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ABSTRACT

Semiparametric regression models have been wildly applied into the longitudinal data.
In this dissertation, we model generalized longitudinal data from multiple treatment groups
by a class of semiparametric analysis of covariance models, which take into account the
parametric effects of time dependent covariates and the nonparametric time effects. In these
models, the treatment effects are represented by nonparametric functions of time and we
propose a generalized quasi-likelihood ratio (GQLR) test procedure to test if these functions
are the same. We first consider an estimation approach for our semiparametric regression
model based on profile estimation equations combined with local linear smoothers. Next, we
describe the proposed GQLR test procedure and study the asymptotic null distribution of
test statistic. We find that the much celebrated Wilks phenomenon which is well established
for independent data still holds for longitudinal data if variance is estimated consistently,

even though the working correlation structure is misspecifed. However, this property does not



hold in general, especially when the wrong working variance function is assumed. As for the
power of the proposed GQLR test, our empirical study shows that incorporating correlation
into the GQLR test does not necessarily improve the power of the test. A more extensive
simulation study is conducted in which the Wilks Phenomenon is investigated under both
Gaussian and Non-Gaussian longitudinal data and a wider variety of scenarios. The proposed
methods are also illustrated with two real applications from AIDS clinical trial and opioid

agonist treatment.
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW

1.1 INTRODUCTION

In many longitudinal studies, the response variable is repeatedly measured during the follow-
up and the treatment effects are represented as functions over time. The responses within
the same subject are usually strongly correlated, while the variation between subjects, even
within the same treatment group, is large. One example in our research is from an AIDS
clinical trial study. This data involved 1309 AIDS patients with CD4 counts of less than
or equal to 50 cells/mm3. They were randomized to into four treatment groups and their
CD4 counts were measured at baseline and at 8-week intervals during the 40 weeks of follow-
up. The measurement times are unbalanced and irregular. We can describe the treatment
effects as smooth functions over time. Therefore, it is desirable to model the time effect
nonparametrically, while modeling all other covariate effects parametrically.

In our study, we consider a marginal semiparametric model that consists of ¢ treat-
ment groups, and the kth group comprises n; independent clusters (subjects) with the ith
cluster consisting my; repeated measures over a time interval 7. All subjects are indepen-
dent, but the observations within a subject are correlated. Let Y} ;; and (Xy,j, T)i;) be
the response variable and covariates for the jth visit of the ith subject in the kth group,

where X, ;; is a p-dim covariate vector whose effect is modeled parametrically and T ;; is

1



a scalar covariate (e.g. the visiting time) whose effect is modeled nonparametrically. Denote
Yii=Yea,... ,Yk,imk,i)T, Xii = X, .- ,Xk,imk,i)T and Ty, = (Th i1, - - - ,Tm‘mk’i)T’ and
let the conditional mean and variance of the response be E(Yj ;| Xk.ij, Thij) = p,i; and
var(Yeii| X k.ij, Trij) = 0(pki;), where o?(+) is a conditional variance function. Given that
the subject belongs to the kth treatment group, the relationship between Y and (X, 7)) is

modeled by

g([.ch) :kaB—l—Gk(T;m), k= 1,...,(], 1= 1,...,nk, (11)

where g(+) is a known link function, B is a p-dim regression coefficient vector, and 0(-)’s are
nonparametric functions.

The covariate vector X often contains the baseline information about the subjects (e.g.
age and gender) which need to be controlled in order to have a fair comparison of the treat-
ment effects, and therefore its effect is of less interest for our particular problem. Moreover, it
is well known that, in a semiparametric model like (1.1), the parametric component 8 can be
estimated with a root-n convergence rate and the estimator is asymptotically normal. One
can easily construct Wald type of tests for various hypotheses regarding 8. It is of primary
interest to us to test the treatment effects, which are represented by 6y (t)’s. Specifically the

hypotheses of interest are
Hy:0,=---=0, vs. Hj: notall 6;’s are the same. (1.2)

Since the treatment effects are represented by nonparametric functions, model (1.1) can
be considered as a class of functional ANOVA model. Some related literature includes, Brum-
back and Rice (1998), Morris and Carroll (2006) and more recently Zhou et al. (2011). A

common approach in these papers is to express each trajectory as a linear combination of



some basis functions and adapt the coefficients into a linear mixed model. Such hierarchical
models usually require a relatively large number of repeated measures in each cluster and
many random effects to capture the features of each longitudinal trajectory. In contrast,
our method does not require a large number of repeated measures and is applicable to the
so-called sparse functional data (Yao, Muller and Wang, 2005). More importantly, these
conditional methods provide pointwise confidence intervals for 6,’s, which can not replace a

rigorous test as we are about to propose.

1.2 LITERATURE REVIEW

1.2.1 ESTIMATION OF MARGINAL SEMIPARAMETRIC REGRESSION MODELS

There is a vast volume of work on semiparametric models for longitudinal data. Suppose
that Y;; and (X;,T;;) are the response variable and covariates of the jth observation of ith

subject. Consider a marginal semiparametric generalized partially linear model
9(his) = X 3B +0(Ty),

where 1;; = E(Y;;|X;,T5;), g(+) is a link function, B is a p x 1 vector of regression coefficients
and 6(¢) is a smooth function. This model is a special case of our model (1.1) with only one
treatment group.

Zeger and Diggle (1994) considered this semiparametric model in the Gaussian case. They
estimated 6(t) by local polynomial kernel smoothing ignoring the within-cluster correlation,
and estimated B by a weighted least square accounting for the within-cluster correlations.

Severini and Staniswalis (1994) proposed an approach based on profile-kernel Generalized



Estimating Equations (GEEs). Lin and Carroll (2001) considered another class of profile-
kernel estimating equations allowing different working correlation matrices in estimating 8
and 0(t) and using local linear kernel estimating equations for 6(t) instead of local average
kernel equations. They showed that the estimator B is y/n-consistent when the correlation
structure is ignored completely or the nonparametric component 6(t) is undersmoothed. In
fact, such an estimator of B is not semiparametric efficient if one accounts for correlations.
More efficient kernel estimators were proposed by Wang et al. (2003, 2005). They estimated
0(t) by solving a kernel estimating equation accounting for within-subject correlations, and
estimated B by solving a profile-type equation, which requires an iterative procedure.

Here we briefly describe the method proposed by Lin and Carroll (2001) since our esti-
mation procedure is based on it. Denote Kj(t) = h™'K(t/h), where K(-) is a symmetric
probability density function and h is the bandwidth. Denote U;(t) = (U (t), ..., U, (£)
with Uy;(t) = {1, (T;; — t)/h}7, pij( Xy, 1) = g HX B+ UL(t)a} with a = (ag, a1)”, and
A(X; ) = diag{u%) ), where ,uz(;) is the first derivative of u(-) = ¢g7!(-) evaluated at
X ;I;,B + U;l;- (t)a. To get estimators of the finite-dimensional parameter 8 and the infinite-

dimensional parameter 6(t), two estimating equations need to be solved.

Given B, let a(t) = (g, a1)" be the solution of
DU AKX DK AT = VK (T = Y — (X)) =0, (13)
=1

where K, (T; — t) = diag{ K(Ti; — t)};2;, p; = {pi;j}j=, and Vy; is a working covariance.

-~

The kernel GEE estimator of 6(t) is 6(t; 8) = a.

Next, we can estimate 8 by solving the following profile estimating equation

" u{X,8+0(T;p)}"
> B

Vo' Vs — u{X:B+6(T;B)} =0, (1.4)

=1



where Vy; is another working covariance matrix, which can be different from Vy;.

Lin and Carroll (2001) derived the asymptotic properties of the estimators described
in equations (1.3) and (1.4). In our study, we are interested in extending these results to
model (1.1) with multiple treatment groups and testing if the nonparametric functions from

different treatment groups are the same.

1.2.2 GENERALIZED LIKELIHOOD RATIO TESTS ON NONPARAMETRIC MODELS

The generalized likelihood ratio (GLR) test was proposed by Fan et al. (2001) and Fan and
Jiang (2005), who showed that it is a general methodology for testing various nonparametric
hypotheses in many useful models, including nonparametric regression models, varying coef-
ficient models and additive models. We briefly review the local linear approach proposed by
Fan et al. (2001) to construct a GLR test statistic in varying-coefficient models.

Suppose that {Y;, X;, T;}7_; are a random sample from the model
Y;:A(E)Xz—f_ezy izla"'7n7

where {¢;} are i.i.d. random variables from N(0,c?). For simplicity, suppose that X; is a
1-dim covariate, and A(-) is an unspecified smooth function.

First, we construct the estimators of the nonparametric component A(t) and the variance
o?. Denote a(t) = {ag(t), a1 (t)}T, and U; = {X;, X;(T; —t)/h}T. For each given t, the local
maximum likelihood estimator a(t) can be obtained by maximizing the local log-likelihood

n

1
l(a) = —nlog(v2mo) — 292 (Y: — U)Ky (T; — t)
=1



with respect to a. The local linear kernel estimator of A(t) is A(t) = dip(t). The estimated

variance o2 maximizes

> Y - AT X2

202

{ = —nlog(V2r0) —

with respect to o2.
Consider the hypothesis testing problem:
HoiA:Ao, HllA#Ao,

where Ay is a known function. Define sums of squares RSSy = > {Y; — Ao(T;)X;}* and
RSS; =Y Vi — A(T;)X;}?, the maximum log-likelihoods under the null and alternative

hypotheses are
(0(Ho) = —(n/2)log(27 /n) — (n/2)log(RSSo) — n/2,
and
Co(Hy) = —(n/2)log(27/n) — (n/2)log(RSS) — n/2.

Taking the difference between ¢,,(Hy) and ¢, (H;) leads to the generalized likelihood ratio

test statistic

n. RSS, nRSS,— RSS
MelA0) = bu(Fh) = (o) = Glosge 5 = paa =

Fan et al. (2001) showed that the asymptotic distribution of \,(Ap) is a x? distribution
independent of the unknown parameter A(¢). This allows us to easily obtain critical values
for the GLR tests using either the asymptotic chi-square distribution or a bootstrap method.
In general, the above approach can be extended to various composite hypothesis tests, such
as testing linearity of the coefficient functions (Fan et al., 2001) and testing the significance

of variables in additive models (Fan et al., 2005).



1.2.3 SEMIPARAMETRIC GENERALIZED LIKELIHOOD RATIO TEST FOR VARIABLE SELEC-

TION

Variable selection is fundamental in statistical modeling. A variety of variable selection pro-
cedures for parametric models have been studied, including bridge regression (Frank and
Friedman, 1993), LASSO (Tibshirani, 1996) and nonconcave penalized likelihood (Fan and
Li, 2001). For semiparametric regression models, a key challenge of variable selection is that
it includes selection of significant variables in both parametric and nonparametric compo-
nents. Li and Liang (2008) considered a generalized varying-coefficient partially linear model.
They adopted a penalized likelihood approach to select the parametric components and used
generalized likelihood ratio tests to select the nonparametric components, thus extended the
generarlized likelihood ratio test from fully nonparametric models to semiparametric models
for variable selection.

Let Y be a response variable and {X,Z, T} be the covariates. The generalized varying-

coefficient partially linear model based on n i.i.d. samples is given by
(T, X5, Z)y = XTB+ZT0(T}), i=1,---,n,

where = E(Y|X,Z,T), g(-) is a link function, B is a ¢ x 1 unknown coefficient vector and
0(T;) is a p x 1 vector of unspecified smooth functions.
To estimate B and 0(t), Li and Liang(2008) proposed the following procedure:

e Step I. Denote a = (ay,--- ,a,)" and b= (by,---,b,)T, then the initial local estimators

AT T
(B ,a",b )T maximize

> Qlg {a"Zi +b"Zi(T; — t) + X[ B}, Vi Kn(T; — 1), (1.5)



where Q(+) is a quasi-likelihood function (McCullagh, 1983). The local linear estimator

~

is §(t) = a.

e Step II. The initial estimator of B was estimated locally, hence not efficient. In this

step, we update /ﬂ\ by maximizing the global penalized likelihood

> Qlo HZIO(T) + XTBY.Y] —n ) Py (18)) (1.6)

with respect to 8, where :9\(TZ) is the initial estimator obtained from step I, and Py, (-) is
a prespecified penalty function with a regularization parameter A; chosen by generalized

cross validation (GCV).

e Step . Replacing B in (1.5) by estimator ,B, we can update a(t) by maximizing the

local likelihood function (1.5) again.

Now, we consider the following hypotheses:
Hy:0,(t)=---=6,() =0, vs. H;: notallf’s are 0.

Define BF and §F(t) as the estimators under the alternative hypothesis, and B r as the
estimator under the null hypothesis. Denote K x K as the convolution of the kernel function
K, so that K « K(t) = [~ K(s)K(t — s)ds. The generalized quasi-likelihood ratio test

statistic can be expressed as

Tarr = ri{l(Hy) — €(Ho)},

where

re = 4 K(0) — E K2(t)dt {K(t) - Lk K (t)}dt _17
5 2



((Hy) =3~ (g™ (XTBr), Vit
() = 3 g™ ()% + XIBy), Vi),

The penalized quasi likelihood (1.6) selects the non-zero components in 8 by forcing the
insignificant components to be 0. The nonparametric test has the same theoretical properties
as in Fan et al. (2001). The nonparametric tests in Fan et al. (2001, 2005) and Li and
Liang (2008) were proposed for independent data. Extensions of these results to longitudinal
data have not been studied and we want to investigate the effect of correlation on the null

distribution and power of the generalized quasi-likelihood ratio tests.

1.3 OUTLINE OF THE DISSERTATION

As discussed above, the development of GLR tests has provided us general and powerful tools
to address various nonparametric testing problems. The contributions in this dissertation is
to develop a generalized quasi-likelihood ratio (GQLR) test to detect the treatment effects
for longitudinal data with multiple treatment groups.

In Chapter 2, we propose profile-kernel equation methods to estimate the parameters in
model (1.1) under both the null and alternative hypotheses in (1.2), and study the asymptotic
properties of the proposed estimators. Under some regularity conditions, the proposed esti-
mators of parametric parameters are y/n-consistent and asymptotically normal. The asymp-
totic expansions of the nonparametric components are derived as well.

In Chapter 3, we propose a new GQLR test and study its null distribution. Our theoretical
results indicate that the Wilks phenomenon proved by Fan et al. (2001) for independent data

continues to hold in our hypothesis testing if the variance function is correctly specified and
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consistently estimated, while the within-cluster correlation can be completely misspecified.
However, the Wilks phenomenon does not hold in general. In addition, we derive the local
power of the GQLR test and show that the proposed test achieves the minimax power
rate. We also describe the estimating algorithm for our semiparametric model and bootstrap
procedures to estimate the p-value of the test.

In Chapter 4, we conduct three simulations to demonstrate the null distribution and
the power of the proposed GQLR tests. The three scenarios in our simulation studies are
Gaussian data with homogenous variance, Gaussian data with heterogeneous variance and
binary data. Our numerical results provide strong evidence that corroborates our asymptotic
theory.

In Chapter 5, we present two applications in AIDS clinical trial and opioid agonist treat-
ment. In both applications, the proposed GQLR test detect significant differences among

treatment groups.



CHAPTER 2

ESTIMATION OF THE SEMIPARAMETRIC ANALYSIS OF COVARIANCE MODEL

In this chapter, we will describe the estimation procedure for model (1.1) using a profile-
kernel method similar to the one proposed by Lin and Carroll (2001). We use a working
independence (WI) estimator because it is still one of the most widely used estimators in
longitudinal and functional data analysis, see Fan and Li (2004), Yao et al. (2005), Hall et
al. (2006, 2008). It is therefore of practical value to study the nonparametric test procedures

based on the working independence estimators.

2.1 ESTIMATION UNDER BOTH NULL AND ALTERNATIVE MODELS

We refer to the model under the null hypothesis as the reduced model and that under the
alternative hypothesis as the full model. We denote ,/B\ r and aR(t) as the estimators under the
reduced model and B r and §F7k(t), k=1,...,q, as the estimators under the full model. Our
estimation procedures under both models are based on profile-kernel estimating equations.
We first consider estimation under the reduced model, where the treatment effects are
all the same. Based on the Taylor’s expansion, for any 7} ;; in a neighborhood h of t, (7% ;)

can be approximated locally by a linear polynomial

0(Tk,ij) = 0(t) + 0" (t)(Thi; — t) = ao + a1 (Thi5 — 1) /D

11
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For a given S, gR(t) can be obtained by solving the following local linear kernel estimating

equation regarding a = (g, )7,

Z ZUIC’L ) Ak (X, OW i K (T — Y ks — g (X i )} = 0, (2.1)

k=1 i=1
where Ky (Ty; —t), Up(t), Api(Xnit), sy, ;( X1, t) are the same as those in (1.3) and (1.4)
and W is a diagonal weight matrix set to be Wy; = W(T';) = diag{w(pur;)}i=i and w(-)

is a working variance function. The kernel estimator is given by 9, r(t; B) = ap, where (g, ay)

is the solution of (2.1). Then B r is obtained by solving

OO (T ;; _
Z Z{X %)}Ak,i(kaTk,z‘)Wk,il{Ykz,i — (X Tri)} =0, (2.2)
k=1 =1

where py. (X, Tri) = g HX B + ER(TM;,B)}. In real life, the weight matrix need to be
estimated and the estimation of VW will be discussed in Section 3.3.2.

Next, we consider estimation under the full model, where we need to estimate 0 (-) using
the kth treatment group only. Given f3, @\F,k(t, B) = dj, where a = (ag, a1)T is the solution

of
ZUkz TARi(X i, )Wleh(Tkz —t{Y i — (X4, )} = 0. (2.3)

To obtain ,/B\F, we will again solve an estimating equation by pooling all treatment groups

together

q
0051 (T i; B
Stk i) v X T =0 24
k=1 i=1

The nonparametric components are then updated as @\pk(t) = é\F’k(t,l/B\F), fork=1,...,q
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2.2 ASSUMPTIONS AND ASYMPTOTIC PROPERTIES

In this section, we investigate the asymptotic properties of the profile-kernel estimators of
B and 0(t) under both the full and reduced models. Denote the true parameters as 8, and
Oro(t), k =1,...,q. Under the reduced model, 619 = - - - = 6,9 = 6. For ease of exposition, we
assume the number of observations per subject is a constant in our theoretical derivations, i.e.
my,; = m < oo for all k and 7. For the situations where the number of repeated measurements
are unequal, a common practice is to model my; as independent realizations of a positive
random variable m, and essentially the same results can be derived. We assume that the
observation times 7T} ;; are independent random variables on a compact interval 7 = [a, b],
with a density f(¢) and allow the covariate X to be time dependent.

What makes our problem fundamentally differently from those in the GLR test literature
is the existence of within-cluster correlation. Define the errors as g5 ;; = Y35 — g {X EM,BO +
Oko(Ty,ij)}- It is helpful to consider Xy ,;; and e;; as discrete observations on continuous

longitudinal processes X (t) and £(¢), t € T. Define the conditional variance and correlation

functions of the error process as

o*(ju) = var {e(t)‘gl{XT(t),B +0(t)} = pn|, R(s,t;7)=corr{e(s),e(t) | T}, (2.5)

where T is a vector of unknown correlation parameters. Note that many authors model the
variance function o?(-) as a nonparametric function while model the correlation function
R(s,t;T) as a member of a parametric family, such as the AR or ARMA correlations (see

Fan et al., 2007 and Fan and Wu, 2008). The within-cluster covariance matrix is

Zk,i = Sk,iRk,i(T)Sk7i7 (2-6)
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ME,4

jj—1- We allow the covariance

where Sy; = diag{o(p;;)} and Ry i(T) = {R(Tk,ij> Thij; T)}
to depend on the mean and the parameters 8 and 6(-), since this is usually the case for

generalized longitudinal data, e.g. binary data.

We first collect all the key assumptions for the asymptotic theory.

(C.1) Let the total number of clusters be n = Y ¢_ ny, and we assume that there exist

constants 0 < py,...,p, < 1 such that >7_, pr = 1 and ny/n — p, = o(n=1/2).

(C.2) Let T be a generic copy of the random observation time with a continuous density f(t)

so that f(t) >0 forallt € T.

(C.3) We assume X and ¢ are stochastic processes. Let X be a generic copy of X (7T) and
S = (aﬁ’jj,)g’fj,:l be a generic copy of the true within-subject covariance matrix, which

might depend on the mean parameter .

(C.4) Assume that the true mean functions 0y (-), k = 1, ..., ¢, are smooth and twice continu-
ously differentiable. Using the shorthand notation (X, T) = ¢~ {X " (T)By +0ko(T)},

wie(X,T) = w{m(X,T)} and pV (X, T) = pW{XT(T)B, + b1o(T)}, we define

Bu(t) = Bl{pl (X, )P (X, DT = 1f(t),  Bi(t) =Y peBul(t),
pxi(t) = E[{p” (X, T) Y (X, T)X(T)|T = t] f(t)/ Bu(2),

px(t) =B pE{p” (X, T)Ywi (X, T)X(T) | T = t)(1).

k=1

Assume all functions defined above are Lipschitz continuous.

(C.5) The kernel density function K(-) is a symmetric continuous function with mean 0 and

unit variance, i.e. [tK(t)dt =0 and [*K(t)dt = 1.
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(C.6) Assume that h — 0 as n — oo, nh? — oo, nh® — 0.

PROPOSITION 1. Suppose the null hypothesis in (1.2) is true and conditions (C.1)-(C.6)

hold. Let W= = diag(w)T, and A = diag(Agy)j2, be generic copies of W, | and Ay;, and
let X be am x p matriz with the jth row being )?j = X(T;) — px(T;). Then the parametric

estimator has the following asymptotic expansion
Br—Bo =D& +0,(n"?), (2.7)

where D = E()?TAW_lA)?) and E, =n~ 11 ST )?ZlAkZW,;}EM

The nonparametric estimator has the following asymptotic expansion

Iult) — 00(t) = SO (K2 + Unlt) — Wk ()Br — Bo) + 0p(n ™), (2:8)

where Un(t) = {nmBy ()} " iy 0% S0y st Kon(This — ek s, and )y and will; are

7

shorthands for u(l){Xgﬂj,BO + Oko(Tkij)} and w™ (pris)-

The asymptotic results in Proposition 1 are standard for generalized partially linear
models (Lin and Carroll, 2001, Fan and Li, 2004, and Wang et al., 2005). Note that under the
null hypothesis, B (t) and gy (t) can be simplified as By (t) = E[{pM(X,T) w1 (X, T)|T =
t)f(t) and py(t) = By ' (OE[{p™(X, T)Y2w= (X, T)X(T)|T = t]f(t). The proof is given in
Appendix 2.3. With similar arguments, one can easily show the following results regarding

the estimators under the full model.

PROPOSITION 2. Under the full model (1.1) and suppose conditions (C.1)-(C.6) hold,

Br— By =D &, + 0,(n"/?), (2.9)
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where D, = S0 phBAX AW AKX, Ene = 07t T X AWy, X =
{(X —px )(To)} 2y is am X p matriz containing the centered covariate vectors in a generic
cluster in group k, and Ay and W, U are similarly defined as in Proposition 1 by replacing
Oy with 0.

The nonparametric estimator apk(t) has the following asymptotic expansion,

R (2) 2
D)~ r0() = PO (1) W OBr  By) + o). (210)

fork=1,...,q, where Upk(t) = {npmByx(t)} 1 >0 Z; ) ,U,(:Z)ka K (Thij — t)enij-

The asymptotic results in Proposition 2 are derived in a broader setting. When the null
hypothesis in (1.2) holds, one can easily see that the first order expansions of B r and B F are

identical, and hence ,BR - ,BF = 0,(n"Y2).

2.3 APPENDIX: TECHNICAL PROOFS

Proof of Proporsition 1

Define B, and 6y(t) are the true values of the parameter 8 and 6x(t) under the null
hypothesis and a = {Qg(t),héél)(t)}T. Let X and T be generic copies of Xy, and T},
similarly, let A = diag(Aj;)7, and W = dlag(oﬂj) 1 be generic copies of Ay; and W, 11

Following Lin and Carroll (2001), given a fixed B, a linear Taylor expansion of (2.1) gives
a(t,B) —a(t) = B, A, + 0,(1),

where

B, = n_l{z ZUkl ) A i (X ki )Wyt K (T — 1) Api(X i, ) Ui i) }

k=1 i=1
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q

=n! Z Z Ui (8)" Api(X ki, )Wl;leh(Tkz — )Yk — g {XwiB + U;ia(t)}]

k=1 =1

Let e = Yiij — g HX E,z’jﬂo + 6o(T},i;)} under the null hypothesis, some calculations

show that:

qa ng

Op(t.B) — Oo(t) = {nmBy(t)} Zﬂkwwleh Thij —t) amﬁumXEU(ﬂ - B)

k=1 i=1 j=1

Y {00(Th) — eo@)}] o, (n7?)

= {nmBi(t)}~ ZZZMWWIHKh Thij = )enig — ux () (B — Bo)

k=1 =1 j=1

0 (t)h?
T

+ op(n_1/2)
where Bi(t) = E[{u")(X, T)}w'(X,T)|T = 1] f(t) and px(t) = By ' (HE[{uM (X, T)w™
(X, T)X(D)|T = ] f(t).
To study the asymptotic distribution of ,/B\R, define that )?:Z = XE’,; + 8/9\R(T;m; B)/0B =
X El — p%(T,;), a linear Taylor expansion of the profile estimating equation (2.2) gives
Br—By = D,'Ci+0,(1),

where

D, = % ; Z)N(:ZA,“W,;}AM)N(M,

and
1 ~T . . N
- n Z ZXk,z‘AkniWk,i Yii—g {XriBo+0r(Tri)}|
k 7

~T ~
We can rewrite D,, as D,, = D+o0,(1), where D = E(XMAMW,;}A;”X;“) Furthermore,

C,, can be expressed as

1 <T ~
O = S SR 1 = Bril0u(TiB) =T} 0,01
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Note that

1 ~T ~
- Z Z X} i AriWe i Api{0r(Thi; B) — 00(Tr)}
ko

I 1 1 W
= E ;Xk,ijAk,ijWk,ijAk,ij [m kg:j, /ik/J/j/wk/,i/Kh(Tk/’i/j/ — Tk,ij)gk’,i’j/
‘9(2) Ty.ii)h? -
- 13T 8~ B + T gy 070
nkijBl(Tk,ij) Rl RATI l I &

B(XT AW A (T)}B — o) + LK AW A8 (D)) + o, (n)

Under the assumption that the marginal density of (X i, 7)) is the same for all &,
and [, we have
E(XA T = 1) = E[{X; - py (T)}AG"|T) = 1
= E|{Xi— B (THE(ALw X5\ Ty = T) AW T =t (2.11)
~ ~T
It is obvious to see that E(X;AZw!|T; = t)=0. Similar calculation shows that E{X AW™!

Apy(T)} = 0 and E{X AW267(T)} = 0.

Finally, we have the asymptotic distribution of ,E

~T
where &, = % D XkZAkZW,;lsm Equivalently,

o~

Vi(Br — By) = N(0,Vp)

AT _1 1A YYD-L
where Vg = D7'E(X AW-'SW-'AX)D .

Proposition 2 can be shown using similar arguments.



CHAPTER 3

GENERALIZED QUASI-LIKELIHOOD RATIO TEST

3.1 QUASI—LIKELIHOOD FUNCTION IN LONGITUDINAL DATA

The quasi-likelihood function is an important extension of the likelihood function used for
estimation in generalized linear model. As we know, to define a likelihood, we need to specify
the form of distribution of the data. However, to define a quasi-likelihood function, we need
only to specify the model structures in the mean and the variance. It requires a much
weaker assumption for estimation in various models. Hence, the quasi-likelihood function is
widely used for the situations where there is insufficient information to construct a likelihood
function.

Wedderburn (1974) and McCullagh (1983, 1989) proposed the quasi-likelihood function in
the case where the response variables are independent. Let Y;, i = 1,--- , n, be independent
variables with mean p; and variance var(Y;) o< V(u;), where V(-) is a specific variance
function. The quasi-likelihood Q, considered as a function of pu;, is given by the system of

partial differential equations

9Q(pi; Yi -
VYD) V=2 ()Y, — ) 3.)
Hi

Liang and Zeger (1986) extended the quasi-likelihood function from independent data to

longitudinal data by taking the within-subject correlation into account. Their generalized

19
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estimating equation method for parametric models is an important approach in longitudinal
data analysis. Consider the longitudinal data {Y;, X}, with Y; = (Yi;,---,Y;,,)" and
X, = (X}, X 3;1>T The marginal mean of Y; is g, which depends on the covariates
X, through a known link function g(-), i.e., g(g;) = X;B. The variance function in (3.1)
is defined as V; ! = S;R(1)S;, where S; = diag{\/var(Y;1),--- ,/var(Y;,,)} and R(7) is a
correlation structure. By taking the derivative of quasi-likelihood function Q with respect to

B, we can get the GEEs
> DIVile =0,
i=1

where D; = 0u;/0p and €; = Y; — ;. Besides GEEs, semiparametric regression modeling
is also useful for longitudinal data analysis. See, for example, Lin and Carroll (2001, 2006),
He, Zhu, and Fuang (2002), Fan and Li (2004), Wang et al. (2005) and He Fung, and Zhu
(2005).

Since the variance function is an essential element of the quasi-likelihood function, mod-
eling and estimating the variance and correlation structures become important issues in the
quasi-likelihood approach. Nonparametric approaches have gained popularity in estimating
the covariance structure. Wu and Pourahmadi (2003) adopted Fan and zhang’s (2000) two-
step estimation procedure of functional linear models and proposed nonparametric estima-
tiors of large covariance matrices. Hall et al. (2006) considered a bivariate smoothing to esti-
mated the covariance function. Huang, Liu, Pourahmadi, and Liu (2006) introduced a penal-
ized likelihood method to estimate a covariance matrix. Fan, Huang and Li (2007) proposed

a kernel estimator of the nonparametric variance function and introduced a quasi-likelihood
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method and a minimum generalized variance method to estimate correlation parameters. We

will describe Fan, Huang and Li’s (2007) estimating procedure in details in section 3.3.2.

3.2 TEST PROCEDURE AND NULL DISTRIBUTION

We now direct our focus back to testing the hypotheses in (1.2). In this section, we introduce
our test procedure which is based on a quasi-likelihood function, and study the asymptotic
distribution of the test statistic under the null hypothesis.

The quasi-likelihood function Q satisfies

P vy - ) 32)

where p and Y are m-vectors for the conditional mean and response within a cluster, p =
g H{XB +6(T)} and V(u) is a working covariance matrix not necessarily the same as the

true covariance X(p). Define the quasi-likelihood function for the data as

- Z i OQlg X 1B +0r(Tr)}, Yiil, (3.3)

k=1 i=1

and the generalized quasi-likelihood test statistics is by taking the difference of the quasi-

likelihoods under the full and reduced models

= Z Z Qlg X riBr +0rk(Tr)}, Yii] — Ol HX1iBr + Or(Thi)}, Y. (3.4)

k=1 i=1

Let ¥ and V be generic copies of ¥;,; and Vy;, and denote o, and ¢ as the (7,0)th

entry of ¥ and V™! respectively. Denote vy = [ K*(t)dt, and
1 — g
= ZE(A%V”@ =) f(1), ZE{%AQ (W)2|T; = t} (1),

B4(t) — 1 Z { Z Z VJ1]2 VJ3J1A§131

J11 Jj2=173=1

7, = t} 1),
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1
Bs(t) = Z { ZUMIVJhA?mem

J11

THEOREM 1. Suppose conditions (C.1)- (C.6) hold, By(t)- Bs(t) defined in (3.5) exist and

T, = t} £(2). (3.5)

are Lipschitz continuous in t. Under the null hypothesis in (1.2)

_1()‘H(HO) = Hn — dln) i> N(O’ 1)7

n

where dy, = 0,(h~Y/?),

_oa—1 Bs(T) vk Bo(T)Bs(T)
o = 7 E{K(O)Bl(T)f(T) > BAT)f(T) }+OP(1)’
o q—1[ [ B3(T)By(T) + B3(T ) B3(T)B2(T) )
R [E{ BAT)(T) / RO+ i [ U B O
BT BT)B(T *
et | KO K] + o,

Remark: For nonparametric hypothesis testing in independent data, Fan et al. (2001) estab-
lished a nice property called the Wilks phenomenon for the generalized likelihood ratio
test, i.e. the asymptotic distribution of the test statistic under the null hypothesis does not
depend on the unknown true parameters. Indeed, when the likelihood function is used and
correctly specified, this property holds for a wide range of problems. However, for general-
ized longitudinal data, working covariance matrices, generalized estimating equations and
quasi-likelihoods are commonly used, and in many situations these models does not need
to be correctly specified. When the variance (covariance) of € depends on the mean, and if
V, W and ¥ are different, B;(t) - Bs(t) and thus the asymptotic distribution of A, (Hp) in
Theorem 1 depend on the true parameters 8, and 0y(¢). In this case, the Wilks phenomena
does not hold in general for the test in (3.4).

The following Corollaries provide special cases of Theorem 1, where the asymptotic dis-

tribution of A, (Hp) does not depend on the true parameters B, and 6y(t). Recall that the
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true covariance matrix ¥ has the structure as in (2.6) and denote ¥q = 8% as the diagonal
variance matrix. We now investigate the situation that the variance function is correctly
specified for both estimation and test, but the working correlation for test can be misspeci-
fied. In other words, we assume W = ¥, and V = SC(71)S, where C(7) is working correlation
matrix depending on an unknown parameter vector 7 and not necessarily equals to the true
correlation matrix R(7). Under this circumstance, one can show B;(t) = Bj(t)B(t) for

7 =2,...,5, where
B2T ZE {C }]J|T =], BST(t) =1,
Blt) = %Z E {{c%fr)n(fr)cl(r)}jjm ~.

Bi(t) = - 3| (R (r),

T, = t]. (3.6)

COROLLARY 1. Let W = %,;, V = SC(1)S and ¥ = SR(T)S, then under conditions (C.1)

- (C.6) and the null hypothesis in (1.2)
Ugfl{)\n(Ho) — iyt — dpt } BN Normal(0, 1),

where dn = 0,(h~1/%),

ot = %E[{K(O)me——&f( Wi+ 0,0
s q—1 Bz;T(T)—i-BgT 2 B2 (T) K
7= E{ e /K it + )/(K K)2(t)dt
_By(T)B )
Q—f(T) /K(t)K K(t)dt}+0p(1).

Since Bji(t), 7 = 2,...,5 do not depend on B, and 6, it follows that the asymptotic

distribution of A, (Hy) does not depend on the true value of these parameters when the
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variance is correctly specified but the correlation is misspecified. However, since the asymp-
totic distribution of A\,,(Hy) depends on the true correlation function R(7) which is generally
unknown, it is difficult to simulate the asymptotic distribution in Corollary 1.

We now consider another important special case where working independence is assumed

for both estimation and test.

COROLLARY 2. Under the setting of Theorem 1, if V.=W = ¥4, the asymptotic distribution

An(Hyg) can be simplified to
0-7:*1{)\71<H0) — Mnx — dln*} i) NOT’/TLCLZ(O, ]_),

where dipe = 0y(h™"?), pin = (¢ = DITIA"H{K(0) — vxe/2}, on = 2(q — DIT |7 [{K(t) -
T K « K(t)}2dt, and |T| is the length of the time domain. This result implies rx\,(Hp) ~q

2
Xz Where

- K(0) — v /2
T TK () — IK < K ()t

Corollary 2 implies that, if working independence covariance is used in both estimation
and hypothesis testing and if the variance function is correctly specified, the asymptotic
distribution of \,,(Hp) does not depend on B, 6y(t) and the true correlation structure R(7).
This Wilks result makes it easy to assess the distribution of \,(Hy) using bootstrap. In
practice, a bootstrap method usually provides a better estimate of the critical value than
using the asymptotic null distribution because the asymptotic distribution only describes

behavior of the leading term in the test statistic.



25

3.2.1 POWER OF THE GENERALIZED QUASI-LIKELIHOOD RATIO TEST

To study the local power of the generalized quasi-likelihood ratio test, we consider a con-
tiguous alternative hypothesis
q
Hyy, 2 0x(t) = 0p(t) + Gra(t), k=1,....q, with Y pGa(t) =0, (3.7)
k=1
where G, (t) are twice continuously differentiable smooth functions with sup,.; G, (t) — 0
as n — 00.
Consider the test statistic in (3.4), and call it A\(Hj,) instead. The following theorem

gives the asymptotic distribution of the test statistic under the local alternative (3.7).

THEOREM 2. Suppose that assumptions (C.1) — (C.6) and the local alternative (3.7) hold,
nh® — 0, and the functions Gp,(t)’s are twice continuously differentiable. Denote iy, =
%ZZZI Yok EGr,fn(Tk’i)AkviV,;}Akvinn(T;w-) and we assume there exists a constant Cg

such that
hpn = Ca < o0 (3.8)
Then the test statistic has the following limiting distribution

U_il(/\n(Hln) — [ty — H1n) i> N(0,1),

n

where Uzi = 02+doy, doy =D 4 D0k, EGEn(Tk,i)Ak,iV,;ZlZMV,;}AMG,M(TM) and i, and

2

o are as defined in Theorem 1.

An approximate level-a test based on the setting of Corollary 2 is ¢, = I (A (Hin) — flns >

ZaOns), Where z, is the upper a100% percentile of N (0, 1), and we reject the null hypothesis
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if ¢, = 1. Let ®(-) be the cumulative distribution function of N(0,1), the type I error of the

test 1s
Bla,Gy) = P(A\(Hin) — tin < 260,) & @(J;ilanza — o;;mn), (3.9)
where G, = (G1, ..., Gyn)". Define the class of functions
Gu(0) = {Gn = (Gun- -, Gan) s 21 REG i (Ti) Ak Vi ArGrn(T) = 0%},

and the maximum probability of type I errors as

Bla,0) = sup B(a,Gy).
Gnegn(g)

Following Ingster (1993) and Fan et al. (2001), define the minimax rate of test as g, such

that
(a) forany o > 0,, @ > 0,and § > 0, there exists a constant ¢ such that 5(«a, co) < f+o(1);

(b) for any sequence o} = o(o,), there exist & > 0 and > 0 such that for any ¢ > 0

P(¢ = 1|Hy) = a+ o(1) and liminf, . B(«a, col) > B.
The following theorem provides the minimax rate for the test procedure.

THEOREM 3. Under conditions (C.1) - (C.6), the minimaz rate of the GQLR test is o,(h) =

n~49 with h = ¢*n?/9.

The proof of Theorem 3 is provided in the Appendix 3.4. Theorem 3 shows that the GQLR
test based on working independence covariance matrices achieves the minimax optimal rate

of Ingster (1993).
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3.3 IMPLEMENTATION OF THE METHOD

3.3.1 ESTIMATION ALGORITHM

We now describe the procedure of computing the estimates of model (1.1) under the null
hypothesis. We consider an iterative algorithm to solve the profile-kernel estimating equations

(2.1) and (2.2).
1. To obtain an initial values of B and 6(t), assume a parametric form for 6(¢) such as
0(t) = o + aqt, and fit a generalized linear model g(fuj) = XEM,B + ap + aq Tk 4.
2. Fix the value of 8 and let @, be the value of @ from the previous iteration, we update
a by
-1
acurr = apre + { Z Uk z Ak 1 Xk K3 )W];ZIKh(Tk,Z - t)Ak,i<Xk,i7 t)Uk,z(t>}
[Z Ui ()" Ak (X i, OWi  Kn(Trei — Y ks — (X iy 75)}] ;

where p ;( Xy t) = g7 (XiiB +«/9\pre(t)). When g(-) is a logistic link, py, ;(Xy,t) =

{14 exp(—X 1B — 0,e(1))} ", and the first derivative of p(-) is p(-) x {1 — p(-)}.

3. Let B, .. be the value of B from the previous iteration and §m(t) be the updated

pre

nonparametric estimator, we updated B by

-~ ~

~T ~ -1 ~T
:Bcurr = ﬂpre + { ZXk,zAkﬂWk_,zlAkﬂXkﬂ} |:Z Xk,zAkﬂWk_,zl {Yk,l - ﬂk,z}:| )
k,i ki

where gy ; = g’l{Xk,i,/B\pre + gcurr(Tk,i)} and )~(;” = Xk — px(Tk;). A consistent

estimator of py(t) is

-1
1 1
S PR Tis 0 || ST )]
k,i ki
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4. Iterate between steps 3 and 4 until convergence.

The estimation procedure under the full model is similar to that described above except
using only the kth treatment group to estimate Ox(t), k =1, -+ ,q.

For the special case where the link function is identity, we can build a noniterative
algorithm to obtain the estimators directly. Let’s first consider estimation under the null
hypothesis. For any value ¢, define U(t) = (Uy1(t)*, -+, Ugy, ())T, and Y and X be the
vector and matrix by stacking all Y ;’s and X, ;’s together, where Uy ;(t), Y, and X ; are

the same as those in (2.1). The estimator of B can be obtained by:

~ ~T N\ ! ~T ~

Br = (X W—lx) (X W—IY), (3.10)
where X = {I — S(T)}X,Y = {I — S(T)}Y, S(t) = e"{U{)"W K, (T — t)U(t)} !

Ut)"W KL (T — 1)}, e = (1,0)T, Ky (T — t) = diag{K,(T1,1 — t),- -+ , Kpn(Tyn, — t)} and

Wt = diagW; 1, W, ).

) q;Ngq

The estimator of A(t) is given by
On(t) = S(t)(Y — XB).
For the full model, the estimators 8 7 and é\pk(t) are
~ o - -1 ST 1S
Br={> X, W, 'Xy X WY,
k K
and
Ori(t) = S() (Y — XuB),

where Xy = {I — Sp(Tw)} X1, Yi = {I — Sp(T%)}Y 4, and Si(t) = ™ {U,(t)" W, 'K, (T —

HU()} UL W, K (T — )}
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3.3.2 ESTIMATION OF THE COVARIANCE FUNCTION

As pointed out in the remarks on Theorem 1 and Corollary 2, in order for the GQLT proce-
dure to enjoy the much celebrated Wilks property, one need to correctly specify the variance
and correlation function. Even if working independence is assumed in both estimation and
test, we still need to correctly specify the variance function. In real life, both the variance
and the correlation functions are unknown and need to be estimated from the data.

When the error process £(t) is heteroscedastic, one popular approach in recent literature
on longitudinal data analysis and functional data analysis is to model the variance as a
nonparametric function of observation time or the mean value (Yao et al., 2005; Fan et al.,
2007; Li 2011). In what follows, we assume the variance is a smooth function of the mean

value, denoted as 02(u), and estimate this function using a local linear smoother

:[1,0]{2Dk7i(u)TK,€,ih( )Dy. (1 } {ZD,“ K n (1 )eiﬂ.}, (3.11)
ki

where Dy ;(11) = {Dyir(1), -+ s Diimy (1)} with Dy 5 (u) = (1, (fiki5 — 1) /0)", Kin(p) =
diag{ Ky (Jtk,i; — u)}T i, and € ; are the residuals from a pilot estimation of the full model
by setting W, ; to be identity matrices.

Fan et al. (2007) proposed to model the correlation function as a member of a known
parametric family, i.e. corr{e(s),e(t)} = p(s,t,T), where T is an unknown parameter vector
independent of 8 and 6,. Examples of such correlation families include the AR and ARMA
correlations. They also proposed to estimate the correlation parameter vector 7 by maxi-

mizing the following quasi-likelihood

__ZZ{log|Ckl | +6kzskz ( )Skzekz} (312)
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where ,/S\';” = diag{o (1)} =5 and Cp;(7) is the correlation matrix for the (k,4)th cluster
under the correlation function p.

Li (2011) showed that the local linear variance estimator is uniformly consistent, one
can use the estimated variance function to further improve the estimation efficiency, and the
refined estimator is as efficient as when the true variance function is known. Using similar
arguments, we can show that plugging the estimated variance (and correlation) in the test
statistic only incurs an asymptotically negligible error. The asymptotic distribution of A, (Hy)

is the same as if o2(p) is known.

3.3.3 BOOTSTRAP PROCEDURE FOR MODELS WITH AN IDENTITY LINK FUNCTION

As suggested by Fan et al. (2001) and Fan and Jiang (2005), it is preferable to evaluate the
null distribution of the test statistic by bootstrap, since the asymptotic distribution only
capture the randomness in the leading term of \,(Hy). For Gaussian longitudinal data, Li
(2011) proposed a stratified conditional bootstrap procedure by taking the residuals of the
full model and resampling the clusters within each treatment group. Here we describe a
stratified conditional bootstrap procedure for models with an identity link function, which

is similar to the bootstrap method proposed by Li (2011).

1. Estimate B8 and 6 (t) under both the reduced and full models and calculate the GQLR

test statistic A, (Hop).

2. Compute Y, = Yy 5 — gp,k(Tk,ij) + é\R(Tk,ij), draw with replacement n; subjects from

the kth group to form a bootstrap sample.
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3. Calculate the generalized likelihood ratio test statistic A (Hy) for the bootstrap sample,

using the same bandwidth as for the real data.

4. Repeat step 2 and 3 a large number of times to obtain the bootstrap replicates A’ (Hy),

and the estimated p-value is the percentage of \:(Hy) that are greater than A, (Hy).

3.3.4 BOOTSTRAP PROCEDURE FOR MODELS WITH NON-IDENTITY LINK FUNCTIONS

As we can see, the bootstrap procedure described in section 3.3.3 is only useful for Gaussian
longitudinal data, since the residuals of binary or count data are not binary or count any
more. In this section, we proposed a stratified parametric bootstrap procedure for models

with non-identity link functions, e.g. logistic models.

1. Fix the bandwidth, obtain estimates ,B and é\k(t) under both the reduced and full
semiparametric models from the original data, and estimate the working covariance

structure C(7) from the full model.
2. Compute the GQLR test statistic A,,(Hyp).

3. Draw with replacement n; subjects from the kth group to form a bootstrap sample
{X%. T}, and calculate pj ; = gil{X}:J,/B\R +§R( ki) }, where BR and /0\R(T,m~) are
the estimates under the reduced model in step 1. Use the correlation Cj;(7) and the

conditional mean pj ; to generate the correlated binary data Y.

4. Calculate the generalized likelihood ratio test statistic Af(Hy) from the bootstrap

* * *
sample {Yk,iv k,i» kz}
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5. Repeat steps 3 and 4 a large number of times to obtain the bootstrap replicates A’ (Hy),

the estimated p-value is the percentage of A\’ (Hj) that are greater than A, (Ho).

Generating a non-Gaussian random vector is often challenging. There are various methods
based on marginal models, which require only specification of the marginal means and
within-subject correlation structures. For example, Emrich and Piedmonte (1991) proposed
a method based on the multivariate probit model in which they generate correlated stan-
dard normal variables and then dichotomize each coordinate. Park, Park and Shin (1996)
proposed a simple algorithm for generating non-negatively correlated binary variables based
on the sums of correlated Poisson variables. However, most existing methods are subject to
general restrictions on {p, R(7)}(e.g. the correlation should be positive definite; the corre-
lation p;; must satisfy some pairwise bounds and is not free over [-1, 1].) These restrictions
could be violated during the process of generating the response vectors for different clus-
ters. It is also a time consuming process to generate binary data with large cluster size.
Therefore, conducting the GQLR test by using the bootstrap method may leave users a lot
of computational issues. One alternative approach is to assume working independence for
both estimation and test as described in Corollary 2. By setting Cj; = I for all k and 7, we
can generate Y} ;; as if they are independent, and Corollary 2 insures that the asymptotic
distribution of A, (Hy) based on independent bootstrap samples is the equivalent to the one

based on the real data.
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3.4 APPENDIX: TECHNICAL PROOFS

3.4.1 PROOF OF NULL DISTRIBUTION

For any m-vectors z and y, the first two partial derivatives of Q{g!(z),y} regarding z are

0Q

99 )0} = AV @ Hy — o (@),
T (@)} = ~AEV g @)A +Z{yg '(@,))D,(@)

where A(z) = diag{ di’l;l ()}, Dy = O(V/*A)/Ox, and V7* is the j-th row of V~!. Denote

Nor; = Xk,iBo+00(Tk,), Bok; = g(nom) and €, ; =Yy, — Moy, ;- By taking a Taylor’s expansion

at 1o, we have

Qg X B+ 0T}, Y il = Qlg X 1iBo + 00(Ti)}, Y i)
e Vit A X i (B — Bo) + 0(Thi) — 00(Th)}
+— {Xk 1(;8 ﬂO) (Tk’ 2) - QO(Tkz } {Z €k 1]Dk 1] Ak ZV]:,;!-A]C,Z}

7j=1

XX 1i(B = Bo) + 0(Ti) = 60(Thi)} + OL(n™ 2+ 12 4 0712071 2)0),

For any vector a and a symmetric matrix A, define ||a||} = aTAa. Denote X; =
(XE’17 .. Xgnk) , Ay = diag(Aga, ..., Ay, ), and €, = (6;5,17 ey € nk) By straight for-

ward calculations,
)\n(H0> = J1+J2+J3+J4—|—J5+J6+0p<1), (313)

where

J1 = ngvlzlAk{é\F,k(Tk) - é\R(Tk)}> Jy = ZCEVglAka(EF - BR)>
k k

Js = (Br — Bo) X} AV A{OR(T) — 00(T1)}

k
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~(Bp — Bo) XAV A Ori(Th) — 66(Th)},
Jy = %Z ”é\R(Tk) - 90(Tk)|’2AkV;(lAk - HgF,k(Tk) - HO(T]C)HzAkV;(lAk’
k
o= 5 B A= Bl e, = 1Be —Pollav; s,
Js = % Z i ||X,“(,/B\F —By) + é\Fk(Tkz) — 00(T'k.:) HQE;L ex.i; Dk ij
k=1
~|IX i(Br — Bo) + Or(Ths) — Oo(Tri) IS, e yDrss-

By Lemma 4, dy,, = Jo+J3+J5+Jg = op(hfl/Q). Theorem follows the asymptotic distribution

of J; + J4 given in Lemma 5.

LEMMA 4. Under the null hypothesis in (1.2) and all assumptions in Theorem 1, J = 0,(1),

Jz = 0,(h™Y?), J5 = 0,(1) and Js = O,(n'/?h* + n~'h~2).

Proof: (i) By the asymptotic expansions in Propositions 1 and 2, (BF - ,/B\R) = 0,(n~Y?).

Therefore J, = (3, €IV 'AX 1) By — Br) = Op(n'/2) x 0,(n"/2) = 0,(1). Similarly,

Js = (Br— B)XE AWV AX (B — Br) + (Br — Br) X AV AX (B — Bo) = 0,(1).

k

(ii) Next, we derive the order for J;. Using similar arguments as in page 1054 of Lin and

Carroll (2001), the first term in J5 is

q ng
Br—B0)" D ) Xi A Vit Ai{0r(Thi) — 00(Thi)} = Op(1+n'/?h?) = 0, (h™/?).

k=1 =1

Similarly, the second term and hence J3 itself are of order o,(h~%/2).

(iii) We decompose Jg into three parts,
1 ok ~ ~
Jﬁl = 5 Z Z ||Xkﬂ(lBF - ﬂ0>||2z:;n:1 €k,ijDk,ij - HXkﬂ(ﬂR - ﬂO) HQZ;n:1 Ek,ijDk,ij
kooi=1

1 SR ~
Joz = 3 > 10rk(Tri) — Oo(Tui)llsm, e, pry = 10R(T ki) = 00Tl o, s
k=1
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m

Jo3 = Z Z —By)" X, Z(Z €47 Dris) {Orn(Thi) — 00(T1)}
k=1

Jj=1

~(Br — Bo)" X 1:O " i Duij) {0r(Ths) — 00(Ti)}

j=1
It can easily show that Js; = O,(n"/2). Now, we need to proof that Jg = O,(n'/2h* + h +
n~'h72). Recall that by Proposition 1, O(t) — 6y(t) = O,(h? + n~/2h~%/2). Under the null
hypothesis, Proposition 2 provides the same convergence rate for é\Fk(t) — Oy(t). Since the
error € ; is independent in our model, the correlation corr(ey;;, ep,i7;7) # 0 only if & = k" and

1 =1, by tedious calculation, the first part of Js can be written as

> Z 10R(Ts) - 00<Tk,i>||2z;; P
Tk i) T R 2
B> T ) — i B~ By, ey + 0n(1)

= Op(n1/2h4 +n"'h7?)

The second term and Jg itself are of order O,(n'/?h* + n~'h~2). By using the similar
argument for Js, we find Jg3 = O,(h* + n~/2h71). Combining all three parts, we have
Js = Op(n'/?h* + n~'h=2) = 0,(1) by Condition (C.6) . %

We now consider the asymptotic null distribution of the generalized quasi-likelihood test
statistics. The following notation will be used in the proof of the lemmas and theorems.

Denote Y7, > 2% as >, ;, and let 7' and oy, be the (j,1)th elements of V™" and ¥.

LEMMA 5. Suppose all assumptions in Theorem 1 hold, then
o NI+ Ty — pin) BN Normal(0, 1),

where 1, and o are defined as in Theorem 1.
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Proof: It is easy to see that

Z Z Z Z €k,ijV;iﬁ-M19,ze{9F,k(Tkz,z’z) — Or(Thie) }-
kooioj L
Using the asymptotic expansions of aR(t) and é\pk(t) in Propositions 1 and 2, we have

Jl = (Rl -+ R2 -+ Rg) X {1 -+ Op(l)} where

YR

(1) Iuk:z ’wkz
Ry = ZZ Z n_k_ gkligkwlykzrukzlmB](Tkzl)Kh<Tk7ij/_Tkﬂ'l)?

k=1 =1 jj' ¢=1
(1 '

1 Mkz ’wkz
ZZZ Z 6kz]6k”kal/t,gflml(h(ﬂw—Tk,u),

k=1 1=1 i'#i 5,5/ (=1

nE M/ (1) 7’5’

luk’ % ’wk’ -/
Z Z Z Z Z —€k zjgk/ 4 ]/I/k 7,#]27 ZZWK}L(T’C/J’/]'/ — Tk,il)'
k K#k i=1 = lj]’él kil

By straightforward calculation,

1 '
lukm’wkz

Ry = Z (1= px) { UJJ'szuklzlmKh(Tk,ij’ - Tk,il)} X {14 0,(n™"*)}
k K

J:3’ 4=1
- (O3 Bloaw 8" B (M) + 0,(0).
It can also easily to see that the terms R, and R3 have mean zero and only contribute to
the variance.

By similar calculations,

1 ~ ~
Jio= 3 ; Z {(eR —00)" (Th)Aki Vi Ari(Br — 60) (T)
—(§Fk; — /Q\O)T(Tk,z‘)Ak,iV];jAk,i(aF,k - 00)(Tk,i>}

1 = 07 (Te.i)h? -
- 9 ZZ Z kz:u’k zl{% - ”E{(Tk,ij)(ﬂR - Bo)
k 7 7,0

Nyt

ntl Tk Z] Z Z Z ’uk, Ny ]/wkl/ / Kh(Tk/ iy Tk lj)gk’ i’y }

0(2) (Tk il)h2 ~
X {OT — px (Tii) (Br — Bo)
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nkl m

ntl Tk i Z Z Z 'ukl ”Lljlwilljl K (T, 18191 Tkﬂ'l)gkhiljl}
i1
S )(Tki-)h _
STl M{DTﬂ—umwF—ﬁ@

+nkmBl Tk”t] Zzﬂkljlwk Kh Tkﬂ']’ Tk,z])gk,z’ﬂ/}

9(2) T ; B2 N
X {% - .U'}(Tk,ij)(,@F - Bo)

+nkmBl Tk l Z Z Ky, ujlwilzjllKh(Tk,hjl - Tk,il)ek,iljl} + Op(h_l/Q).

1

A more detailed calculation shows that J; = Ry + Rs + R + 0,(h™'/?) with

1 1 1
Ry = —zzzsk ettt [ {100 0+ (- 210 = 1)
g k1 k
1) il 1)

Hy 11j1 Viey i Poker Jind
: ik, Ky (Thsi — Tho 50 VEh (Thiir — Thr s
ZZ m281 Tkl lel)Bl<Tk1,z1l> h( kij ki, 111) h( k,ij k1, 11)}

i1 1,0

1 1 1
) 5) 3) DERRRT N (NS S L ERE S
i i'E g5 oy %
(1) il (1)

Fokey iy Vi yia Foker it
k‘ k; 1,811 k1,817 k1,71
1 7é } 21: Z m? Bl Tk1,l1]1)Bl(Tk1 zll)
XKh(Tk,ij - Tk1,i1j1>Kh(Tk,i/j/ — Tk1,i1l)

@ @)

Fy i My
LR 3) ) 90 DENET IS D) 90 DEer -

k k/?ék 14 4,5’ i1 J1,l
X Kn(Trij — Thyirjs) B0 (Tho it — Thy int)

Next, we need to simplify R4 - Rg further. First consider Ry, we use the following decompo-

sition Ry = Ry1 + Ry with

n —ng 1 1 BQ(Tk,i ) Trij — Thijr
ZZ ek 2]% o z)j/ Wi {%WJ)K * K(%)
ki 7.9 1 ki

1 :
+WE(Z N ATy, = T, T = Thi)

Ji l#h
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J(Teij) f (Thijr)
B/(1,. U>Bl<Tk p >} XU+ opl}

_ Z _ 2V—F Z A2 (W 2— /K2 t)dt + O
oh - (Px pk)m { j 0jj J](w ) Bf } +0p(1)

1 _ —
= 57 2 (o= VKE{By(T) Bo(T) B (1) f (1)} + O, (1) (3.14)
k
and
Lo ()
1 1 1 (1) (1) luk 11]1V1]clzlluk i1l
R = o 9\ 9 ? 7, i/
42 klzj:j/ 2m2(n2 n2 )5k i§€kig! Hy ZJWk zp“k Jij sz ;]zl: B, Tk i Bl(Tk; le)

1o
i Vi i

(Tk,ljl )Bl (Tk,zl)

X Kn(Thij — Thyinjy) Kn(Thij — Thnt) + Z 3
gl Tt

X Kn(Thij — Ty ) K n(Thijr — Tk,il)}

- % > (1= p)vkE{Bs(T)Bo(T) By (1) fH(T)} + Op(1 + #) (3.15)

k

Combining (3.14) and (3.15), we have

Ry = Ru + Riy = — yKE{Bs(T) Bo(T)BYA(T) f(T)} + O,(1).

2h

Similarly, the second term Rs; can be decomposed into R5; and Rso with

O a1
ok 11 Vi Mk iql
R = — i i’'g’ iy / = : :
51 ;%:%: 2 5k i€k, H; ”wk z,ukzj sz { ; ; l: 2m2 By (Thiyi ) Br(Thiyt)
i i A#q CESAGNIY
1 1 al, (1)

ok iy Vi Pk it
XKp(Thij — Ty ) K (Leirjr — Thoigt) + — L
! ! ! jzhl: m2 Bl (Tk,Ul)Bl (Tk,zl>

XKh(Tk,ij - Tk,ijl)Kh(Tk,i’j’ - Tk,il)}

B 1 1 1 44 By(Thi)
- 2mh ;nk(ng %:Z%:skzjgkzj Mkz]wkzukz]’wkz’ B2(Tk”)
Thij — Ty 1

- n— L By (T} i5) Thiij — Thay
R52 - Z 277,2 ZZc‘:kl]észg ukwwkzuk”, kil {mK* K(T)

ki i'#i 4,5’
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f(Tk1j> Tkz] }
+ Ally A =Tri;, Ty = Thwir
mZBl<T’“J Bl Tk:lj ]21; 1 ll’ kyijr £1 k, J)

x{1+o0,(1)} (3.17)

Combining (3.16) and (3.17) together, we get

1 1 i1 Ba(Thij)
R5: Z(Pk_ Zzzgkwgkwﬂizgwmﬂéz)y kz B 2
2mh k i i g5 B (Tk ZJ)

Tyij — Thrj

XK x K (PR 1.0,(1)

Finally, for the third term R,

s = 2_7112 Z Z ZZ%U&/W M,(cll)jwk M;%)”,wi,ﬂ, Z {](kl Lk &k £ K)

k KAk iil g o
s
+I1(ky =k —f—]k_k; } 1,811 k1,81 7k1 31

( 1 ) 1 Z Z m2 Bl Tkl Zl]l)Bl(Tkl le)

i1 J1,l

X Kn(Thij — Ty irjs) EKn (T ity — Thy int)

q L
_ ) (1) Vi BQ(Tk zg)
2nmh ’%ZZZ‘E’C ngk g /J“k: mwk z:u’k’i]/ k’i BQ(Tk Z])

k=1 =1 =1 3,5’

X K K(—Tk’“ _hT’“”i’j’) +0,(1)

where By (t) is as defined in Condition (C.4) and By(t) and Bs(t) are defined in (3.5).
Similar as the decomposition of J;, we find that R, is the leading term in the mean of
Jy, and the terms R and Rg have mean zero and only contribute to the variance of J;. We

now collect the mean components in J; + J; as

q—1 il i
n=Ri+R = —— }j}j A2 BT
H 1+ Iy il { OV Apw NT)
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Next, we collect the leading terms that contribute to the variance as Ry + R3 + R5 + Rg =
W, + O,(1) where

(1)

W, = Z 1 — pp)—— e Z Z Z Z Ek,ijCk,i'j { Z ;E—%Mg;jrwi:?}(ﬁ(ﬂ,ﬂj/ — Th.a)

k=1 R T

Lo (1) ’B2<T’HJ) Thoij — Thay
/ —K K(— ™
hlu“k:z] klluchJ k:z B2(Tk”) * ( h )

o
_Z Z ZZZZEIHJEMZJ {Z%MSZ 14! Wi z/Kh(Tk’ iy Tk:zl)

k k’;ﬁk

(1) (1) 7+ Ba(Thij) Thoi; — T v
it T k’imK*K(T) :

We can see that

(W) = {Zu_p,ﬂ ot X X gt p x {1+ 0l1)}

k1 ko#k1
= (¢— Ve x {1 +0(1)},

where

(1) w2

1 m m m M
g E E E E J1ll ing2Wia
w - |: 2 87’1]1512]2811]3512]4{ llll B T ) Kh(ﬂng - ﬂlll)
m J1=1j2=1 il

1=1 Ja=1ja=1 fi=1
1 (1) R (1) 3212MK *Kh(T

2'“”]1 11 'ulzj2 2 BQ(TZQJQ) 1171 _Tizjz)}

b () ,U() Jaja

]32 12)4 Z2 - m

{ezzl 11l2 B (Ellg)Kh(T‘mM 1—;152)
2

I ¢ 1 By (T,5,)
- 2:“1(133 ifj3“2(2;4 53]4 2 T2]4 K * Kh(ﬂu's - Ti2j4)
Bi(Tu)

(1) W20

1 m m m m m l 1 ILL/L /[/
E |:_2 Z Z Z Z 5i1j15i2j25i2j35i1j4{ Z v . zll)l 2l 12 Kh(ﬂzjz - Ti1l1)
m By (Tuh)

Ji1=1j2=173=1ja=1 1=1

)

I ) By(Tiy;,)
_2M1(1J1 lejl/'LZQJQ 522J2 %(EZ;)K *Kh(Tiljd _Ti2j2>
m Q) N(l) Jaja
i3l 1174 z
X{ Z szzg 2Mzzlz Bl (le;) Kh(Tilj4 - Tizlz)

lo=1

'ﬂ

L o ) gaja B2(Lins)
2“12% gs”“uﬂwz?fﬂwzi;)[{ *Kh(Ti2j3 _Ti1j4)
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[ BuT)BAT) + BAT) [ ., )
- E{ BY(T)f(T) / K“)d”234 / (K o+ K)°

BQ(T)B(TB5 /K DK « K(t dt}+0

BT

Hence, var(W,,) = 02 4+ O(1). Since Jy + Jy = p,, + W, + O,(1), the asymptotic distribution

in the lemma follows directly from Proposition 3.2 in de Jong (1987). &

3.4.2 PROOF OF COROLARY 1

Under the null hypothesis, recall that By(t) = - > B(A%w#|T; = t)f(t) and By(t) =
oo B(AY YTy = t) f(t), we can easily show that 177 = {C™!(T)} ;0w where C(7) is the
working correlation matrix depending on an unknown parameter vector 7. Since both Aj;
and w’’ are functions of only var(u;;), which means that var(u;;|X;, T, Ty) = var(u;;| X ;, T;)

for all jandk, we can get

B - 3] e s ann - ]
1 n 2
= EZE {c'(r )}JJA MJH}:IS}
_ %ZE {CH )}l Ty = t}E(Agjwjj‘Tj =1

Next, we need to simplify Bj(t), Bs(t) and Bs(t). According to the Corollary 1, W =

¥y = 82, a straightforward calculation shows that
Bi(t) = — ZE{U]]AQ w?) |TJ =t}Hf(t)

= - Z E{ojw”|T) = t}E{Aw”|T; = t}f(t) = Bi(t)
j=1
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By - L i o> > Z 3, |1, =100
= %ilE _{S_IC_I(T)RC_I(T)S_l}jjA?j|Tj = t} f(t)
_ %f;E:{c*() e T, = o] 10
zzéfﬁfamwwﬂﬂmmzdaw
- BJ;B@

[ =t}r

<

=
Il
—_

<
Il
—

1 m
= D B{SRCT )8 AL T

2:4&@

_ t] Ft)

where By;(t) - Bs+(t) are defined in (3.6).
By pluging Bj(t) - Bs(t) into the asymptotic distribution of A, (Hp) in Theorem 1, \,,(Hy)

follows an asymptotic normality given in Corollary 1. &

3.4.3 PROOF OF THEOREM 2

LEMMA 6. Suppose assumptions (C.1) — (C.6) and the local alternative described in (3.7)
and (3.8) hold, ER is still root-n consistent to B, and BF — BR = 0,(n"Y%). The nonpara-

metric estimator O(t) has the same asymptotic expansion as in (2.8).
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Proof: For a fixed B, we derive the asymptotic expansion of profile kernel estimator gR(t; B)

using standard derivations (Lin and Carroll, 2001) and get

é\R(t?lB) - 90<t> = Z Z Zuk z]wk th Tk Y ) |:€k ij Tt My z]X’lfzg (,B - ,B)

nt
i klzljl

+ Ml(cl,z?j{ekO(Tk,ij) — 90(75)}} + 0,(n"1?)
q

- 0
= Z s wl K (Tris — ) enis + 1y Gron(Teif) }
mn31 k 1i=1 j=1

2

FZ02 (1) — W58 By) + 0y (n™ 2 + 18— By ). (319)

Since Y, prGin(t) = 0 for all t and G (T) = O,(n~Y2h712), Byx(t) = By (t)+O0(n~1/2h1/2)

and
1 g mnp m
mn > (2wl K (T — £)Gon(Thiy)
k=1 =1 j=1
q
= 3 peBut)Gin(t) + O {(nh) ™2 x (B2 + 07 2h7 )} = 0,(n™11?),
k=1

Finally, we get
Dalt:6) — 0olt) = "0 (0) + Un(t) — WE(B — Bo) + 0™+ 18— ol (3.20)

Therefore, if BR — By = O,(n1/2), the expansion of Or(t) follows directly from (3.20) and
the leading terms are identical to those in (2.8).

We next derive the asymptotic expansion of B r- By standard profile estimator arguments,

ﬂ ﬂ() nT + Op( 1/2)7

~T ~ e ST B ~
where DT = Zk pkE{XkTAkW}zlAkaTL (c:nT = n_l ZZ:l Zi:lek,i’[Ak,iWk,ilek,h XkT =

{(X — px)(Ty)} 2. Therefore, ,BR is still root-n consistent to f,.
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By the assumption that Gy, (T) = O,{(nh)"Y?}, k= 1,...,q, we can see that D, — D; =

0(1)7 and gn* - gn’r = O(n71/2), and hence BR — BF = Op(nfl/Q)‘

Proof of Theorem 2: The test statistic has a similar decomposition as (3.13)
Mn(Ho) = J} + J5 + J5 + J] + T3 + J§ + 0,(1),
where

T =3 @V A{Ork(Th) = O(Tx)}, 5= Vi AXi(Br — Ba),
k k
T3 = " (Br — B XL AV A{OR(TE) — O50(T)}
k
~(Br = BT XAV Ap{0rk(Th) — Oi0(T)},
JI = %Z 10R(T}) — ekO(Tk)HQAkV;(lAk — (10 (Tx) — ekO(Tk)HQAkV;(lAkv
k

L _
T3 =5 2 1Br=Bollxrav,ac, = 1Br = Bollira,v, s,
k

1 o ~ ~
Ji = 5 > D NXwi(Br = Bo) + 0ri(Thi) = 0o Te)l3m o0
k i=1

|| X1 (Br = Bo) + Or(Thi) = Oso(Thi) Bom oy

By similar derivations as in Lemma 4, we can show that JJ + Ji + JI + J! = 0,(h~'/2) and
hence the dominant terms in Ay, (Hy) are J; and .J].
Under the local alternative, Gy, (T') = O,{(nh)™*/?}, one can show py ,(t) — p(t) =

O{(nh)~'/?}. By Proposition 2 and Lemma 6,

o~ o~

Irslt) —~Ba(t) = Gialt) + SGEAOR? + Uralt) ~ Un(t) + w5 () B — Bo)
~uX (1) Br — Bo) + 0(n™?)

= Gn(t) + Upi(t) — Ur(t) + 0,(n~?).
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By straightforward calculations, JI = J; + Rl + 0,(h~1/%) and JI = Ji+ R+ R+ Ry +
0,(h™1/%), where

q

ny
R} = ZzeaivﬁAk,inn(Tw),

k=1 =1

RE = Tk”L Ak szzAk szn<Tk 7,)

i (Thi) Aii Vi i A ildg (T ),

5 Z S
k 1 =1
q Nk
Rl = - Y G
k=1 i=1
q Nk
Ry = > 3 GhL(Tei)AiVi Aripix (Tri)(Br — Bo).
k=1 =1

More detailed calculation shows

R; = _ZZZZG]WL Tkl] szukljﬂlg:z)f

k=1 i=1 j=1 (=1

1 q N m
1) 3’5’
X{— Y YN g K (T irje — Thoio)ew e
nmBi(Tiu) £ 7= =

Tyt

//
= - § : E :E :Iuk’ij’wk:’ K5

=14¢=1j45'=1

1 q Nk m
X_{ Z Z Z Gon (T 1J)VIJCZZ/“L§€11)]MI(clz)£B (Tk i) Kn (T 157 Tk,i@)}
k=1 i=1 j=1 (=1
nk/

= - Z ZZﬂww;« vew iy Ba(Liviy) + Op{n™ 2h*2 + (nh) ™'},
K=1i=1ji=1
where Ba(t) = 370 pkE{> L, Gin(T )Vilﬂgijﬂk nlTy = t}/Bi(t). Since >, ppGin(t) =
0 and Gro(t) = O,{(nh)"2}, we have v’ = /' + O,{(nh)"/2} and u' 1] = uﬁj +
0,{(nh)~'2} for k = 2,...,q. Consequently, Bg(t) = O{(nh)~'} and R} = O,(n""/?h~" +

h*/?) = 0,(h~1/?). Similarly,

R - n(BR—ﬁﬂzpkE{iiGmmw,& Lt + 0,070
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Therefore A\, (H1,) = pin + Wn + Rl + R + 0,(h~1/%), where p, and W, are as defined
in Theorem 1. By the assumption in (3.8), R} = i, + Op(n™2h™Y) = py, + 0,(R71/2).
Since RI is a linear combination of ¢;;; and W,, only consists of quadratic terms, it is easy
to see that RI and W, are uncorrelated and hence asymptotically independent. Therefore,
E{\(Hin)} = pin + pi1n + 0,(h/2) and var{\,(Hy,)} = var(W,) 4+ var(R}) + o, (h ") = oy

The asymptotic normality of A, (H,) follows from those of W), and RI. O

3.4.4 PROOF OF THEOREM 3

Following the proof of Theorem 2, the probability of type Il error under the local alternative

is
B(Q7Gn) = @{(JEL + d2n)_1/2(2a0-n - Nln)}a

where p1, and ds, are defined as in Theorem 2. With a slight abuse of notation, define the
squared norm of the functional vector G, as 0*(Gr) = Y_i_; pE{G], (Tx) Ak V 11 AkGin(Th) }-
With h = ¢*n=2/% we have 02 = C1n*° + O(1), dy, = Cono*(G,) x {1 + O,(n~"Y/2)} for
some constants 0 < C1,Cy < 00, and ji1, = no*(G,) x {1+ O,(n"1/?)}.

For any o(G,) = cn%°, we have (o, G,) = ®{(C1n*° + Cac®nl/®)"12(2,C1*n/® —
AEntNY +o(1) = {2, — 0201_1/2} +0(1). For any 8 > 0, we can choose ¢ to be large enough
so that 3(a,G,) < B. Therefore, B(ca,cn4°) < B+ o(1).

For any ¢,. = o(n™*?) and any G, satisfying o(G,) = con. for some ¢ > 0, we have
Bla, Gp) = B{(C1n?°+ Cocnp?,) V2(2aC1* 010 — np2 )} +0(1) = 1 —a+o(1). Therefore
there exists § < 1 — a so that 5(a,G,,) > [ and hence liminf,, 5(«, con.) > B. We have now

verified that g, (h) = n~%? satisfies both conditions for the minimax rate. &



CHAPTER 4

SIMULATION STUDIES

To investigate the performance of our proposed GQLR test, we consider three simulation
settings: Gaussian longitudinal data with homogeneous variance, Gaussian longitudinal data
with heterogenous variance and binary longitudinal data. Throughout the simulation studies,
we first fit the full model to obtain initial estimates of B and 6 (), and then estimate the
variance function o?(u) and the working correlation structure C(7) by applying the methods
described in Section 3.3.2. The weight is the inverse of the estimated variance function for

both the reduced and full models.

4.1 SIMULATION 1: GAUSSIAN DATA WITH HOMOGENOUS VARIANCE

In this simulation, consider the following model
}/;c,zj :Xk,1]6+6k(Tk,Z])+€k,’L]7 k= 1a27 1= 17 a]-OOa j: 17 747 (41)

where Ty ;; are generated as i.i.d. random variables from a uniform distribution on [0, 1],
€k,ij are iid. N(0, 1) random variables and the time dependent covariate Xy ;; = Tj;; +
U(—1,1). This setting implies that the marginal density of (X}, 7}) is the same for any j
and E(X;|T};,T;) = E(X;|T}) for j # [. Let the true correlation structure within a cluster to
be ARMA(1,1) , i.e. corr{e(s),e(t)} = 1 for s = t and yexp(—|s — t|/v) for s # t. We set
v=0.6 and v = 1.

47
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To examine the Wilks phenomenon of the GQLR test, we assume the null hypothesis is
true that 0;(t) = 05(t) = 6p(t), and generate 400 datasets from each of the following three

different scenarios,

Scenario I: B =1, 6y(t) = 2sin(2t)?;
Scenario I: 8= —0.5, Oy(t) = 2sin(2t)?;

Scenario Il : B =1, 0y(t) = sin(27t).
For the local linear estimator, we adopt the Epanechnikov kernel

K(t/h) = (0~ (/0o (1.2

where h is the bandwidth set to be 0.12 and is fixed for both reduced and full models
across all simulations to eliminate the variation in A, (Hy) caused by bandwidth selection.
We calculate the the initial estimates of 5 and 6x(t) in the full model setting Wy ;’s to be

identity matrices. To construct the GQLR test statistic, we use a Gaussian quasi-likelihood

Qu,Y) =Y —p)" V() (Y —p), (4.3)

where V(u) = S(u)C(T)S(p), S(p) = diag{c (i)}, and C(r) is a working correlation
matrix.

Asymptotic distribution of riA,(Ho) under working independence: Figure 4.1 shows the
estimated kernel density of 7\, (Hyp) (solid line) from scenario I, when the working correlation
structure C(7) is set to be identity. The dashed curve is the density of a x? distribution with
the degree of freedom set to be the empirical mean of r\,(Hy). Both curves are estimated
by using the ’density’ function in R. The fact that the distribution of the test statistic is

closely approximated by a x? density corroborates our theory in Corollary 2.
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0.04 0.06 0.08 0.10

0.02

0.00

Figure 4.1: Simulation 1: the estimated kernel density function of riA,(Hp) (solid line) under
Scenario I and the x? distribution with the degree freedom matching the sample mean of rx M\, (Hp)
(dashed line). The working correlation matriz C(T) is set to be identity.

Wilks Phenomenon under misspecified correlation structure: 'To confirm that the asymp-
totic null distribution of \,(Hy) is independent of the parameters 5 and 6(t), we consider
both a mis-specified AR(1) working correlation structure (i.e. p(s,t;7) = exp(—|s — t|/v) if
s #tand 1if s =t ) and working independence. We examine the empirical distributions of
An(Hp) under the three different scenarios when using each correlation structure respectively.
Compared to scenario I, scenario I has the same smoothing function 6(¢) but a different coef-
ficient [3; scenario Il has the same coefficient 5 but a different smoothing function (). The
three null distributions of A, (Hy) under scenarios I - I are depicted in Figure 4.2 under

a misspecified AR(1) correlation and Figure 4.3 under WI. The solid, dashed and dotted
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curves correspond to the senarios I, I and . Both Figures demonstrate that the null den-
sities are almost the same either [ or 6 varies, which confirms our theoretical results that,
when the variance function is correctly specified, the asymptotic distribution of A, (Hy) does
not depends on the value of § and 6y(t). By comparing the curves between the Figures, we

find the distribution of A, (Hy) depends on the working correlation structure C(7).

0.15

0.10

0.05

0.00

Figure 4.2: Simulation 1: the empirical distribution of A, (Ho) with a misspecified AR(1) correlation
structure when the variance function is consistently estimated. (solid line: scenario I; dashed line:
scenario II; dotted line: scenario III).

Power of the GQLR tests: For the power assessment, we focuse on scenario I, fixing

61(t) at Oy(t), while changing 65(t) to 0, ,(t) where
0y.4(t) = 2sin(2t)* + ¢sin(t), 0< o < 1.

We set ¢=0, 0.2, 0.4, 0.6, and 0.8, respectively. As ¢ increases, the model deviates further

away from Hy. The discrepancy among the smooth functions is displayed in Figure 4.4.
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0.00

Figure 4.3: Simulation 1: the empirical distribution of A,,(Ho) with WI working covariance when the
variance function is consistently estimated. (solid line: scenario I; dashed line: scenario II; dotted
line: scenario ).

For each value of ¢, we generate 500 datasets from model (4.1). The true within-cluster
correlation is ARMA(1,1) as described before, but we perform the GQLR test based on
working independence. We set the significance level at o = 0.05, use the distribution of A\,
under ¢ = 0 to decide the critical values, and calculate the rejection frequencies for the other

¢ values. The results are depicted in Figure 4.5. The rejection rate of H, gets higher as ¢

increases.
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0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.4: Simulation 1: plot of 03 4(t): — ¢ =0, +++: 0 =02, x x x : ¢ =04, 000 : ¢ = 0.6,
-1 =08.

0.6 0.8
|

Power

0.4

0.2

0.0 0.2 0.4 0.6 0.8

Figure 4.5: Simulation 1: power curve of the GQLR test where the significance level is o = 0.05.
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4.2 SIMULATION 2: GAUSSIAN DATA WITH HETEROGENEOUS VARIANCE

As Corollary 1 shows, the Wilks phenomenon holds as long as the variance is estimated cor-
rectly, even though the correlation structure is misspecified. We here considere two particular
cases where the variance structure is specified correctly and incorrectly. Consider simulation
setups similar to the three scenarios in Section 4.1, except that the variance of Y} ;; depends

on the mean such that
Var(Yk7ij|Xk7ij, Tk,zg) =0.3 % “2723 + 03,

where juyi; = Xpij8 4 Ok (Thij)-

Wilks phenomenon when the variance function is consistently estimated: We estimate
the conditional variance function by a local linear estimator described in Section 3.3.2, and
plug the estimated variance into the GQLR test statistic. To demonstrate the Wilks phe-
nomenon, we compare the null distributions of A, (Hp) under scenarios I, I and I based on
300 simulations. An exchangeable (i.e. p(s,t;7) = 7 for some —m™' < 7 < 1if s # t) and
working independence correlation structures are used.

The empirical distributions of A, (Hy) under different settings are shown in Figure 4.6.
Panel (a) shows the distributions of A, (Hy) when an exchangeable correlation structure is
used; Panel (b) shows the same distributions when working independence is adopted. In
each panel, the three estimated density functions correspond to the three scenarios. These
three density functions in the same panel are almost the same when § and 6y(t) change. By
comparing the density curves between the two panels, the distribution of A, (H,) depends

on the working correlation structure.
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Working Correlation | Exchangeable Working Independence
Working Variance | Nonpara. Est. | Nonpara. Est. constant

Mean SE Mean SE Mean SE

Scenario I 3.38 2.34 5.03 2.47 5.27 3.03
Scenario II 3.47 2.15 5.17 2.43 5.24  2.66
Scenario I 3.45 217 5.10 2.29 530 2.42

Table 4.1: Simulation 2: Mean and Standard Errors of \,,(Hp) for Gaussian data with hetero-
geneous variance. The working variance used in the test is either a nonparametric estimator
using local polynomial or misspecified as a constant. The working correlation used in the
test is either a mis-specified exchangeable correlation structure or working independence.

Table 4.1 presents the mean and standard error (SE) of A,(Hy) under different working
correlations. To verify that the distributions in each panel are indeed the same, we conduct
the two-sample t-tests and the F-tests to examine the equality of means and variances of
An(Hp) among different scenarios under the same working correlation structure. For example,
when an exchangeable correlation is applied, the p-values are 0.624 and 0.144 for scenario I
versus I, 0.704 and 0.193 for scenario I versus I, and 0.910 and 0.873 for scenario I versus
II. These results confirm that the null distribution of A, (Hy) is independent of parameters
f and 6(t). Similar test results can be obtained when working independence is used.

Wilks phenomenon under variance misspecification: To better understand how the null
distributions change when the variance is misspecified, we consider the same simulations as
above but misspecify the variance as a constant. That is, the assumed working variance is

2 and the estimator is the mean squared error of the residuals. Figure 4.7 dis-

) = o
plays the empirical distributions of the GQLR test statistics under the three scenarios using

constant variance estimators and working independence correlations. We can clearly see the

differences between these distributions, which indicates the failure of the Wilks phenomenon.
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(b) Working independence

Figure 4.6: Simulation 2: The empirical distributions of A\n,(Hy) when the variance function is con-
sistently estimated using a local linear estimator. Panel (a): an exchangeable correlation structure is
assumed for the test, where the correlation parameter is estimated by the quasi mazximum likelihood
method described in Section . Panel (b): working independence is assumed for both estimation and
test. (solid line: scenario I; dashed line: scenario II; dotted line: scenario I).
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The last two columns in Table 4.1 summarize the mean and SE of \,,(Hy) under a mis-
specified constant variance when the working correlation C(7) is identity. Again, we conduct
the two-sample t-tests and the F-tests to check the significant differences between the three
scenarios. The p-values for the t-tests are 0.897 for scenario I versus I, 0.893 for I versus
Il and 0.773 for I versus II. For the F-tests, the p-values are 0.02 for scenario I versus I,
0.0001 for I versus Il and 0.1 for I versus Ill. These results confirm our theory that when the

variance function is misspecified, the Wilks phenomenon does not hold in general.

0.15

0.10

0.05

0.00

Figure 4.7: Simulation 2: The empirical distribution of \p,(Ho) when the variance function is
misspecified as a constant and the correlation is working independence. (solid line: scenario I;
dashed line: scenario II; dotted line: scenario )

Power of the GQLR tests: To access the power of the GQLR test, we focus on the simu-
lation setting described in scenario I and consider local alternatives with 6;(t) = 6y(t) —
oG (t) and O9(t) = 6p(t) + ¢G(t). We consider two cases: 1): G(t) = sin(t) with ¢ =

0, 0.1, 0.2, 0.3, 0.4; and 2): G(t) = sin(3nt) with ¢ = 0, 0.05, 0.1, 0.15, 0.2.



57

For each value of ¢, we generate 500 datasets from the full model and use local variance
estimator as the working variance for both estimation and test. The true correlation is
ARMA (1,1) as described before. We conduct the GQLR test under three different working
correlation: working independence and true correlation, and set the significant level at o =
0.5.

The power curves of the GQLR tests under the two settings of G(¢) and three correlation
structures are depicted in the two panels of Figure 4.8. As we can see, the power of the GQLR
tests gets higher as ¢ increases in all simulations. Interestingly, the simulation results suggest
that using the true covariance does not always increase the power. When G(t) = sin(t), the
proposed GQLR test based on working independence are more powerful than that using the
true correlation, which is illustrated by panel (a) of Figure 4.8. On the other hand, from
panel (b) of Figure 4.8, we show that using the true correlation results in a more powerful
test than using working independence when G(t) = sin(3nt). These results demonstrate the
power of our proposed GQLR test does depend on a complicated interaction between G(t)
and the correlation structure.

To validate this finding using our theoretical results, we also calculate the theoretical
power of the test given in (3.9). The value of o, da,, i, and puy, are estimated by replacing
expectations with sample means. These estimated theoretical power curves under different
choices of G(t) and different working correlation structures are presented in panels (c¢) and
(d) of Figure 4.8. The theoretical power curves are similar to the empirical ones and confirm
that using the true correlation structure in the test does not necessarily increase the power

of the GQLR test.
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(a) Empirical power, G(t) = sin(t).
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(¢) Theoretical power, G(t) = sin(t). (d) Theoretical power, G(t) = sin(3nt).

Figure 4.8: Simulation 1: power of the GQLR test under the local alternative 01(t) = 0y(t) —
oG(t) and 05(t) = 0o(t) + ¢G(t). The theoretical powers are calculated using equation (3.9).

In each panel, the solid curve is the power under working independence and the dotted curve
18 the power when the true correlation is used.



59
4.3 SIMULATION 3: BINARY LONGITUDINAL DATA

In this simulation, we will illustrate the performance of the GQLR test for non-Gaussian
data. We consider a binary longitudinal data with k& = 2 treatment groups, each group has
ng = 150 subjects with m = 4 observations per subject. The response variable Y} ;; follows

a marginal distribution of Binomial (1, py;;) where
1Ogit(pk7ij) = ngﬂ + ‘gk(Tk,z]) (44)

We generate T} ;; as a random variable from a uniform distribution on [0, 1] and time
dependent covariate Xy ;; as the sums of T} ;; and a normal [0, 0.3] random variable, and
assume an exchangeable within-subject correlation structure such that corr(Yj.;, Yiiy) =
p;ji = 0.3 for j # j'. To generate binary responses with the desired mean and correlation
structure, we use a truncated Bahadur representation (Bahadur, 1961) ignoring expansions
of order three and higher. Specifically, Y ; is generated from the following joint distribution

fncoom) = { TIva - Hue S o
Jj=1 1<5<j'<m
where p; is the probability that Y; is equal to 1 and y; = (y; — p;)/\/pj(1 —p;) is a stan-
dardized version of y;.
To verify the Wilks results, we study the empirical distribution of the test statistic under

the null hypothesis. We generate 300 datasets from each of the following three scenarios
. 1. .3
Scenario IV : = 0.5, 6y(t) = 3 sm(sz),

1
Scenario V: = —1, Oy(t) = 5 sin(%wt),

Scenario VI : = 0.5, 6y(t) = sin(nt) — 0.5.
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For each simulated dataset, we estimate the variance by py.;;j(1 — Py,ij), where py; is
estimated as exp{XEijEF + é\k(Tkw)}/[l + eXp{erF’ijB\F + @\k(TkU)}] Epanechnikov kernel
with a bandwidth h = 0.1 is used. For binary responses, it is natural to use a binary quasi-

likelihood for the test

Qvinary (1, Y) = Z Yilog{p; /(1 = p1;)} + log(1 — p1;). (4.5)

In such a quasi-likelihood, it is difficult to incorporate within-cluster correlation. More impor-
tantly, some empirical evidence from our previous simulation shows, when working indepen-
dence estimator is used, incorporating correlation into test does not always increase the
power. Therefore, we focus on a working independence GQLR test using the quasi-likelihood

in (4.5).

0.04 0.06 0.08 0.10

0.02

0.00

Figure 4.9: Simulation 3: the empirical distribution of rxX,(Hp) (solid line) from scenario
V under working independence and a density of the x* distribution with the degree freedom
equaling the sample mean of rx\,(Hy) (dashed line).
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Asymptotic distribution of ri\,(Hy) under working independence: Figure 4.9 demon-
strates the estimated density function of rx A, (Hy) from scenario IV under working indepen-
dence assumption. As expected, it looks like the density of a x? distribution (dashed line)
with the degrees of freedom equal to the sample mean of ;A\, (Hp).

GQLR tests on correlated and independent bootstrap samples under WI assumption: As
our theory shows, when the working independence used for both estimation and hypoth-
esis test, the distribution of \,(Hy) does not depend on the correlation structure, hence is
identical to the case when the data are independent. Based on this result, we can simplify
our bootstrap method in section 3.3.4 by simulating independent responses. To support this
claim, we also compare the empirical distribution of \,(Hy) to a case where the responses
are truely independent. We generate 300 datasets from scenario VI with independent Y} ;;.

The empirical distribution of A\, (Hy) under Scenarios IV - VI with correlated responses
and that under Scenario VI with independent responses are shown in Figure 4.10. As we can
see, the four distributions are almost identical. The means and standard errors of \,(Hy)
under different scenarios are displayed in Table 4.3. We performed the two-sample t-tests and
F-tests to detect the differences for the correlated responses among the different scenarios.
The p-values of t-tests and F-test are 0.558 and 0.37 for scenario IV vs V, 0.353 and 0.37 for
scenario IV vs VI and 0.12 and 0.994 for scenario V vs VI. We also compared the distributions
of A\, (Hp) under the correlated and independent responses for scenario VI. The p-values of
t-tests and F-test are 0.585 and 0.731. We conclude that these four distributions are almost

the same, which also corroborates our theory and the proposed bootstrap procedure.
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Table 4.2: Simulation 3: means and standard error (SE) of \,(H,) for binary longitudinal
data under scenario IV - VI and those of \,,(H) under scenario VI and independent response.

Correlated data Indepadent data
Scenario IV Scenario V Scenario VI Senario VI
Mean 5.87 5.99 5.68 5.57
SE 2.57 2.442 2.441 2.49
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Figure 4.10: Simulation 3: empirical distributions of \,(Hy) for correlated datasets (scenario
IV: solid line; scenario V: dotted line; scenario VI: dashed line) and independent datasets
(scenario VI: dotdash line) using binary likelihood function under WI assumption.

Wilks Phenomenon under misspecified correlation structure: We now examine the null
distributions of A, (Hy) using a misspecified AR(1) correlation under three different scenarios.
Note that, the quasi-likelihood equation in (4.5) can not be used when taking the within-
subject correlation into account. Since the quasi-likelihood used in the test statistic does

not have to be a real likelihood, we use a Gaussian quasi-likelihood in (4.3) on binary

longitudinal data. Simulation results are presented in Table 4.3, which are similar to those
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in the Gaussian cases. With the working correlation being AR(1), there are only small
differences in both means and variances of A, (Hy) among the three scenarios. We also conduct
the t-tests and F-tests to determine if these differences are significant. It turns out that
no significant differences are detected based on the p-values. Figure 4.11 also displays the

empirical distributions of A, (Hp) under the three scenarios.

Table 4.3: Simulation 3: means and standard error of A, (Hy) for binary longitudinal data
under scenario IV - VI with the working correlation being AR(1)

Working correlation AR(1)
Scenario IV Scenario V Scenario VI
Mean 4.92 4.65 4.73
SE 2.54 2.41 2.33

SE stand for standerd error.
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Figure 4.11: Simulation 3: the estimated kernel density functions of A\,(Hp) using the Gaus-
sian quasi-likelihood and a misspecified AR(1) correlation (solid line: scenario IV; dashed
line: scenario V; dotted line: scenario VI).



64

Power of the GQLR tests: As in the previous simulations, we focused on scenario IV,

fixing 0;(t) at 6y(t) and changing 65(t) to 02,4(t) where

1 3 t
bs(t) = 58in<17rt) + ¢exp(§), ¢»=10.1,0.2,0.3,0.4,0.5.

According to our discussion above, the GQLR test under woking independence is easy
to conduct in practice, and avoids computational issues in generating longitudinal binary
data. Therefore, for each value of ¢, we generated 500 datasets from the model and ignore
the within-subject correlation in both estimation and hypothesis test. The power is 0.068
for ¢ = 0.1, 0.128 for ¢ = 0.2, 0.385 for ¢ = 0.3, 0.557 for ¢ = 0.4 and 0.593 for ¢ = 0.5,
as shown in Figure 4.13. This is not surprising, the results confirms that the GQLR test is

more powerful as ¢ increases.
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Figure 4.12: Simulation 3: plot of 03 4(t): — ¢ =0, +++: ¢ =0.1, x X x : ¢ = 0.2, 000 : ¢ = 0.3,
> =04, ---:¢=0.5.
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Figure 4.13: Simulation 3: power of the GQLR tests for binary datasets, significance level is o =
0.05.



CHAPTER 5

REAL DATA ANALYSIS

5.1 APPLICATION TO CD4 COUNT DATA

In this section, we perform the quasi-likelihood ratio test on repeated CD4 (cluster of dif-
ferentiation 4) count data from AIDS Clinical Trial Group 193A Study Team. This data set
is from a randomized, double-blind study of AIDS patients with advanced immune suppres-
sion. The patients in this study had CD4 counts less than or equal to 50 cells/mm?, and
were randomized to one of four daily regimens containing 600mg of zidovudine: treatment
1 is zidovudine alternating monthly with 400mg didanosine; treatment 2 is zidovudine plus
2.25mg of zalcitabine; treatment 3 is zidovudine plus 400mg of didanosine; treatment 4 is
zidovudine plus 400mg of didanosine and 400mg of nevirapine.

Measurements of CD4 counts were scheduled to be collected at baseline and at 8-week
intervals during 40 weeks of follow-up. The number of measurements of CD4 counts varied
from 1 to 9, with a median of 4. There are totally 1309 patients enrolled in this study,
including 162 females and 1147 males. After eliminating 122 patients who dropped out
immediately after the baseline measurement, 1044 males and 143 females are used for our
analysis. The response variable is the log transformed CD4 counts, log(CD4 counts + 1), and
the covariates are age(years), gender (1=M, 0=F) and measurement time (weeks). Figure

5.1 shows the scatter plot of log CD4 count versus observation times.
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Figure 5.1: Log CD4 count over time

To apply the semiparametric model (1.1), denote Y ;; as the log CD4 count for the jth
visit of the ith patient in the kth treatment group, and Xy ;; as the 2-dimentional covariate
vector consisting of age and gender. The time variable T} ;; is a scaler, and 6(t) is the
treatment effect for the kth group. Assume that the within-subject covariance structure is
the same for all subjects, the variance is a smooth function of time T, and the working
correlation is ARMA(1,1). We chose the bandwidth h by the generalized cross-validation
criterion. Figure 5.2 shows the estimated smooth functions 6x(t) for the four treatment
groups. It is obvious to see the differences between treatment groups. All treatment groups

have almost the same mean CD4 count at the baseline. As time goes on in the follow up,



68

3.0

o(t)
2.4 26
|

22
|

2.0

1.8

T T T T 1
0 10 20 30 40

t

Figure 5.2: The estimated time effects 0y(t): treatment 1 (solid line); treatment 2 (dotted line);
treatment 3(dashed line); treatment 4 (dot dash line)

the CD4 count drops monotonically for treatment 1, while it increases during first 12 weeks
and drops thereafter for treatment 4.

Consider the nonparametric hypothesis test:
Hy:0:(t)=---=04(t) ws. Hy:notall O.s are the same, (5.1)
The log-likelihood function for this data is
0B, 0) = —glog27r - % ; log|Vi| — % g{yk —X4B = Ou(T)} Vi {Y s — XuB — 0x(Th) },

where Y, X and V} are the response vector and covariate matrix and working covariance

matrix in the kth treatment group. Denote the maximum log-likelihood under Hy and H,
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as r and /, r respectively. Then, the generalized likelihood ratio statistic is
M(Ho) = Up — Ug

= %Z{Yk - XkBR — ¢/9\R(Tk)}TV,:1{Yk — XkBR — é\R(Tk)}
k=1

—% > Ay - XiBr — Opi(T)Y Vi {Yi — XiBp — 0pi(Th)}. (5.2)

k=1

We calculate the p value of GQLR test based on the bootstrap procedure described in section
3.3, and the p value based on 500 bootstrap samples is < 0.002. Therefore, we conclude that

there are significant differences among four treatment groups.

5.2 APPLICATION TO OPIOID AGONIST TREATMENT DATA

We now illustrate the application of our proposed GQLR test to a data set on opioid agonist
treatment. The data involved 140 patients who received primary care-based buprenorphine,
which is a commonly prescribed medication for treating opioid dependence, at the Primary
Care Center of Yale-New Haven Hospital. Each patient first went through a two-week induc-
tion and stabilization period and then was prescribed with daily medication of buprenorphine
for 24 weeks. Prior research has shown that adding counseling to buprenorphine can help
increase opioid abstinence rate (Amato et al., 2011). The main objective of the study was to
investigate the impact of adding cognitive behavioral therapy, which is a counseling inter-
vention with demonstrated efficacy for a variety of psychiatric conditions and substance use
disorders (Crits-Christoph et al., 1999; Beck, 2005; Butler et al., 2006; McHugh et al., 2010),
to the efficacy of primary case-based buprenorphine to treat opioid dependence. The patients
were randomly assigned to receive one of two treatments: physician management (PM) or

physician management and cognitive behavioral therapy (PMCBT). Physician management



70

was provided in the form of 15- to 20-minute sessions by internal medicine physicians who
had experience with providing buprenorphine but had no training in cognitive behavioral
therapy. These sessions were given weekly for the first two weeks, every two weeks for the
next four weeks, and then monthly afterward. Patients in the PMCBT group were offered the
additional opportunity to participate in up to twelve fifty-minute weekly cognitive behav-
ioral therapy sessions during the first twelve weeks of treatment. All counseling sessions were
given by well-trained masters and doctoral-level clinicians. The main components of coun-
seling focused on developing behavioral skills such as promoting behavioral activation and
identifying and coping with opioid craving.

Illicit opioid use was measured weekly by both self-reported frequency of opioid use
and urine toxicology testing. The latter was conducted with the use of a semiquantitative
homogeneous enzyme immunoassay for opioids and other substances such as cocaine and
oxycodone. The accuracy of self-reported opioid use can be questionable. As a result, we
considered only the urine data. The time points when the urine testings were done were
unbalanced and irregular, because the patients did not provide urine samples on a strict
weekly basis. Some of these subjects also had follow-up measurements going up to 195
days. The number of observations per patient is between 1 and 27, with a median of 24.
The covariates we use include age, gender (1=female / O=male) and the highest level of
education completed (1= High School or Higher and 0= otherwise); the time variable is day
with the range from day 0 to day 195. The response variable is urine toxicology testing result

(1=positive / 0= negative).
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Table 5.1: Summary statistics of covariates in Opioid Agonist Treatment data

Covariates Mean SE Median Min Max
age 33.90 9.54 33.44 18.11 62.57
Gender  Frequency Percent | Education Frequency Percent

1 37 0.264 1 118 0.843

0 103 0.736 0 22 0.157

A total of 140 patients are involved in our analysis, 69 patients are in PM group and 71

in PMCBT group. We analyze the dataset via the following logistic model
logit{Pr(Yy;; = 1)} = X} .8 + 0x(Thij), (5.3)

where 6;(T% ;) is a smooth function of the time variable for the kth group.

We first employ a K-fold cross-validation method to select the bandwidth. We randomly
partition the original data into ¢ = 6 groups. For the (th group of data denoted as G,,
t=1,---,6, we fit the model (5.3) to the remaining 5 groups and compute the fitted value
of Y; (i € G,) defined as ji_,(X;,T;). This leads to the cross-validation criterion

CV(h) =) D {Yi— (X0, T}, (54)

L i€G,
where p_,(X;,T;) = logit_l{Xi,B,L + §_L(TZ~)}, and B,L and a_L(T,-) are the estimates
obtained without including data from G,.

The covariance of B is estimated using the sandwich formula

~ . .7 Y L g
cov(B) = {ZXkAkw,;lAkxk} {ZXkAkW,;l(Yk—m(Yk—uk)T
k

k=1

q -1
k
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where p, = logitfl{Xk,/B\F +:9\F7k(Tk)} and )?k = Xy — px(Ty). To calculate the )?k, we

need to estimate py ;. (t). A consistent estimator of py ;(t) is

-1

o N
{Z{Mé,zj}%iﬂf{h(ﬂm - 1)X m;} {Z{M;i,gj}QwiﬁKh(Tk,ij —1)

Table 5.2: Regression coefficient estimates in analysis of Opioid Agonist Treatment data.

Parameter Estimate Standard error P-value
Age -0.022 0.014 0.116
Gender 0.345 0.270 0.201
Education 0.791 0.350 0.024
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Figure 5.3: The estimated time effect 0y (t): PMCBT treatment (solid line); PM treatment:
(dotted line)
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Table 5.2 presents the estimates and standard errors of the regression coefficients
under the full model. The variable education has the smallest p-value of less than 0.05,
which indicates education makes a significant contribution to our model. Furthermore, The
estimated mean curves for the two treatment groups are presented in Figure 5.3. At the
beginning of the treatment, the estimated curves of the two groups are almost the same.
After about 70 days, patients in the PMCBT group have a lower probability of opioid use.
Near the end of treatment, both groups have increased opioid use rate, but patients with
additional cognitive behavioral therapy seemed to have lower overall rate of use. In addition,
the spaghetti plots of the estimated probability of opioid positive urines versus times for PM
treatment and PMCBT treatment are illustrated in Figure 5.4.

Our primary interest is to evaluate the impact of adding cognitive behavioral therapy to

physician management. In other words, our interest is to test the nonparametric hypothesis
Hg . 91(75) = 92(t> vS. H1 . Ql(t) 7é Qg(t) (55)

We apply the proposed GQLR test based on working independence correlation and quasi-

likelihood function

Q= Z Z log(1 + exp{XijB + 0k (Thij) Y + Yiij{XriiB + Ox(Thij) }- (5.6)

ki j

The p-value of the test is 0.023 based on 1000 bootstrap replicates. We therefore conclude
that there is a significant difference between the two treatment groups. In particular, Figure
5.3 suggests that cognitive behavioral therapy improved the opioid abstinence over time.
Fiellin et al. (2013) analyzed the same data, using self-reported frequency of opioid use and
the maximum number of consecutive weeks of abstinence from illicit opioids in the two 12-

week periods as the primary outcome measures, but did not find any evidence supporting
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the benefit of adding cognitive behavioral therapy. Their outcome measures are aggregated
and capture only certain features of the data. In contrast, our analysis is based on the entire
longitudinal trajectory and hence more powerful in detecting the difference between the two

treatments.



CHAPTER 6

SUMMARY

We investigate a class of semiparametric analysis of covariance models for generalized lon-
gitudinal data, where the treatment effects are represented as nonparametric functions over
time and covariates are incorporated to account for the variability caused by confounders. We
propose to test the treatment effects using a generalized quasi-likelihood ratio test. Our the-
oretical study reveals that when the variance structure is correctly specified, the asymptotic
distribution of GQLR test statistic does not depends on the parameters, but does depend on
the true and working correlation structures. When the variance is mis-specified, the Wilks
phenomenon might completely fail in that the distribution of the test statistic depends on
all nuisance parameters. In particular, when working independence is assumed in both esti-
mation and test and when the variance structure is correctly specified, the much celebrated
Wilks phenomenon known to hold for independent data also holds for longitudinal data.
Replacing the true variance with a consistent estimator, such as the nonparametric esti-
mator based on local polynomial, only causes an asymptotically negligible error to the test.
We have also shown that GQLR test assuming working independence yields the minimax
optimal power rate.

It is a common practice to evaluate the null distribution by bootstrap. For Gaussian

data, one can take residuals of the full model and resample the entire clusters within each
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treatment group. Such a procedure can preserve the correlation structure of the real data.
However, such a procedure can not be used for non-Gaussian data, such as binary data,
since the residuals are not the same type of data any more. A parametric bootstrap is
also difficult to implement since generating non-Gaussian longitudinal data with the same
correlation structure as the real data is challenging. For non-Gaussian data, the GQLR test
assuming working independence is particularly appealing, since the asymptotic distribution
of the test statistic does not depend on the correlation structure and one can simulate the
null distribution using independent samples.

Our procedure is based on the working independence estimators of Lin and Carroll (2001),
and it is easy to implement. More complicated but also more efficient estimators were pro-
posed in Wang et al. (2005) and Lin and Carroll (2006). Tests based on those estimators
might improve the power of our test by a fraction, but can not improve the rate of the power.
However, how to incorporate correlation into the test statistics and how to implement boot-

strap for non-Gaussian correlated data remains unclear and calls for future research.
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