (column labeled “SD”) and
compared with the median of the 500 estimated standard errors calculated using (2.4.2)
(column labeled “SD,,,”). The column labeled “SD,,.q" is interquartile range of the 500
estimated standard errors divided by 1.349, which is a robust estimate of the standard

deviation. When n is small and d is large, the variances are a little under-estimated, but
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the estimation becomes better as we increase sample size. For example, when d = 25,

the estimated standard error based on sample size n = 200 is very accurate.

[Table 2.3 about here]

2.5.2 Example 2

We use another simulation study to augment our theoretical results on time series. To
make a fair comparison, we use a similar model to [62] but in a time series setting.

Specifically, we consider the following nonlinear autogressive (NAR) model:

Xi = 2sin (Gle-,l + GQX,L‘,Q + e+ HanZ-,dn) -+ Ei, 1= 1, 2, e, N, (252)

where 0, = 11/4, 0, = —23/6, 03 = 37/12, 0, = —13/9 and 05 = 4/3, so the standard-
ized 0y = (0.461, —0.642,0.517, —0.242,0.223,0,--- ,0)7. The &;’s are white noise with
oo = 0.5. In time series modeling, we often must explore many models with various sets
of lagged values to reduce possible modeling biases, so the number of predictors usually

depends on n. In our simulation, the dimension is calculated by d,, = [4n'/4] — 5 which

is also used in both [19] and [62].

We generate 500 Monte Carlo time series of length 100, 200, 400 and 800 from model
(2.5.2). In each replication, the first 1000 observations are discarded to make the time
series {X;}7 , behave like a stationary time series. Figure 2.1 is one typical plot of a

simulated time series of length 800 (d,, = 16), which shows an evident stationary feature.
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Tables 2.4 and 2.5 present the selection and estimation results of various methods: PSIM,
PLS and PSIR. From the table, one sees that the comparison is even more favorable to
our PSIM method. The PSIM method performs significantly better than the PLS and
PSIR regardless of the dimension and sample size. The models selected by the PSIM is
very close to the true model, and the differences between the MMEs of the PSIM and
“oracle” are small. Note that the PSIR proposed by [62] is not very suitable for time

series data, so it is not surprising that the PSIR does not perform well in this example.

[Figure 2.1 and Tables 2.4 to 2.5 about here]

We now investigate the performance of the variance estimators of the PSIM estimators.
Similar to Example 2, we give the SD, the SD,,,, and the SD,,,.4 of the PSIM estimators;
see Table 2.6. These numerical results suggest that the proposed estimator in (2.4.2)

yields very reasonable standard error estimates.

[Table 2.6 about here]

2.5.3 Example 3

In Examples 1 and 2, the underlying models that the data are generated from are genuine
single-index models. In this example, we want to examine the behavior of our proposed
method when the model is misspecified. We implement the proposed methods under

two different scenarios: one with a genuine single-index function and one without. We
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consider a similar example to Example 1 in [52], and let

Y; = m(XZ) + 09¢;, 1= 1, R

5 5 2 5 1/2
m(x) = Za:j +exp — <Z xj> +90 (Z x?) ,
j=1 j=1 j=1
where X;’s are generated from a d-variate standard normal distribution, ¢;’s are gener-
ated from N(0,1), and op = 0.5. When ¢ = 0, the underlying true function m can be

written as

m(x) = V52" 0o + exp{—5(2"6)*},

where 0] = (1,1,1,1,1,0,---,0)/+/5. It is obvious that m is a genuine single-index in

this case. In contrast, if § # 0, m is not a single-index function.

For both 6 = 0 and § = 1, we draw 500 random samples of size n = 100, 200 with
number of predictors d = 25, 50, 100. The variable selection and estimation results are
summarized in Tables 2.7 and 2.8, respectively. The columns labeled as “TPN”, “FPN”,
“C7, “MME”, “TIME” and “ITER” are similarly defined in Table 2.1. From Tables 2.7
and 2.8, one sees that the proposed method still works very well when the underlying

regression function is not a single-index function.

[Tables 2.7 and 2.8 about here]
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2.6 Application

In this section, we adopt the proposed PSIM method to the river flow data of Jokulsa
Eystri of Iceland [47]. The dataset contains the daily river flow, temperature and precip-
itation observations collected from January 1, 1972 to December 31, 1974. The response

variable in this analysis is the daily river flow {Y;}ff, measured in meter cubed per sec-

1096

ond of Jokulsa Eystri River. There are two exogenous variables: temperature {X;},;

1096

in degrees Celsius and daily precipitation {Z;},_} in millimeters collected at the mete-

orological station at Hveravellir. See the time series plots in [52].

[52] used the SIP model to forecast the river flow series and discussed the advantages
of SIP over the linear regression model (LM). In our analysis, we are more interested
in finding significant predictors that help to forecast the river flow {Y;}. We pre-select
all the lagged values in the past seven days (one week), i.e., the predictors are these
23 variables: Y, 1, Y, 7, Xy, Xy, , X4 0, 24, Zy 1, -+, Zy—q. Following [52], we
remove the trend by a simple quadratic spline regression and work on the residual series.
All three residual series pass the unit-root test, so we treat them as stationary time series.
We then apply the PSIM method with the SCAD penalty to select significant predictors
and estimate the the index parameters. We compare our PSIM method with the BIC

method (BIC-SIP) proposed in [52].

Table 2.9 lists the variable selection and estimation results for both methods. The PSIM

method selects the following seven explanatory variables: Y;_1, Y, o, Y 3, Y, 4, X;, Z;
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and Z;_1. The BIC-SIP selects nine variables, and seven variables are common to both

methods.

[Table 2.9 about here]

In order to evaluate the prediction performance of different methods, we use the obser-
vations of the first two years to fit the model and compute the out sample forecast error

over the last year:

| Lo 1/2
_ o7\ 2
MSPE_{%Z(Y;—Y;)} .

=732
We show in Table 2.8, the MSPEs for PSIM, BIC-SIP, BIC based linear regression model
(“BIC-LM”) and the full SIP model (FULL-SIP) with all the lagged values in the last
seven days. In terms of the MSPESs from Table 2.10, our PSIM produces the best forecast
among all these methods. In addition, Figure 2.2 shows the estimated nonparametric
function for river flow based on the single-index model. The estimated function and

plotted points are for the two years (1972-1973) used in the training set.

[Table 2.10 and Figure 2.2 about here]

2.7 Proof of Theorems

2.7.1 Assumptions

We state our assumptions below.
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(A1) The least squares criterion function R is locally convex at 6y, i.e., for any € > 0,
there exists 6 > 0 such that R(6%) — R(6;) < § implies ||0* — 65| < €. The
Hessian matriz H(0;) defined in Section 2.3 is positive definite and its eigenvalues

are bounded below and above from oo.

(A2) For any 6,6, € O, the joint density function fy, 9,(ws,,s,) of Xy, and Xy, has
r-th order (r > 5) continuous partial derivatives and is bounded below and above
on [a,b]?. The marginal density function of Xy, fo(xg) € I'V[a,b] and is bounded

below, for any 0 € O..
(A3) The true link function m € I'™[a, b] for some 7 > 5.

(A4) There exist positive constants Ky and g such that a (n) < Kpe " holds for all

n, with the a-mixing coefficient for {Zi = (XZT , 5i) }?:1 defined as

a(k) = sup |P(BNC)—P(B)P(C)|, k>1.

Beo{Zs,s<t},Cec{Zs,s>t+k}

(A5) The number of interior knots N satisfies:

YUY « N <« min{n'/®log=3(n)d; %%, n'/* log=V/*(n)d/*}.

(A6) There is a large enough open subset w,, of O, which contains the true parameter

point 6y, such that for all 6 € w,, and j,k,l = 2,--- ,d,, the third order derivative
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satisfies

BR()
Ed—Fr C3 < o0. 2.7.1
‘ {aejaekael} shes e (27.1)
(A7) Let the values of 0y 1, 6p2, ..., 0y, be nonzero, 0y, 11, os,+2, - o4, be zero,
and 01, 0o 2, ..., 0o s, satisfy min;<;<g, 6o, /A — 00 as n — oo.

Remark 4. Assumption (A1)-(A3) are also assumed in [52]. For Assumptions (A2)
and (A83), [52] requires only r = 4. In our article, we consider diverging number of
parameters, which requires the investigation of the third order derivative of R(0) in order
to derive the “oracle” properties. Therefore, we need to require higher order smoothness
of the underlying regression function. Assumption (A4) is suitable to model time series
data. [42] shows that a geometrically ergodic time series is a strongly mizing sequence.
Assumption (A5) gives the requirement for the number of interior knots, which depends
not only on the smoothness of the underlying regression function but also on the growing
rate of the dimension of covariates. If d, is finite, then we have n'/P0r—1} « N «
n'/8log=V2(n). This is slightly different from the assumption in [52] because we consider

higher order spline approximation (r > 5) rather than cubic spline approzimation (r =

4). Assumptions (A6) and (A7) are similar to Conditions (G) and (H) in [19].

(P1) liminf, 4 liminfg_,o, p (6)/X, > 0.
(P2) a, = maxacj<q, (P, (00]). Oo; # 0} = O{d/*n~"/2N3/2 log(n)}.

(P3) Uy = mangjgdn{pgtn(wOjD, eoj # 0} — 0 as n = +oo.
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(P4) There exists constants Cy and Cy such that, when 01,05 > Ci\,, |p (61) —

pX, (02)] < Cal0y — 6]

Remark 5. Conditions (P1), (P3) and (P4) are also assumed in [19]. Assumption (P2)
ensures the unbiasedness property for large parameters and the existence of a consistent

penalized estimator.

2.7.2 Preliminary Results

Before we prove all the theorems, we first state several lemmas.

Lemma 2.1 (See page 149 of [8]). There is a positive constant C,. such that for ev-
ery m € T [a,b], there exists a function g € T2 [a,b] that satisfies ||g —m||, <

Cr [lm"| N7

According to Theorem 7.7.4 in [9], the following lemma holds.

Lemma 2.2. There exists a constant C > 0, such that for 0 < k <2 and m € T'") [a, b]
|6m = Qe )@ < € Jm®]| , N,

where Q. (m) is the r-th order quasi-interpolant of m corresponding to a sequence of

knots T'; see the definition of Qr,. on Page 146 of [9].

The following lemma gives the uniform convergence rate of the r-th order polynomial
spline estimator 7y in (2.2.4) to mp in (2.2.2) as well as its derivative approximation

rate.
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Lemma 2.3. Under Assumptions (A2)-(A4), we have that

sup Hﬁzék) - mék)H = Op {n_l/ZNl/erk log(n k)} (2.7.2)
(JS(CH o0

foranyk=0,...,r—2.

Proof of Lemma 2.3 is the same as the proof of Proposition A.1 in [52] where we replace
the approximation rate of cubic spline smoothing by the more general polynomial spline

approximation results given in Lemmas 2.1 and 2.2, and is thus omitted.

Lemma 2.4. Under Assumptions (A1)-(A4), we have

N * . —1/2 A73/2 —(r-1)

Sup | max a9*{1?(9 ) — R(67)} Op {n~'2N°*?log(n) + N~}
2

Y Do * _ —1/2 n75/2 —(r—2)

S X | 5o {R(67) — R(0")} Op {n™"2N>?log(n) + N~"=2},
o . )

s *\ * _ —1/2 777/2 —(r—3)

b 1< Rl S 1 ae;ae;;ae;‘{R(@ ) - RO Op {n ™ ENT log(n) + N7}

Proof of Lemma 2.4 is the same as the proof of Lemma A.15 in [52] replacing the
approximation rate of cubic spline smoothing by the more general polynomial spline

approximation results, and is thus omitted.

2.7.3 Proof of Theorem 2.1

Proof of Theorem 2.1. Let o, = di/*n~"/2N3/2log(n) and set ||u|| = C, where C is a
large enough constant. To show the existence of such penalized local minimizer, it is
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equivalent to prove that for any given ¢ there is a large constant C such that, for large

n we have

P{ inf Q6% + anu )>Q(eg)} >1—e.

[[ull=C
This implies that with probability tending to 1 there is a local minimizer 0" in the ball

{05+ au - |Ju]| < O such that |07 — 6% = Op(ay).

Using py, (0) = 0, we have

D(u) = Q8+ aqu) — Q6;)

Q
> { (6% + anu) R(eg)} + Z {px, (

= Di(u)+ Ds (u),

05, + ants]) = pa, (1606,]) }

where s, is the number of parameters for which the true values are not 0. Then, by

Taylor’s expansion, we obtain

Dy (u) = R0+ anu) — R(0))

= 0, S(0))u+ E(IQU,TH(Q*)U + loz 0 [uT {6—2}}(9)} u} "
- n 0 9 n a@*ae*T

= Dy (u) + Do (u) + Dy3 (u),
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where the vector @ lies between 6, and 6}, + o, u, and

Sn—1
Dy(u) = > {pan(05; + cnts]) = pa, (1051}
7=1
Sn—1
> lewph, (05 )sen(05 )u; + anpf (05 )z {1+ o(1)}]
j=1

Dgl (U) + D22 (U,) .

Note that 52 R (#*) = 0, by Assumptions (A2)-(A5) and Lemma 2.4 we have

R LIGEIGN

= ay,|lul| x Op {d}L/2n_1/2N3/2 log(n) + d}/QN_TH}

|D11| S (079

]

= Op (a7) flull. (2.7.3)

Next, we consider D1,

D12 =

u® { o R(6}) — 8—2R(9*)} ua? + 1uT {8—2]%(9*)} ua?
00*00*T % pgroe T Y L) 00* 00 T 70 n

o {f{(eg) - H(eg)} ua + %UTH(G;;)W?.

n

N — DN

According to Lemma 2.4 and Assumption (A5), we have

1
[Dia| < QuTH(GS)uafl +0{(n" 2N log(n) + N™"2) d, } a2 ||ul|?

1
= éuTH(HS)uai +op (1) x a2 ||ul|*. (2.7.4)
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By the Cauchy-Schwarz inequality, we have

I 9 T 0 o
D3 = 6% 507 {u {89*09*TR<0) ulu
0 0?
6" 00" [“ 00°06""

150 [ 4 0? .

IN

Using the result in Lemma 2.4 again, together with Assumption (A5), implies that

D3] < Op (diﬂan) ozi||u||3 + Op {(n_1/2N7/2 log(n) + N_r+3) diman} a,21||u||3

= op(1) x &2 |[u* (2.7.5)

Furthermore, by Assumptions (P2)-(P4), the terms Dy; and Dy satisfy the following

Sn—1
| Da1| = Z !Oénp&n (|0[>§7j|) sgn (98,]‘) Uj‘ < Vsnanan||ull < O‘i”“”v (2.7.6)
j=1
and
Sn—1

)anful?. (2.7.7)

*

*
007]'

2 2
| Daa| = Z airi, (10551) wi {1+ o(D)} <2, max 3 (

By equations (2.7.3)-(2.7.7), when ||u|| is large enough, all terms D1y, D13, Doy and Do

are dominated by a positive term D;5. Hence, Theorem 2.1 holds. &
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2.7.4 Proof of Sparsity

To prove Theorem 2.2, we first show the sparsity property using Lemma 2.5.

Lemma 2.5. Suppose Assumptions (A1)-(A7) and (P1) are satisfied. If d,, = n’ for
some 0 < 0 < 1/5(1 =3/(r — 1)), Ay, — 0 and )\ndﬁl/an/?N_3/210g_l(n) — 00 as
n — oo, then with probability tending to 1, for any given 0] satisfying |67 — 05| =
Op{d/*n=12N*210g(n)} and any constant C, we have

A * T . A * T

Q {(QlT, OT) } = min Q {(HlT, (92T) } )

16785, I <Cds/ *n=1/2N3/2 log(n)

Proof. Let &, = Cdy*n=1/2N3/2 log(n), then to prove Lemma 2.5, it is sufficient to

show that with probability tending to 1, as n — oo, for any 67 satisfying ||0] — 65, || =

Op«{al71/2n’1/2N3/2 log(n)}, we have, for any j = s, -+ ,d, — 1

0Q(0")
for — * : 2.7.
o < 0, for —g, <0} <0; (2.7.8)
0Q(0") )
T 0, for 0 <07 < e (2.7.9)
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Using Taylor expansion, we have for any j = s,,...,d,

0Q(6") _ OR(9")

K= = \, (165 o
a0’ o’ + P, (165])sen(67)

_ OR(®) d_laf(@*) RO N\ (or g

= Tor 2 amon, 0T 2 agn aekagl (0~ 65.) (6 — 65)

+p&n(|9§|)sgn(9}f)

= K+ Ky + K3+ Ky,

where 8" lies between 6* and 5. Next, we consider the terms K, Ky and K3. Based on

the proof of Theorem 2.1, we have

9 g5 . OR(6)| _ —1/2 7\73/2 —rt1
K| = ’%{(R—R)(Qo)}‘JF'TO; = Op {n"/*N**log(n) + N™"}
= op{dy/? (n"V2N?*?log(n) + N7"1)}. (2.7.10)

The term K5 can be written as

dn—1 ~
SV RR0Y) L
w = 3 L) g g

— 9000,
dn—1 92 3 P(p*) _ * dn—1 N
w20t {RE) - RO )+ S PR
00%00; BooTok 005007 k0K
k=1 J k=1 J

- KQl —‘l_ KQQ.
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Based on the proof of Theorem 2.1, using the Cauchy-Schwarz inequality and [|0* — 65| =

Op{dy/*n=12N?3/210g(n)}, we have

w10 { ;) — RO}

> 00’00,

k=1

|Ko| <

* *
0% — 90,k

— Op{d, (n""2N*?1og(n) + N7"*2)} x Op {n"/2N*/?log(n) + N1}

= Op {dun "N og2(n)} = op {dY/2n V2N log(n) + d2N-THY | (2.7.11)

On the other hand, we have

= PR(%)

| Ko o Ok — box)
< 00300}
dp—1
< Op{d/*n'2N3log(n) + di/?’N~"H} x Z H,.(05)
k=1
= Op{d/*n " "2N3?log(n) + d/*N""*'}. (2.7.12)

Next, we consider K3, and we can write it as follows:

dn—1 ~ .
o klzzl{aejaezae? _86;789;897 (0% - O,k) (67 — o,l)
dn—1 ~
R~ PR e o\ (gr e
aejTe;‘ge,’;(ek_ o) (07 = 054)

k=1
= Kz + Kso.
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However, by the Cauchy-Schwarz inequality, we have

dil PRO) PR
00,00,00;  00:00,00;

k=1

= Op{d, (V2N log(n) + N4} x Op {(d;/2n_1/2]\f3/2 1Og(n))2}

IN

| K3 | 0% — 01

= Op {0 32N 10g? (n))

= op {d/*n2N*?log(n) + di/* N~} . (2.7.13)

By Assumption (A5),

|Kso| < Op(dy) |05 — 03] = Op (dn) x Op {d,n~ " N?log*(n)}

= op {d}lﬂn’l/z]\ﬁ)’/2 log(n)} . (2.7.14)

From equations (2.7.10) to (2.7.14), we have

Ky + Ky + Ky = Op {d/*n 2N log(n) } .

According to Assumptions (A7), (P1) and {dy/*n"V2N3/21og(n)}X\." — 0, we have

OR(0; A (165
—( *") =\ p—’\”(’ JDsgn(@’f) + Op {(di/2n’1/2N3/2 log(n)) )\;1} )
Hence, it is easy to see that the sign of 67 completely determines the sign of agée:) and

Lemma 2.5 holds. g
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2.7.5 Proof of Theorem 2.2

As shown in Theorem 2.1, there is a a,-consistent local minimizer 6" of Q (0%). By
Ak Ak A~k T
Lemma 2.5, part (i) of Theorem 2.2 holds, thus, § has the form {(1 — |16, 11%)V/2, HlT, OT} :

To prove part (ii) in Theorem 2.2 it is equivalent to show that
(H+3),)(0; — 05,) + b, = S(05,) +op (n71?).

With a slight abuse of notation, let Q (67) = Q {((1 — [|6;]|>)*)T, ;7,07 }. As 6, must

satisfy the penalized equation % ) (9:) = 0, using the Taylor expansion on 8‘31 QA(@:) at

point 0j, component-wisely, we have

—02 : * (0 0 * / *

|:{ aei&@TTR (901> "‘p)\n (91)} (91 — 901) —1—p)\n (901):|
3 L 1 ~ % “ \T 82 a .= . . Spn—1

= _8_9{}%(001) ~ 35 {(91 —001) W {GTO;R(QI)} 6, — 901)} :

where 6, and 6; lie between 9: and 6;,. Now, we define

~

0? o
U= W {R(Qm) - R(Qm)} (91 - 901)7

1 0 0 - = o
TR [T (A (01 NS
3 01000 s oy R0} 03|
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Similar to the proof of Theorem 2.1 and by the Cauchy-Schwarz inequality, we have

171 < O { (d/n 2N log(n) + d2/2N "))
xOp {d)*n 2N log(n) + d} PN~}
£Op { (207 2N og(n) + 2N} x Op (d)
= Op{d}*n™*PN"log*(n) } + Op {d;/*n™" N*log®(n) }

— op(n1?), (2.7.15)
We also have that

|U| =Op {alf’/Qn_lN4 log*(n)} = op(n1?). (2.7.16)
Finally, from (2.7.15) and (2.7.16), we have

(H+ 2,,) (0, — 05)) + by = S(05,) + 0p (n7?) .

Let ¥ = {¢ °"_ be the asymptotic covariance matrix of v/n.S(0},). Following [52],

Ik S j k=2
we have
Yo=Y E{(m; — 00,051m1)(Xo,, ) (i — Oox05 17101 (X, 1 )E18041 ),
1=—00
in which 7, is the value of %me taking at 0" = 6, for any j,k =2,--- ,s,.
J
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Let Q= (H+X,,) ' w(H+ X,,) ' and A, be a ¢ x (s, — 1) matrix such that A, AT
converges to a nonnegative symmetric ¢ X ¢ matrix 3 4. We now prove the asymptotic
normality of A, Q V2(H+3,,)"'/nS(#;,). To achieve such aim, we have to show that

for any vector a = (a1, az,--- ,a,)" € RY,
T {A QY2 H+ X)) WnS(0;)} = N(0,a" S 4a). (2.7.17)

in distribution.

By the first order derivative approximation result in Lemma 2.4 and Assumption (A5),

we have for any 7,

Sj(egl) = —Z — b, 01m1)(X901)

+0p{N =D 4 n~'N%log?(n) + (nN)~*1og(n)}.

According to Assumptions (A2) and (A3),

n

" 1
Si(05) = — D1 — b 30111m) (X, )i + 0p(n”17%).

i=1
For simplicity, we let W; = {(1i; — 8o ;04 1771) (X, )}ir, and write
. 1 &
' {AQ7VPHA4 X)) WaS6)) = NG > dTAQTPH+ D) Wiss + 0,(1)

1 n
= — Z Zigi + 0,(1)
v
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where Z; = aTAnQ*I/Z(H +3,,) " 'W,. Note that E(Z;e;) = 0, and

1 n
Var —g 7€
<\/ﬁ =1 >

1 n
n
=1
—d"AQVPH+ D) H+ X)) QYA

— a'Y 4a.
Applying Theorem 2.21 in [22], we have
1 T
— ZWZEZ — N(O,a EACL)
=1

Vi &

in distribution. Slutsky’s theorem entails that
VA, Q2 {(91 )+ (H+ D) bn} SN (0,3).

This completes the proof.
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Table 2.1: Selection results for Example 1

n d METHOD | TPN FPN C(%) MME TIME ITER
(x10°2)  (s)
ORACLE | 20.00 0.00 100.0 0.94 0.01 -
100 25 PSIM 19.77 0.00 81.4 1.17 1.29 3.56
PLS 17.90 0.00 55.4 2.25 4.33 —
PSIR 15.90 0.00 53.8 2.77 1.05 -
ORACLE | 45.00 0.00 100.0 1.43 0.01 -
100 50 PSIM 44.56 0.01 71.8 3.26 3.30 5.78
PLS 33.83 0.00 33.2 1049 11.44 —
PSIR 35.90 0.00 35.0 8.38 3.20 -
ORACLE | 20.00 0.00 100.0 0.43 0.02 -
200 25 PSIM 19.92 0.00 92.0 0.50 235 2.50
PLS 18.18 0.00 68.2 0.93 5.48 -
PSIR 17.24 0.00 64.6 1.29 1.16 —
ORACLE | 45.00 0.00 100.0 0.69 0.02 -
200 50 PSIM 44.80 0.00 84.4 0.86 6.28 3.78
PLS 41.40 0.00 63.4 3.84 13.33 -
PSIR 37.50 0.01 62.2 5.27 3.13 -
ORACLE | 95.00 0.00 100.0 1.24 0.03 -
200 100 PSIM 94.64 0.00 75.8 219 17.12 4.80
PLS 80.83 0.00 39.6 13.80 39.30 -
PSIR 83.51 0.00 41.6 11.77  14.23 —
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Table 2.2: Bias and MSE of coefficients of Example 1

BIAS MSE

PSIM PLS PSIR | PSIM PLS PSIR

6, |-0.002 -0.010 -0.010 | 0.003 0.006 0.008
0, |-0.004 -0.007 -0.010 | 0.002 0.005 0.008
100 25 | 65 |-0.005 -0.010 -0.009 | 0.002 0.006 0.008
6, |-0.003 0.010 -0.017 | 0.002 0.004 0.010
05 |-0.005 -0.010 -0.011 | 0.002 0.007 0.008

6, |-0.019 -0.040 -0.039 | 0.015 0.028 0.030
0, |-0.012 -0.036 -0.037 | 0.016 0.036 0.029
100 50 | 65 |[-0.019 -0.043 -0.036 | 0.016 0.028 0.030
0y |-0.032 0.042 -0.044 | 0.019 0.032 0.030
05 |-0.019 -0.038 -0.035] 0.017 0.033 0.029

0, 0.001 -0.005 -0.008 | 0.001 0.004 0.005
6, |-0.002 -0.006 -0.008 | 0.001 0.004 0.006
200 25 | 603 |-0.003 -0.004 -0.006 | 0.001 0.003 0.004
6y |-0.002 0.006 -0.009 | 0.001 0.005 0.007
05 0.000 -0.005 -0.007 | 0.001 0.004 0.005

6, |-0.001 -0.016 -0.012 | 0.001 0.008 0.008
6, |-0.003 -0.016 -0.015| 0.002 0.008 0.006
200 50 | 603 |-0.004 -0.013 -0.019| 0.002 0.007 0.008
6, |-0.002 0.012 -0.010 | 0.002 0.006 0.004
05 |-0.007 -0.015 -0.014 | 0.002 0.007 0.006

6, |-0.019 -0.060 -0.048 | 0.013 0.044 0.032
6, |-0.019 -0.026 -0.046 | 0.013 0.030 0.035
200 100 | 63 |-0.019 -0.123 -0.044 | 0.013 0.062 0.035
6y |-0.015 0.042 -0.044 | 0.012 0.033 0.035
05 |-0.018 -0.045 -0.042 | 0.011 0.035 0.035
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Table 2.3: Standard deviations of the estimators for Example 1

~

=

=

=

~

0, 0, 05 N 05
n(d) sb Ssb,, Sb Sb, Sb Sb, SD SDb, SD SD,
(SDmad) (SDmad> (SDmad) (SDmad) (SDmad)
100  0.050 0.032 0.048 0.031 0.048 0.031 0.050 0.031 0.049 0.032
(25) (0.009) (0.009) (0.009) (0.008) (0.008)
100 0.119 0.036 0.126 0.036 0.126 0.036 0.134 0.036 0.127 0.036
(50) (0.018) (0.018) (0.018) (0.016) (0.016)
200  0.032 0.023 0.031 0.024 0.033 0.023 0.033 0.024 0.033 0.024
(25) (0.005) (0.005) (0.004) (0.004) (0.004)
200 0.039 0.027 0.043 0.027 0.042 0.027 0.044 0.026 0.042 0.026
(50) (0.006) (0.007) (0.006) (0.006) (0.006)
200 0.113 0.033 0.113 0.034 0.114 0.033 0.110 0.033 0.101 0.032
(100) (0.019) (0.021) (0.021) (0.020) (0.018)
Table 2.4: Selection results for Example 2
n d METHOD | TPN FPN C(%) MM_E; TIME ITER
(x107%) (s)
ORACLE 2.00 0.00 100.0 0.65 0.35 —
100 7 PSIM 1.84 0.10 754 0.82 0.79 254
PLS 1.28 0.85 31.6 9.08 2.95 —
PSIR 1.19 1.21 150 11.72 0.65 —
ORACLE 5.00 0.00 100.0 0.25 0.38 —
200 10 PSIM 4.89 0.05 91.2 0.27 097 207
PLS 3.67 0.04 26.8 15.92  10.13 -
PSIR 3.71 0.88 194 24.70 0.84 —
ORACLE 7.00 0.00 100.0 0.11 0.41 —
100 12 PSIM 6.95 0.00 94.6 0.12 3.61 1.8%
PLS 6.49 0.46 46.8 5.46  13.46 —
PSIR 5.60 0.41 31.0 6.41 1.36 —
ORACLE | 11.00 0.00 100.0 0.08 0.46 —
00 16 PSIM 10.98 0.00 98.2 0.09 15.06 1.57
PLS 10.81 0.12 73.6 1.12  43.11 —
PSIR 9.68 0.09 54.8 1.38 3.32 —
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Table 2.5: Bias and MSE for the coefficients in Example 2

0 d | EST BIAS MSE
PSIM  PLS PSIR | PSIM PLS PSIR
0, 0.005 0.004 0.008 | 0.0035 0.009 0.010
0, |-0.010 0.038 -0.078 | 0.0036 0.012 0.018
100 7 | 65 |-0.027 -0.086 -0.159 | 0.0039 0.036 0.065
04 0.019 0.113 0.125 | 0.0097 0.044 0.045
05 |-0.034 -0.058 -0.115{ 0.0086 0.030 0.044
0, 0.003  0.068 0.020 | 0.0010 0.012 0.006
6, |-0.003 -0.056 -0.051 | 0.0006 0.012 0.011
200 10| 65 |-0.008 -0.114 -0.121 | 0.0009 0.036 0.042
04 0.006 0.182 0.102 | 0.0027 0.041 0.038
05 |-0.012 -0.115 -0.191 | 0.0025 0.038 0.044
0, 0.001  0.005 0.019 | 0.0004 0.004 0.005
0, | -0.001 -0.023 -0.032 | 0.0002 0.005 0.006
400 12| 63 |-0.002 -0.048 -0.067 | 0.0002 0.019 0.024
6y |-0.001 0.067 0.066 | 0.0005 0.021 0.023
05 |-0.004 -0.069 -0.067 | 0.0005 0.022 0.024
01 0.003 0.004 0.010 | 0.0002 0.002 0.005
0 0.004 -0.007 -0.010 | 0.0002 0.003 0.005
800 16 | 65 0.000 -0.014 -0.018 | 0.0002 0.003 0.006
64 |-0.002 0.036 0.035 | 0.0003 0.011 0.012
05 0.000 -0.032 -0.033 | 0.0003 0.011 0.012

Table 2.6: Standard deviations of estimators for Example 2

01 0 03 04 05
n(d ~SD SD,, SD SD, SD SD, SD 9D, SD 8§D,
(SDmad) (SDmad) (SDmad) (SDmad) (SDmad)
100 0.059 0.037 0.044 0.032 0.057 0.035 0.84 0.046 0.081 0.043
(7) (0.012) (0.013) (0.016) (0.024) (0.014)
200 0.031 0.025 0.024 0.020 0.030 0.021 0.052 0.035 0.048 0.025
(10)  (0.005) (0.005) (0.006) (0.009) (0.005)
400 0.019 0.019 0.014 0.014 0.014 0.015 0.026 0.022 0.022 0.018
(13)  (0.003) (0.002) (0.003) (0.005) (0.002)
800 0.015 0.013 0.012 0.011 0.012 0.011 0.017 0.017 0.018 0.015
(16)  (0.001) (0.001) (0.001) (0.002) (0.001)
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Table 2.7: Selection results for Example 3

n d METHOD § | TPN FPN C(%) MI\ZIQE TIME ITER
(x1072)  (s)

0] 20.00 0.00 100.0 0.06 0.03 -

100 25 ORACLE 1120.00 0.00 100.0 0.11 0.03 -
PSIM 01]19.50 0.00 93.8 0.06 1.32 5.80

1119.40 0.00 93.4 0.12 1.31 5.80

01]45.00 0.00 100.0 0.05 0.03 -

100 50 ORACLE 1145.00 0.00 100.0 0.11 0.03 -
PSIM 01| 42.04 0.01 74.2 0.07 3.88 7.91

1141.92 0.00 73.8 0.13 3.79 7.49

0] 20.00 0.00 100.0 0.02 0.05 -

200 25 ORACLE 11]20.00 0.00 100.0 0.05 0.05 -
PSIM 01]19.97 0.00 99.2 0.02 3.07 4.15

1119.97 0.00 99.2 0.05 294 3.93

01]45.00 0.00 100.0 0.02 0.05 -

200 50 ORACLE 11]45.00 0.00 100.0 0.05 0.05 -
PSIM 01|44.82 0.00 96.8 0.02 9.35 5.28

1|44.82 0.00 96.8 0.05 876 5.02

01]95.00 0.00 100.0 0.02 0.05 -

200 100 ORACLE 1195.00 0.00 100.0 0.05 0.05 -
PSIM 019395 0.00 78.8 0.04 16.92 6.42

119381 0.00 77.4 0.07 17.55 6.58
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Table 2.8: Bias and MSE of coefficients of Example 3

BIAS D MSE
nood BT S T 520 s=119=0 s=1
7, [0.006 -0.006 | 0.061 0.066 | 0.004 0.004
0, |-0.011 -0.002|0.080 0.060 | 0.007 0.004
100 25 | 6 |-0.006 -0.006 | 0.073 0.061 | 0.005 0.004
0. |-0.003 0.009] 0071 0074|0005 0.006
0. | 0002 -0.007 | 0.058 0.075 | 0.003 0.006
7, 0010 0023 0124 0.132 | 0.016 0.018
0, | 0020 0019|0125 0131|0016 0.018
100 50 | @ |-0.030 -0.029 | 0.140 0.125 | 0.021 0.016
0, | 0021 0023|0117 0124 | 0.014 0.016
0. | 0.016 -0.020 | 0.124 0.120 | 0.016 0.015
8, [-0.001 0.000] 0.023 0.027 | 0.00L 0.001
0, |-0.001 -0.001|0.024 0.016 | 0.001 0.000
200 25 | 6 |-0.002 -0.003 | 0.030 0.037 | 0.001 0.001
0. | 0.000 0.000]0.013 0.016 | 0.000 0.000
0. | 0.000 0.000]0.026 0.026 0001 0.001
A, [ 0.001 -0.002 | 0.039 0.038 | 0.002 0.001
0, | 0002 0.000]0.043 0.040 | 0.002 0.002
200 50 | 6 |-0.002 -0.004 | 0.037 0.044 | 0.001 0.002
0, | 0001 0002|002 00280001 0.001
0. | 0004 -0.001 | 0.043 0.039 | 0.003 0.001
g, 0022 -0.018 | 0144 0117 | 0.021 0.014
0, | 0021 -0.021|0.136 0128|0019 0.017
200 100 6 | -0.011 -0.019 | 0.134 0.134 | 0.018 0.018
0, | 0021 00220139 01290020 0017
0. |-0.021 -0.015|0.138 0.127 | 0.020 0.016
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Table 2.9: Variable selection and estimation for the river flow dataset

Yiw Yo Yisg Yiu Yis Yie Y
PSIM 0.885 -0.408 0.179 -0.085

BIC-SIP | 0.877 -0.382 0.208 -0.125

Xe X Xeo Xy Xy Xoes X
PSIM 0.043

BIC-SIP | 0.046 0.034 -0.004

Zy Ty Ly Zy3 Zia L5 Zie
PSIM 0.096 -0.012

BIC-SIP | 0.126 -0.079

Table 2.10: Mean squared prediction errors (MSPEs) for river flow dataset

METHOD PSIM BIC-SIP FULL-SIP BIC-LM
MSPE 49.09 60.52 62.11 81.99
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Time Series

Figure 2.1: A simulated time series from NAR model (n = 800, d = 16).
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River Flow
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Figure 2.2: Estimated single-index function for river flow (based on 1972-1973).
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Chapter 3

Ultra-High Dimensional

Single-Index Models

3.1 Introduction

Advancements in information technology have enabled scientists to collect data of un-
precedented size as well as complexity. Nowadays, high-dimensional data commonly
arise in such diverse fields as biology, engineering, health sciences, economics and in-
formation technology. Here, the word “high-dimensional” refers to the case where the
number of potential explanatory variables, p, is one or several orders of magnitude larger
than the sample size, n, of the data. The analysis of high-dimensional data gives rise to

many new challenges and opportunities for statistical methodology. Take a simple linear
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model for example. When it has many more unknown parameters than the number of

observations, the least-squares fitting is ill-posed.

To make high dimensional statistical inference possible, it is often useful and reasonable
to assume that the p-dimensional regression parameters are sparse, with many com-
ponents being zero, and this assumption is well known as the “sparsity” assumption.
With sparsity, a widely used class of approaches for analyzing high-dimensional data is
regularized or penalized regression. Methods that have been proposed include Bridge
regression [23|, L; penalized regression or LASSO [46], smoothly clipped absolute de-
viation (SCAD) [15], Dantzig selector [3], and minimax concave penalty (MCP, [58]).
Related to these methods, there has been a great deal of theoretical study as well as

algorithmic development recently, see [10], [11] as well as [49].

Several recent papers have considered variable selection in non-convex penalized high-
dimensional regression. For example, [15] first suggested the use of SCAD penalty for
model selection in the non-convex penalized likelihood with fixed and finite number of
coefficients and covariates p. [19] extended these results by allowing p to diverge slowly
with the sample size n at the rate p = o(n'/®) or p = o(n'/?) in a general likelihood
framework. While all of the above methods focus on the case that n > p, recently
more and more researches target on the scenario of p > n. In the context of the linear
model, [35] proved that the SCAD estimator still has the oracle property on ultrahigh
dimensional problems with p > n, specifically, they have shown that the oracle estimator
itself is a local minimum of SCAD penalized least squares regression, for high dimensional

non-convex penalized regression with p > n.
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Meanwhile, a series of methods based on independent learning has become increasingly
popular. [16] proposed a method of independent learning via a two-stage procedure
for linear model. In the first stage, independence screening is adopted as a fast but
crude method of reducing the dimensionality from ultra-high to a more moderate size
(usually below the sample size); a suitable feature selection technique can be applied
in the second stage. Using a similar idea, later, [21] extended the previous procedure
into a more general framework — generalized linear models. More recently [17] studied
penalized likelihood methods for ultrahigh dimensional variable selection, and in the
context of generalized linear models, they demonstrated the proposed method possesses
model selection consistency with oracle properties for p > n. In [13] and [18], they
proposed a class of nonparametric independence screening for ultra-high-dimensional

additive models and varying coefficient models, respectively.

In practice, without prior knowledge about the relationship between response variable y
and independent variables X, the regression function g(z) = E(y|X = z) often needs to
be modeled in a flexible nonparametric fashion. Therefore, one of our goals is to approx-
imate g(z) by a function having simplifying structure which makes both estimation and
interpretation possible. Due to such concerns, single-index models (SIMs) seem to be
very appealing. Another advantage of SIMs is that they are very useful and fundamental
tools for handling “curse of dimensionality”. Intensive research on estimation in single-
index models has given rise to a large amount of literature; [43], [29], [4], [54] and [30] are
among those frontiers. Later, [55] developed the minimum average variance estimation

method to prevent the under-smoothing of the nonparametric link function. To make
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the estimation more robust against deviations from SIMs, [52] proposed a polynomial
spline estimator for the single-index prediction model. Furthermore, [5] and [7] intro-
duced estimating equation based methods to study SIMs. In the former, [5] transferred
restricted least squares to unrestricted least squares to reduce the limiting variance. In
the latter, [7] further relaxed the constraint that all the index parameters lie in an open
unit ball. Most recently, [40] proposed a robust and efficient estimation procedure based

on local model regression in terms of the sensitivity outliers and heavy tailed error.

As the number of index parameters in SIMs increases, it becomes more and more difficult
to identify the significant explanatory variables efficiently. To conquer such challenge,
several procedures have been developed. [36] proposed the dissected cross-validation
method which outperformed the traditional leave-m-out cross-validation. Later, [63]
implemented the adaptive lasso with kernel smoothing to estimate and select important
predictors without assuming the error term as additive. Furthermore, [41] introduced
the penalized least squares method and [60] proposed the LASSO with local linear
smoothing method. Both methods are able to simultaneously estimate parameters and

select variables.

All the above methods aim at the case of fixed number of index parameters. In practice,
the number of introduced variables typically varies with the sample size. Therefore, [62]
developed a sliced inverse regression (SIR) based method which can handle the case of
a diverging number of index parameters. When the dimension of index variables is high
and even ultra-high, how to find the relationship between the response and the index

variables efficiently becomes a serious scientific endeavor. This motivates us to consider

57



feature selection for single-index models in high dimensional, even ultra-high-dimensional
settings, with the goal being to identify the oracle estimator with high probability. To
achieve this, a nonparametric independent screening is developed and a new theoretical
result for the oracle property to hold is derived within this article. The rest of this
chapter is organized as follows. In Section 3.2, we briefly review the single-index models
and the methodology for polynomial spline estimation. In Section 3.3, we introduce a
new nonparametric independence screening algorithm. We establish the properties of
the proposed estimators in Section 3.4. In Section 3.5, we report numerical results from
Monte Carlo simulations and we present a real data example in Section 3.6. The proofs

are given in Section 3.7.

3.2 Single-Index Model and Its Estimation

Suppose we have an i.i.d. random sample, {(X;,Y;)}._,, from the following single-index

model

Yi=g(X]0) +ei, i=1,...,n, (3.2.1)

in which Y; are the response variables and X; = (X, - ,Xip)T are p-dimensional
(p > 1) vectors of covariates. Without loss of generality, we assume the covariates
are standardized to have mean zero and variance one. The function ¢ is some smooth
but unknown univariate link function, and 6, is a vector of some unknown parameters,

often referred to as the single-index coefficient. Errors e; are i.i.d. random noise with
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E(g;) =0 and E (¢?) = 6% < oo. For model identifiability, we assume that the single-

index coefficients 6y € © = {(fo1,- -+, 00p)| 27—, HSJ. = 1,00 > 0}.

In the following, we assume that the observed data {(X;,Y;)};_, are i.i.d. copies of
(X,)). Before describing the estimation method of the single-index parameters, we
define the following notations for simplicity. Given a fixed 6, denote Xy = X760 and

Xp;= X0 forany i =1,...,n. Let
90(2) = E(V|Xy = 2) = E{g(X"0))| X = 2}
then 6, is the minimizer of the following population least squares criterion function
1 2 1 T IR
R(0) = SEHY — go(X)}] = 5EL{g(X700) = gu(X)}?] + 50 (322)

Since © is not a compact set, we consider the minimization problem in (3.2.2) over all

0 € O, where O, = {(01,---,0,)|>°"_, 9? = 1,6, > ¢} for some ¢ € (0, 1).

In the following we discuss the estimation method for the single-index coefficient 6y € O,
and the unknown function ¢ in (3.2.1). To estimate the unknown functional parameters,
we use spline basis approximations. In principle, any basis functions can be used, but
in this article we consider the polynomial splines to estimate the unknown function
gp for any given 6. The appeal of polynomial splines is that they often provide good
approximations of smoothing functions with a simple linear combination of spline bases;

see more discussions in [56].
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For any given 6, suppose gy(z) can be approximated by Zgﬂ—r By (z), where N is the
number of interior knots, and By, (z2), k =1 —r, ..., N, are the B-spline basis functions
of order r; see [8]. Denote next the (N + r)-dimensional space G~ of spline basis
functions as the linear space spanned by {By, (z),k =1 —r,...,N}. Then, for any

given @, the polynomial spline estimator of order r for gy is defined as

n

go(-) = argmin » {V; — g(Xp,)}*.
9(egr=2

Let Y = (Y1,...,Y,)T be the response vector. For any fixed 6, denote B.(z) =
{Bi.(2)}2_, ., and By = {By, (Xg,i)}?;f\;:_(r_l). Then one can obtain the spline
estimator of gg(z) by

99(2) = B:(w)(BgBe) 'ByY.

Then, the single-index parameters 6, can be estimated by minimizing
~ 1 — N
R(O) = o> {¥i—Go()}" (3.2.3)
i=1

Now suppose some of the variables are not relevant in the single-index, i.e., the corre-
sponding single-index coefficients are zero. In the following we introduce a regularization
penalty to (3.2.3). Since the potential number of explanatory variables increases at an

exponential rate of the sample size n, we denote it as p,. To perform simultaneous
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selection and estimation, we propose minimizing the following penalized sum of squares

Q6)= RO)+ 3 pa (817110, # max (0], (3:2.4

J=1

which shrinks small components of estimated functions to zero. Note that the above
minimization in (3.2.4) is for all § € O, so we don’t penalize the largest element of 6.
There are various of ways to specify the penalty function py. Here we use the SCAD

penalty function of [15], defined as

.

A, fo<o <A
pa(0) = —%, if A <6 <a\
(DN if > a\

for some tuning parameter a, and a = 3.7 is used in all the simulation examples as well

as in the real data application.

3.3 Asymptotic Properties of the Estimator

In this section, we study the asymptotic properties of the PSIM estimator. Without loss
of generality, we assume that the first g, single-index coefficients are nonzero and the
remaining p,, — ¢, index coefficients are 0. For any i =1,...,n, let XZ»T = (Xl.T(l), Xi(Q))T,
where XZ.T(I) are the first ¢, non-zero variables and XZ.T(Q) are the p, — ¢, zero variables.

Similarly we write 63 = (9&1), 00T(2)) with 0&2) = (0,...,0)T. Define the oracle estimator
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~oT ~oT

0 = (0(1), OT)T, where

0 = arg min i R°(0(1) (3.3.1)
0y E{(01,,0q,)| 5521 0F=1,01>c}
. RN - ’
= arg min — Z {YQ - 99(1)(Xz‘T(1)6(1))} :

0y €401, B )| 22, 62=1,01 >} 2T 5

The following two theorems demonstrate that the oracle estimator 0’ asymptotically
becomes a local minimum under the SCAD penalty. Such a property is widely known
as the oracle property [15, 35] . This result implies that we can find a good estimator
among the local minima using the PSIM method proposed in Section 3.4, assuming we

use the SCAD penalty.

Theorem 3.1. Suppose Assumptions (A1)-(A6) stated in Section 3.7 hold and assume
that E(g;)* < oo for an integer k > 0. Let A,(\,) be the set of local minima of (3.2.4)

with the SCAD penalty and a reqularization parameter \,, we have

Pr{8 € A,(\)} = 1

as n — oo provided that A, = o{n~0~(2=))/2Y and p, /(\/n\,)* — 0.

The above theorem demonstrates that when ¢; has the all moments, the oracle property

holds when p,, = O(n®) for any a > 0, as E(g;)?* < oo for all k > 0.
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For Gaussian errors, the following theorem proves that the oracle property holds when
pn = O{exp(agn)} for some a3 > 0, that is, the dimension of covariates is allowed to

grow exponentially fast.

Theorem 3.2. Suppose Assumptions (A1)-(A6) stated in Section 3.7 hold and assume

that the ¢;’s are i.1.d. Gaussian random variables. Then

Pri{0" € AN} — 1,

as n — oo, provided that p, = O{exp(azn)} and A, = O(n~172/2) where 0 < a3z <

ay < g — Q.

3.4 Nonparametric Independence Screening

3.4.1 Nonparametric Independence Screening Procedure

The dimension p of the index parameter in model (3.2.1) can be very large, and here
we consider the case that p increases much faster than the sample size n, especially
by non-polynomial dimensionality or simply NP-dimensionality, i.e., logp = O(n®) for
some a € (0,1/2). Therefore, we write the dimension as p,. Let My = {1 < j <
Pn t Bo; # 0} be the true sparse model with non-sparsity size g, = |My|. The other
Pn — qn variables can also be correlated with the response variable via linkage to the

predictors contained in the model. To expeditiously identify important variables in
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model (3.2.1), without facing the “curse of dimensionality”, [16] first proposed sure
independent screening (SIS) method to reduce the space of explanatory variables from a
NP-dimensionality to moderate size. Later, [13] and [18] extended the SIS procedure into
a class of nonparametric independence screening (NIS) models. Similarly, we consider
the following p,, nonparametric marginal models. In this article, we refer to marginal

models as fitting model with componentwise covariates:

2" = argmin % SO — g (X001 G =1, b (3.4.1)
i=1

where the function g; can be approximated by some smoothing methods such as the

polynomial spline smoothing method mentioned above. We rank the utility of covariates

in model (3.4.1) according to, for example, magnitude of the absolute value of coefficients,

or the sum of residuals, and then select a small group of covariates by thresholding. For

example, we sort the p, componentwise magnitudes of the lb\jws\ in a decreasing order

and define a submodel as

—

, ~NIS
M'yn ={1<j<pu: |9j | > 7,1}

where 7v,, is a pre-defined threshold value. Such an independence learning ranks the

importance of features according to their magnitude of marginal regression coefficients.

Another screening approach is to rank according to the descent order of the residual

sum of squares of the componentwise nonparametric regressions, where we select a set
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of variables:

Ny, ={1<j<pn:u; <wp}

1
2n

where u; = C Y — g, (Xm@j)}Q represents the residual sum of squares of the
marginal fit, while v, is another pre-defined threshold value. Such an independent
screening ranks the importance according to the descent order of the residual sum of
squares of the componentwise nonparametric regressions. This screening also can be
viewed as ranking by the magnitude of the correlation of the marginal nonparametric

estimate g; (Xl-j@j)?zl with the response {Y;}?_;. In both of these senses, the proposed

NIS procedure is related to the correlation learning proposed by [16].

With such NIS procedure, we dramatically decrease the dimension of the parameter
space from p, to a much smaller number with model size |/T/l\«,n| or [N, |. Thus, the
computational burden is much more feasible. According to [21], although the interpre-
tations and implications of the marginal models are biased from the joint model, the
non-sparse information about the joint model can be passed along to the marginal model

under a mild condition.

After variable screening, the next step is naturally to select the variables using more
refined techniques in the single-index model. For example, the dissected cross-validation
(DCV) method in [36], the profile least squares (PrLS) estimation procedure in [39], the
adaptive LASSO with kernel smoothing in [63], the slice inverse regression based method

in [62] and penalized single-index prediction models (PSIM) proposed by [50].
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3.4.2 Data-Driven Thresholding Determination

To determine a data-driven threshold for the nonparametric independence screening
method, we adopt a similar random permutation idea of [13]. We use random per-
mutation to decouple X; and Y; in order to make the resulting data (Xr(),Y;) follow
a null model. Here m(1),--- ,7(n) are a random permutation of the index 1,--- n.

Specifically, the permutation algorithm works as follows:

1. For every j € {1,--- ,p,}, find the local minimum in (3.4.1). Randomly permute
the rows of X, yielding X*. Let w(, be the ¢-th quantile of {u;,j = 1,--- ,p,},

where

n

~ 1 s _ 1 & o
0; = argmin D {Yi = G;(X;,6,)} and @; = o > Y= Gi(X; 0,1
=1

i=1

Then the NIS selects the following variables:
M ={1<j<p.:iu <wpl

As suggested by [13], in this work, we use ¢ = 1 which means to take the maximum

value of the empirical norm of the permuted estimates.

2. Apply PSIM [50] on the set N to select a subset A;. Inside the PSIM algorithm,

the tuning parameter is selected by high-dimensional BIC proposed by [48].
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In Step 2, we use PSIM method. In fact, any variable selection method for single-index
models mentioned previously would work once one has reduced from p, to d, via the

NIS screening step in 1.

3.5 Simulation Studies

It has been shown in [16] and [20] that independent screening is a fast but crude method
for reducing the dimensionality. Some extension of independent screening method in-
clude iterative SIS and multi-stage procedures, such as SIS-SCAD and SIS-LASSO.
These methods can be applied to perform the final variable selection and estimation
simultaneously. In this section, we present one simulation example with several dif-
ferent scenarios to evaluate the performance of NIS procedure for single-index models

(NIS-PSIM).

We vary the sample size from 100 to 200 for different scenarios to gauge the difficulties
of the simulation models. The following configurations with p = 1000 and 5000 are
considered for generating the covariates X = (X, -- ,Xp)T. We consider a similar

regression model as in [52],

Y; = sin (gXZTH()> + &

where ¢;’s are independently and identically distributed as N (0,0.22), foralli = 1,--- ,n.
In this example, the true parameter is QOT =(1,1,1,1,1,0,--- ,0)/\/5, i.e.; the first five

elements of 6y are non-zero while the remaining p, — 5 elements are zero. Table 3.1
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summarizes the variable selection results based on 200 replications under each of the
settings with partial combinations of sample size n = 100, 200 and p = 1000, 5000.
With these setting, we aim to illustrate the behaviors of the NIS procedure under differ-
ent combinations of sample size and number of parameters. In this example, we compare
our method (NIS-PSIM) with the method (HD-SCAD) proposed by [35], the sure inde-
pendence screening plus penalized least square regression (SIS-SCAD) proposed by [16]

as well as the oracle estimators which are obtained using the method proposed by [52].

In Table 3.1, the column labeled “TPN” presents the average number of zeroes, restricted
only to the true zero coefficients, while column “FPN” shows the average number of
the ¢ = 5 true zero coefficients erroneously set to zero. The column labeled as “C”
represents the percentage for which the correct model has been chosen among those 200
Monte Carlo replications. The root mean squared prediction error (RMSPE) is reported

in the fourth column, and it is calculated by:

MSPE = {%ZE{ﬁ(XiT@)}W —1@}2.

Note that the “oracle” method always identifies the five non-zero coefficients and p — 5
zero coefficients correctly. The last column, “TIME”, reports the running time per
iteration in seconds using a desktop with Intel(R) Core(TM) i5-2500 CPU @ 3.30GHz

and 8.00GB RAM.

In addition, Table 3.2 demonstrates the variable estimation results based on three mea-

surements, including bias (BIAS), standard error (SD) and root mean squared error
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) 9y 1/2
(RMSE), which is calculated using RMSE(f,) = {ﬁ S (9]- - 907]‘> } . To make
it more comparable, in Table 3.2, we compare our NIS-PSIM estimator to the oracle

estimator. From this table, one can see that as the sample size increases, the NIS-PSIM

estimator becomes closer to the oracle estimator.

Summarizing Table 3.1, our proposed NIS-PSIM outperforms the other two competitive
methods (HD-SCAD and SIS-SCAD), in terms of correctly identifying the correct model.
Both HD-SCAD and SIS-SCAD methods penalize much too harshly and thus set too
many values to zero. On the other hand, as the sample size increases, the performances
of NIS-PSIM is getting closer to the oracle estimator and in terms of RMSPE, the NIS-
PSIM is more comparable with the oracle estimator. From Table 3.1, one can also see
that the NIS-PSIM estimator provides much smaller RMSPE compared with the other
two methods. The results on both variable selection and estimation confirm that the

NIS-PSIM method outperforms the other two methods.

[Tables 3.1 and 3.2 about here.]

3.6 Application

In this section, we implement our NIS-PSIM method to solve a high-dimensional gene
microarray problems. The data set we used was reported by [44]. In this data set,
120 twelve-week-old male F2 rats were selected for tissue harvesting from the eyes and

underwent microarray analysis. Such microarrays contains 31,042 different probes. The
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intensity values were normalized using the RMA (robust multi-chi averaging) and repre-
sented gene expression levels. Since gene TRIM 32 is widely known to cause Bardet-Biedl
syndrome, the primary goal of this analysis is to identify the genes whose expression lev-

els are most closely are related to gene TRIM32.

There are 31,042 probes in the data-set, with one of them recording the gene expression
levels in each of the 120 rats for the TRIM32 gene. The question is what linear com-
bination of the (presumably few) among the other 31,041 probes yields a single-index
within a fitted spline that predicts the TRIM32 gene’s expression levels well. One must
remember that the entire microarray procedure is a ‘kitchen sink” approach, where all
genes in the complete mouse genome are examined, even though relatively few have any-
thing to do with the eye network, and even fewer of those are likely to be involved in the
process that causes Bardet-Biedl syndrome. More traditional biological analyses would
avoid this complication entirely by simply excluding the genes (probes) that couldn’t
possibly be related to the factor of interest. In microarrays, that can usually be done
relatively simply in an indirect way. In this case, the first step is to normalize across the
chips (n=120 rats), by dividing the expression levels, E(i, j) for probe i of chip j by the
median expression level for the chip and taking the logs-transform. That is:

EG,J)
M(5)

W(7’7J> - 10g2

where M (j) is the median of the gene expression levels of chip j. This yields normalized

expression levels that have a median of zero for each array. Such distributions tend to
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be fairly symmetric, although there are occasional outliers which must be handled by
methods such as those given in [2] and [34]. Once this has been done, the probes are
roughly comparable across chips (rats). Non-interesting probes would be those that have
very low expression levels across all rats or which show too little variation across the
rats. To eliminate the former, [44] declared gene ¢ to be ‘insufficiently expressed’ if the
maximum of the 120 W (i, j) values was less than the 25th percentile of all W (i, j) scores.
Similarly, they declared gene ¢ to be ‘insufficiently variable’ if the difference between the
largest and smallest W (3, j) values for fixed ¢ was less than one. This is equivalent to a
less than two-fold change, since the W (i, j) values are in log, scale. For the rat data-set,
employing these two criteria reduced the number of candidate probes from the original

value of 31,041 to 18,795.

While the above screening procedure produces a 40% reduction in candidate probes, the
number remaining far exceeds the number of rats (n=120), so more reduction must be
made before employing most of the model selection procedures. The high-dimensional
SCAD procedure of [35], in theory, can be made to work for very large numbers of probes,
but it may be too slow to be practical. They proposed reducing the 18,795 to 3,000
(before beginning their HD-SCAD procedure) by simply choosing the 3,000 probes which
displayed the largest variance across the 120 rats. For our PSIM procedure, whether we
begin with 18,795 or 3,000 probes is a secondary concern — before we can apply PSIM,
we must first reduce the number of candidate probes to some value k such that k£ < n.
(This step of going from p > n to k < n probes is what most in the field call ‘statistical

screening’, as opposed to some of the steps above which could more appropriately be
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called ‘biological screening’; as they tend to eliminate probes which really should never
have been included in the experiment, if it had been designed more rigorously.) To
achieve £ < n, we could simply begin with the 119 probes which have the highest
correlation with the probe of interest, but this is very inefficient. Instead, we used an idea
based on the Sure Independence Screening procedure of [16]. We use two enhancements
of their method. First, we use nonparametric independent screening (NIS) rather that
the parametric SIS method which they initially introduced, to select those genes which
yield small errors when the nonparametric splines are fit to model the TRIM32 gene.
To determine how many (k) of these best-fitting genes to use before applying PSIM,
we use the permutation adaptation of SIS discussed in [21] to select the genes that
achieve the permutation threshold. For most microarrays, the SIS-permutation (or NIS-
permutation) procedure will yield a number of potential probes, k, which is much less
than n. In this example, we found k£ = 20 while n = 120. Once we attain this small set
(k = 20) of genes which seem best able to predict the TRIM32 gene, we can then employ
our PSIM method to find the best linear combination to yield the single index best fit
by the nonparametric spline. In this example, the result was a set of ¢ = 12 probes
whose linear combination best estimated the single-index for the spline that predicted

the TRIM32 gene.

The value of ¢ = 12 probes that we identified is less than the ¢ = 24 or ¢ = 19 probes
found by [32] using unrestricted and adaptive LASSO, respectively, but more than the
g = 6 probes found by [16]. Since this is a real data-set, we don’t know what the

true answer is. One way to compare the accuracy of the procedures is to fit them
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on a sample of size ny = 80 of the rats, with validation occurring on the remaining
n —ng = 120 — 80 = 40 rats. This process (80-40 partitioning and validation) was
repeated 100 times, comparing our (NIS-PSIM) method’s results with those of [35]’s
HD-SCAD and [16)’s SIS-SCAD. The mean model size (MS) and prediction error (PE)
and their standard deviations based on these 100 replications are summarized in Table
3.3. The two rows in the table reflect whether the process began with the biological-
screening population size of 18,795 candidate probes or the reduced set of 3,000 candidate

probes. Overall, the NIS-PSIM method appears quite robust.

[Table 3.3 about here]

3.7 Proof of Theorems

In the following, let X = (Xj;);2{j_; = (X(1), X(2)) be the predictor matrix, where Xy

is the first n x ¢ submatrix and Xy is the last n x (p, — ¢,) submatrix of X.

3.7.1 Assumptions

In this subsection, we state our assumptions below.

(A1) There exist positive constants M; and M, such that E|X;;|* < M, for any 1 <

1 <nandl1<j<p,, and sup,r,_; uTXa)X(l)u > M,.
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(A2) For any 6,,02 € O, the joint density function fy, g,(xg,,ze,) of Xy, and Xy, has
r-th order (r > 5) continuous partial derivatives and is bounded below and above
on [a,b]?>. The marginal density function of Xy, fy(xs) € CV[a, b, and is bounded

below, for any 0 € O..
(A3) The true link function g € C[a, b] for some r > 5.

(A4) The number of interior knots N satisfies:

0= « N <« min{n'/" log (n)_1/7, n3q-43log (n)_l/3}.

(A5) Let the values of 61,6002, ,00,, be nonzero, 04, +1,00.4,+2, - 60, be zero,

and ¢, = O(n®") for some 0 < oy < 1/4 —3/(8(r — 1)).

(A6) There exist positive constants ay and M3 such that oy < g < 1 and

n(l_‘”)/Z min |90,j| Z Mg.
J=1,....qn

Remark 6. Assumptions (A2) and (A8) are typical in the nonparametric smoothing
literature; see for instance, [52] and [51]. Assumption (A1) is similar to Condition (A1)
and (A2) in [35]. Assumption (A4) specifies the requirement of the number of knots in
spline approzimation. Assumptions (A5) and (A6) are in parallel with the requirements
stated in Conditions (A3) and (A4) in [35]. Note that the order of q, not only depends
on the sample size n, but also depends on the degree of smoothness r of the link function

g. If we assume that g is infinitely differentiable or smooth, i.e., g has infinitely many
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derivatives, then only ay < 1/4 is required. If the link function is less smooth, the bound

18 even tighter.

3.7.2 Preliminary Results

Before we prove the theorem, we first state the following lemma.

Lemma 3.1. If Assumptions (A2) and (A3) hold, one has that

~(k) (k)

95 — g5 || =Op{n VPN (logn)'/? + NTCP} (3.7.1)

sup
0cO,

foranyk=0,...,r—2.

Proof of Lemma 3.1 is similar to the proof of Proposition A.1 in [52], but replacing the
approximation rate of cubic spline smoothing by the more general polynomial spline

approximation results, and thus is omitted.

In the following, we define

~ ~ Pn a ~ Pn _ " - —~ ~ b
50)= {30}, = {7 RO} = [ X @06 - 103 (X Tul0)|
J=2 893 Jj=2 i=1 Jj=2
(3.7.2)
where ﬁ(@) is given in (3.2.3), and
Xij(e) = Xy — 0,07 Xan, (3.7.3)
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forany 1 <7 <nand 2 <j <p,. Next let

n Pn

S0)= {50} - [%Z{ge (Xo0) = Yib b (X0) K@) . (374

1=1 j=2

The following result provides the order of uniform difference between S(6) and S(6).

Lemma 3.2. Under Assumptions (A1)-(A4), one has

sup max |S;(0) — S;(0)| = op(n~/?). (3.7.5)

0€0, 2<i<pn

Proof. By the definitions of @-(9) and gj(ﬁ) in (3.7.2) and (3.7.4), one has for any

J=2,3,.,Pn

Si(0) = S;(0) + Ky + Kogj + K,

where X;;(0) is in (3.7.3) and

Kio; = n7" Y (G0 — 90) (Xo.) (G5 — 96) (Xo4) Xi5(0),
=1

Kapy = 1" {0 (Xoa) = Yi} (@G — gb) (Xoa) Xi5(6),
=1

Kip; = n! Z (G0 — 90) (Xo,) g (Xo.) Xij (6).

=1
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Using Lemma 3.1 and similar arguments in Lemma A.11 in the Supplement of [52], one

obtains the following:

Ko
o 5, s
sup max |Ksg;| = Op{N'""4+n'Nlogn},
geé)czggpn' 2.1 2 sn)
Sup max |K3,9,j| _ OP {N_T—|—n_llogn+n_1/2N_1/2(10gn)1/2}.
9co, 2<i<pn

Therefore,

_ OP {n_1N2 logn+ N1—2r +n—1/2N3/2—r(10gn)1/2}’

sup max §j(9) — §j(9) = op{N"""V 4 n"'N?logn + (nN)"*(logn)"/*}.

0cO,. 2<i<pn

Thus, (3.7.5) is established by Assumption (A4). n

Let

- - P 82 . Pn
H)=<H; (6 = 0
0= {0}, - {Gmro)
be the Hessian matrix of R(6), then
~ 1 e ~ ~
Hjy(0) = — > Xii(0) X5 (0){G6(X70)}
i=1
1 N v ~ -~
+E ZXij<9)Xij’<0) {90<XiT9) - Yz‘} 9o (XiTe)
i=1

1 . A,
== > X {Gn(X70) = ¥i} G5(X70),5:(6)
=1

7

(3.7.6)
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with )~(Z-j(9) in (3.7.3) and
8;5(0) = 072 {(65 + 09)1 =y + 0,051 25 } - (3.7.8)

Substituting g, and its derivatives by gy and its corresponding derivatives, we define

H() = {?[j,j/ (9) }én/ , where

J,J'=2

Hp(0) = -~ Z Xis(0) Xy (0){gp(X[0)) (3.7.9)
+, Z Xi5(0) Xy (0) {90(X70) = Yi} g5 (XT0)

1 ,
0 ZXil {QG(XZ‘TQ) - Y;} QG(X;IQ)(SJ}J"(Q)-
i=1
Lemma 3.3. Under Assumptions (A1)-(A4), one has

sup max |H;;(0) — H,(0)| = op(1). (3.7.10)

0€0, 2<5,J'<pn

78



Proof. Note that for any j, j’, we decompose the difference I?IMV(Q) — ]leyj/(é) as follows:

H; ;i (0) — H; 5(0)

= _ZXU {(6(X0.))? — (95(X0.))%}
+— ZX” N(Go(Xo,) — Yi)gp (Xo,:) — (96(Xo.:) — Y3)(gp(Xo,:)]

- Z Xi1 [{90(Xo.4) — Yi}Go(Xo.) — {90(Xo4) — Yi}gp(Xo:)] 65,5 (0)

= Aig i+ Ao + Az (3.7.11)

where §, /() is given in (3.7.8), and

g = =3 K OF g O1@ - ) (X0
23 R (0) i (0)(3) — 95) (Xo)gh( o)

vy = 5 30 l0) Ko 0)@ — 90)(Xo) (3 — 68)(Xo)
+% Z Xii(0) X150 (0){90(Xo.0) — Yi @5 — 95)(Xo.:)
LS R 0) R ()G — 90) (X ) (X0)

= Aoigjj + Azg i + Asza i
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and

1 ¢ N S
Asog = > X (G0 — 90)(Xo.0) (T — 9)(X0,1)65.5:(6)

=1
1 /
=D X {0o(Xo) = Yi} (G — 00) (X0.);,7(6)
=1
Iy /
+= D Xia (G0 — 90) (Xo.0)9(X0.)0(0)
=1

= Asi045 T As2p.55 + Ass i

Note that
(E|X;(0))'? = (E|Xi; — 0,07 Xa|)'V? < (E1X3[)"? + 10,07 (B X |*) 2.

According to Assumptions (A1)—(A3), there exist positive constant ¢, ¢y, and ¢z such

that for any 2 < j, 7 < p,,

sup BI.X;(0)Xiy (0)] < {EIXy(O)FE| Xy (0]} < e

Sup EIX;(0) X5 (0)* < {E|X;(0)*E| X, (0)['}'/? < e,

{E|go(Xo,) — Yil*}Y? < {E|go(Xo.s) — 9(Xoo.i)|*}* + {Blei)*}? < c5.

9ol < ¢5 for some positive

In addition, one has supgee, ||gslloc < c1 and supyee,

constants ¢, and cs.
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By Lemma 3.1, one has for Ji1 ¢ ;7 and Jigg 5,

sup [Ai1055] < (1 +op(1)) Sup 1G5 — gyll% = op(1),

0€O.
sup [Aa9,57| < 2(c1 +op(1))es sup |Gy — gplloo = 0p(1).
[dSCH 0cO,

Therefore, supgeg, |A1,0,j7| = op(1). For As ;5 and Aazg jjr, one has

sup [Ag1 055 < (1 +op(1)) Sup 196 — 9plloe = 0p(1),
€0,

0cO,
sup |Aazg 5| < (c1+op(1))es sup [[go — golloo = 0p(1).
0cO, 0cO.

For Asy g5/, one has

1/2
sup — Gglloo X Sup g X@
; H Al { | X5 ( o) }

sup |Agp 51| <
0O,
1/2
X su )( z }22
o {5 S }
< op(1) X (co +0p(1)) X (cs +op(1)) = op(1).
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A jir| = op(1). Note that supycg, |Ajj/0)] < c6 for some positive

Therefore, supyce,

constant cg. Similarly, for As; g, Asep ;v and Assg v, one has

IA

sup |Aszi,55] (c1 +op(1))cs sup ||gy — gyllee = 0p(1),
0cO, 0cO.

1 n
sup [Aszp 57| < sup — Z | Xi1{g0(Xo,i) — 9(Xo,,:) — €}
0€0, oco. 1V
x sup [[g5 — gglloo X ¢ = op(1),
0€6,
sup [Ass 5| < (c1+ op(1))ca sup [[gp — gollo = op(1).
0cO, 9€O.

Az 7| = op(1). The desired results follows from (3.7.11) &

Hence supyce,

In the following for 6 = (01,64, --,0,,)", let 0 = (02,---,0,,)" be a (p, — 1)-
dimensional vector after removing the first component in . Similarly, we denote 6,

0, 054 and 9?; as their corresponding vectors but without the first element. Define a

Jacobian matrix of # with respect to 0*

Jy(67)
sy =| = —(1— 0" ~/?0". (3.7.12)
J2)(07)
Next let X = {Xj;};_,"7_; and
_ _ \n JT(0%)
? p”l
X0) = (X,0) " =X , (3.7.13)
Lpn-1)

where )N(”(H) are defined in (3.7.3). Let X = X () = (f((l), X(2)>.
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Further we denote g = diag{gs,(Xe,.:), i = 1,...,n}, § = diag{gy, (Xo,i), i = 1,...,n},

g = diag{gy (Xoi), i =1,...,n}, e = (e1, -+ ,&,)", and € = diag(ey,- -+ ,&,).

Substituting in the true parameter 6, into (3.7.4) and (3.7.9), one has

~ ~ Pn g(l)(e[)) %Xa)gé‘:
S(60) = {Sj(eo)}j:2 = - — , (3.7.14)
S2)(6o) o X{o8e

1, N . .
H(0y) = - (J(65), Xipo—1y) {XT(g” + €8)X + (65117 eg X1)L,, } (J(05), Lp,—1))"
1

o s 1 N _ . N
XT(g2 +eg)X + n (J(QO), I(pn_l)) (‘90,%1T5gxl)1pn(J<90)> I(pn—l))T‘

Applying the Law of Large Numbers, one has

H(6,) = H(6y) + op(1),

where
Hq1y(60) Hp2)(60)
-y 2 (3.7.15)

H(fp) — ~XTg?X —
n
Hi1)(6o) Ha,2)(00)

with

lar oo e .
H11)(60) = EXT)g2X(1)= H<1,2>(90)=;X(T1)g2X(2>7

1 Lo 1 .
H(2,1)(90) = EXTQ)g2X(1), H<2,2>(90):;X£)g2X(2>.
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3.7.3 Asymptotic Properties of the Oracle Estimator

Note that function R(6) depends only on #*, thus, we use R(6*) and R(6*) instead of

R(6) and R(6) in the following proof and define

o[ N* 1 - 2
RO(07) = o= > {Yi —a(Xin0w)}
=1

and

AO * 1 B ~ 2
RO(07) = - > AYi = o, (Xin )} (3.7.16)
=1

Similarly, we can represent the score and Hessian matrices in (3.7.2) and (3.7.7) using

0" as:

~ P §(1)(9*) . ﬁ(1,1)(9*) I/:I(l,Z)(g*)
{ (0 )} =

~

§(2) (07) H21)(67) If1(2,2) (07)

~O%*

Lemma 3.4. If Conditions (A1)-(A5) are satisfied, then there is a local minimizer 6,

of R"(Q?I)) such that ||9?:) — 05l = Op{(n"q.N?log n)'/2}.

Proof of Lemma 3.4. Let oy, = qi/*n"Y2N3/2 and set ||[u| = C, where C is a large
enough constant. To show the existence of such an oracle minimizer, it is equivalent to

prove that for any given e there is a large constant C' such that, for large n we have

P { iﬁljc RO(03 1) + ovu) > RO(eg(l))} >1—c.
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This implies that with probability tending to 1 there is an oracle minimizer é(g) in the

ball {051, + cu : [[ull < C} such that ||8;) — 05|l = Op(au).

By Taylor’s expansion, we obtain

A

L(u) = RO(QS(U + anu) — R°(05(1))

= « 0 R°(61) u—i—lozZuT 6—2]:20(9* ) pu
" ogn, oW R T T

where the vector 6 lies between 0oy and 05y + ayu. Note that %RO(G’{D) =0 at
1

(1) = 0o(1), by Assumptions (Al)-(A4) and Lemma 3.1 we have

0 Po [ n* o [ n*
o0, {R (05) — B ( 0(1))}

= Qq ||UH x Op {(n_lquS logn)1/2 + q,11/2N_T+1}

L] < o il

= Op (on) flul- (3.7.17)
Next, we consider Lo,

I T {—82 @) - —2 Reor )} el + S {—82 RO(6 )} ua?
2 * *T o1y — * *T 0(1) nT 5 * «T 0(1) n
097)9001) 90190 1) 2 (900,90

Y * * 1 *
UT {H(l,l) ((90) — H(l,l) (90)} UOCEL + —UTH(l’l) (HO)UO(Z

1
2
1
2 2
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According to Lemma 3.1 and Assumption (A4), we have

1 . ) »
|Ly| < §uTH(1,1)(90)uozi+O{{(n 1N510gn)1/2+N +2}qn}ai||u||2

1
= §uTH(171)(6’8)uozi +op (1) x a2 |Jul]?. (3.7.18)

By the Cauchy-Schwarz inequality, we have

u

1,0 | 0? .
Ly = -a’ T — R0

1 0 [ 82 > * o(N*
3 T {RO(0(1)> — R (0(1))} U] u

n * u * *

1, 0 [T { o
toan (w0 e BO) v v
6 "0, 00,007,

IN
|
o

Using the result in Lemma 3.1 again, together with Assumption (A4), implies that

|Ls] < Op (q3/2an) o2 ||lul® + Op {((n_1N7 10gn)1/2 + N_T+3) q2/2an} o ||ul?

n

= op (1) x 2 ||ul® (3.7.19)

By equations (3.7.17)-(3.7.19), when ||lu|| is large enough, all terms L, and L3 are dom-

inated by a positive term L,. Hence, Lemma 3.4 holds. 1
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3.7.4 Proof of Theorems 3.1 and 3.2

Proof of Theorem 3.1. By the second-order sufficiency of the Karush-Kuhn-Tucker con-

dition in Bertsekas (1999), any 6 satisfying

(C.1) S;(0")=0and || > aXfor j=1,...,q, — 1,
(C.2) |S;(0")] < A and |05] < A for j = gu,...,pp — L,

~0* ~oxT'
is an element of A(\). Thus, it suffices to show that the oracle estimator § = (6, ,0")

defined in (3.3.1) satisfies (C.1) and (C.2) with A = \,.

Now, we consider the first condition in (C.1). By (3.3.1), 5;; is the minimizer of

NO*

(3.7.16) over all 03y € {(01,- -+ ,0,,)| D", 05 = 1,0, > c}, which implies that §]0(6 ) =

j=1"7

%f?"( (1)) =0 forany j =1,...,¢, — 1. Denote that Pj = (I-Py) Bj (BgBQ)_l BY,

then, we have for any j =1,...,¢, — 1
~ 0% 1 . ~o~o0—1 . S /0%
S,(67) = —ﬁ{yTPEOJY - 070, YTpgon} = 52(0") = 0.

As a result, the first condition in (C.1) holds.

For the second condition in (C.1), so it suffices to show that as n — oo,

Pr(|/9\j*| > a\y, forj=1,...,¢,—1) = L.
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.....

O(H*(lfaz)ﬂ) and \, = o(n*(Hm*a?)/Z), it suffices to show that

max [0, — 05| = op(n1702/2), (3.7.20)

j=1,qn—1" 7

Let §; = \/ﬁ(b\j* — 03,;‘)7 then it is equivalent to show that

_ max |§]| = oP(na“’/Q).

j_l 7777 Qn—l

- SN Y * % —*T
Let € = (517627 Tt agqn—l)T7 then f = _\/ﬁH(l}l)(e )S(l)(90)7 where 0" = (6(1)7 OT)T and

@?1) is between ;) and 5(():) By Lemmas 3.2 and 3.3,

& = —vaH 0 {80 0) + op(n~)}

= —Vn{Hy(@) +0p(1)} 7 {S(00) + o)}
According to Lemma 3.4, ||§(Z) — 0yl = Op{(n"¢.N?logn)'/?}. Let
Cor = (6" = (675, 077 - 1671, — B30l = OL(n~ 0V ogm) )}
Note that for any 1 < 5,7 < ¢, — 1,

sup |Hj 0 (07) — H;1(05)] = op(1),

0* ECQ*
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so H11)(60) = oy (63) + op(1). Thus,

¢ = —Vn{Hqy(60) +op(1)} {5”(1)(9;;) + O(n—1/2)}
= —vn{Hq(05) + op(1)} {§(1)(93) 4 O(n_l/Z)} .

Using the notations in (3.7.14) and (3.7.15), one has

T 037 0 19T -
= D(Tl)g—l—oP(l),

where D)y = (Dy1, -+, Dayg-1)" = —\/E(X(Tl)gZX(l))—li(Tl)g. Note that
nilDa)D(l) = (Xa)gZX(l))71Xa)g2X(1)(Xa)gQX(1)>71 = (Xa)g?g.(l))il

By Assumption (A1), one has |[Dy) ;|13 < My "' for all j = 1,...,q, — 1. Hence,
E{\/ﬁgj(b\o)}% < oo and E(£;)* < oo forall j =1,...,¢, — 1 because E(g;)** < oo.
Thus,

Pr(lg] >t) =0@t™). (3.7.21)
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Therefore, for any 6 > 0, we can write

Pr (|, > on2/? for some j =1,..., ¢, — 1)
qn—1 qn—1

<Y Pr(lg| > on?) <> 6 inok
j=1 j=1

< 5_1qnn_o‘2k <" p(e2ma)k )

Hence, condition (C.1) holds for the oracle estimator.

We now proceed to show that the oracle estimator 6" also satisfies Condition (C.2). For
the second part of (C.2), by the definition of @j* = 0forj = qu, -+ ,pn — 1, we have

For the first part, it suffices to show that

@

Pr{lgj 0 )| > A\, for some j = q,,--- ,pn—l}—>0.

According to (3.7.20) and Assumptions (A4) and (A5), one has

\/ﬁHe(l) — 03(1)”2 = Op(nil/Qqu?) log n) = Op(l).
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In addition, by Lemma 3.2 and (3.7.4)

*

\/ﬁg(g)(/éo*) = \/ﬁg(g (/9\0 ) + OP(l)
= %Xg)ga [\/_ZX” {g ~ XT9 ) —gl(XiTQO)}&]

Pn

J=qn+1

Pn

+ IZXU{ XT@>—g<Xfeo>}{ggo<xfﬁ°>—g'<xfeo>}]

jZQn+1
pn
+ \/— ZX,] { (X]0) - Q(XZTGO)} 9'(X?90)] + op(1)
jZQH+1
= Xhge + | = zn:X“ {990 (XT0") = g(x700) } g’(XTﬁo)] ) +op(1)
) 0 [ 1 7 .
\/_ \/ﬁ =1 J=qn+1
Note that

PN * T
g (X]07) — g(X[00) = ¢'(XT00) X1y (J1)(05), X(gu—1))” By — Oo())

1 o .
+§95(X¢T9)(9(1) —001))" (Jy(65), Tgo—1)) Xiqa)

T 0

><XiT(l) (J(l)(83)71(‘1n—1)) (9(1) — Oo(1))

for some 0 = (@{1), 07)”, where 6y is between A(()l) and 0(1). Thus,

IZX”{g (X7 00) 1 XE (30)(05), X)) (01) — Boy) + 0 (1)
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Using similar arguments as in the proof of (C.1), one has

~O0 ~

V() = boay) = —vnH, (80) Sy (6o) + 0p(1).

Thus,

<=3 X/ (XT00) {0 (XID) — 9(XT00)}

1 < .
= > Xi{g (X700 X (30)(65), g 1))
=1

T

H(—l}l)(eo)@l)(eo) + op(1).

Therefore, one has

Pn

~ ~0 1 . 1 u * T
VnSp(0) = %Xé)ga - [% ZXij{9/<X¢T90)}2X§1) (T (05), Lg,—1)) ]
i=1 jZQn‘i‘l

xH '} (00)S()(6) + op(1)

1 : 1 L9 ST o LT -
Uwr o o [or o 1 ler.
= %Xg)g {I —gX( {X(Tl)gQX(l)} X(Tl)g} e+ op(1).

Next we write

§J<0 ) - D(g),jg’ fOI'j = qn+17 » Pnsy

with D@)’j being the j-th column of D%;), where

Uor  [o o (or o \ler .
D) = %X@g {I —8Xq) {X?l)gQX(l)} X<T1>g]
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Note that

1or . % T s2x, Ut wr g
DD = —X(yg {I—gX(n {X<T1>g2X<1>} X{ng}

~ ~ ~ -1 -
X [I —&Xqu) {X<Tl>g2X<1>} X<Tl>g] 8X(2).

~ ~ ~ ~ -1~
If welet W = gX(Tl), it is trivial to see that all of the eigenvalues of gX 1) {Xa)g2X(1)} X(Tl)g =

- (~ -yl
W(WIW)'WT and I-gX ) {X(Tl)g2X(1)} X{g =I-W(W'W) "W are either
0 or 1. Thus one has || D) ;|13 < M, for all j = ¢, +1,-- -, p,. Hence, E{\/nS5;(0°)}* <

oo and

Pr(|v/nS;(67)] > t) = O(t~"). (3.7.22)

Therefore,

Pr(15;(60)] > A, for some j = go + 1, ,pn)

= Pr(|\/ﬁ§](§0)| > \/n\, for some j =gq, +1,--+ ,p,)
p"L
< Y Pr(vaS;(0)] > Vi)
J=qn

= (pn— ¢)O{(v/n\,) "2} = O{p.(v/nA,) "} — 0.

Thus, this completes the proof. §

Proof of Theorem 3.2. For a Gaussian random variable Z with mean 0 and variance o2,

2 t2
P(|Z| >t) <\|—exp | —==
T 202
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for t > 0. Similar to [35], Theorem 3.2 can be simply proved by replacing the tail bounds

of (3.7.21) and (3.7.22) with the above exponential bounds. B

Table 3.1: Selection results for Example 1

n  p. METHOD | TPN FPN C (%) RMSPE TIME (s)
ORACLE | 995.00 0.00 100.0  0.07 0.4
00 1000 NIS-PSIM | 09436 0.00 820  0.08 119.5
SIS-SCAD | 993.01 4.9 0.0 0.20 5.3
HD-SCAD | 994.99  4.93 0.0 021 975.7
ORACLE | 995.00 0.00 100.0  0.06 0.9
200 1000 NIS-PSIM | 995.00  0.00 100.0  0.06 303.0
SIS-SCAD | 994.00  4.00 0.0 0.9 4.2
HD-SCAD | 995.00 3.91 0.0 021 3536.3
ORACLE |4995.00 0.00 100.0  0.06 1.0
000 5000 NISPSIM | 490491 0.00 650  0.06 1837.3
SIS-SCAD | 4992.97  5.00 0.0 018 250.2
HD-SCAD | - - - - -
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Table 3.2: Estimation results for Example 1

Est. » ORACLE NIS-PSIM

" BIAS SD RMSE BIAS SD  RMSE
0, -0.0014 0.009 0.009 -0.0265 0.111 0.114
0 -0.0126 0.009 0.015 -0.0200 0.110 0.110
6; 100 1000 0.0092 0.008 0.012 -0.0136 0.117 0.118
04 -0.0057 0.009 0.011 -0.0211 0.101 0.105
05 0.0061 0.009 0.011 -0.0054 0.092 0.095
0, 0.0001 0.006 0.006 -0.0024 0.006 0.006
02 -0.0007 0.006 0.006  0.0024 0.008 0.008
6; 200 1000 0.0004 0.007 0.007 -0.0013 0.006 0.006
04 0.0003 0.006 0.006 0.0001 0.006 0.005
05 -0.0004 0.006 0.006 0.0009 0.006 0.005
01 -0.0004 0.006 0.006 -0.0312 0.016 0.035
0 -0.0001 0.006 0.006 -0.0138 0.014 0.019
6; 200 5000 -0.0002 0.006 0.006 -0.0270 0.015 0.031
04 0.0005 0.006 0.006 -0.0379 0.016 0.041
05 -0.0003 0.006 0.006 -0.0281 0.015 0.032

Table 3.3: Performance results of 100 random partitions of the data

NIS-PSIM HD-SCAD SIS-SCAD
p MS PE MS PE MS PE
3,000 11.22(.231) .393(.011) 15.70(.417) .471(.010) 2.00(.000) .423(.009)
18,076 11.28(.282) .396(.018) o o 2.00(.000) .615(.010)

* We don’t have results here because the computing time is more than 600 hours on a
PC with Intel(R) Core(TM) i5-2500 CPU @ 3.30GHz and 8.00GB RAM.
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Chapter 4

Conclusion

In Chapter 2, we consider the model selection for high-dimensional single-index predic-
tion models for weakly dependent data. We apply the SCAD penalty and polynomial
spline basis function expansion to perform variable selection and estimation simultane-
ously. We provide new statistical theory in the framework of a slowly diverging number
of index parameters where the divergence rate is similar to that of parametric models
in [19]. The proposed method has the following advantages and properties: (1) un-
der regularity conditions, the proposed method is shown to have the “oracle” property
when the number of parameters tends to infinity as the sample size increases; (2) both
the variable selection and estimation are robust against deviations from the genuine
single-index models; (3) the implemented algorithm is fast and efficient because it takes

advantage of global spline smoothing as well as the iterative method; (4) our method is
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useful for selection of significant predictors not only for independent data but also for

weakly dependent time series data.

In Chapter 3, we have developed a fast and efficient variable selection process for ultra-
high dimensional single-index models. We also have proved the new theoretical result
for the oracle estimators of the single-index coefficients. The numerical results given
in Section 3.5 show that the proposed NIS-PSIM estimator is comparable to the oracle
estimator in terms of MPE. In addition, in this dissertation, we have considered not only
the situation where p is not very large, but also p > n under the sparsity assumption.
In the big data era, both the sample size and the dimensionality could be extremely
large. An important direction of future research is to develop a efficient way to analyze

such new “big data” sets.
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