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ABSTRACT

The usual methodology for detection of differential item functioning (DIF) is to examine
differences among manifest groups formed by such characteristics as gender, ethnicity, age,
etc. Unfortunately, membership in a manifest group is often only modestly related to the
actual cause(s) of DIF. Mixture item response theory (IRT) models have been suggested as
an alternative methodology to identifying groups formed along the nuisance dimension(s)
assumed to be the actual cause(s) of DIF. A multilevel mixture IRT model (MMixIRTM) is
described that enables simultaneous detection of DIF at both examinee- and school-levels.
The MMixIRTM can be viewed as a combination of an IRT model, an unrestricted latent
class model, and a multilevel model. Three perspectives on this model were presented: First,
the MMixIRTM can be formed by incorporating mixtures into a multilevel IRT model;
second, the MMixIRTM can be formed by incorporating a multilevel structure into a mixture
IRT model; and third, the model can be formed by including an IRT model in a multilevel
unrestricted latent class model. A fully Bayesian estimation of the MMixIRTM was described
including analysis of label switching, use of priors, and model selection strategies along with
a discussion of scale linkage. A simulation study and a real data example were presented.

INDEX WORDS: Bayesian Estimation, Differential Item Functioning, Finite Mixture
Modeling, Item Response Theory, and Multilevel Modeling
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CHAPTER 1

INTRODUCTION

1.1 STATEMENT OF PROBLEM

The Preliminary Scholastic Aptitude Test (PSAT)/National Merit Scholarship Qualifying
Test (NMSQT) is a standardized testing program co-sponsored by the College Board and
the National Merit Scholarship Corporation. The program provides firsthand practice for
the Scholastic Assessment Test (SAT) Reasoning Test to high school students considering
taking the SAT. A major concern of the College Board is providing feedback to schools of
students who have participated in this program.

The Summary of Answers and Skills (SOAS) is a report provided by the College Board
to each school that has 25 or more students participating in the PSAT/NMSQT program.
The SOAS gives a snapshot of a given school’s performance on the PSAT/NMSQT items
administered in a given year. The report allows schools to compare their students’ perfor-
mance with those of students in what is termed a comparable group of schools as well as
with state and national groups. One aspect of the report compares the performance on an
item by item basis of students in the given school with those in the comparision group. This
part of the SOAS report is based on a differential item functioning (DIF) analysis in which
a standardized p-difference (STD P-DIF) analysis is used to compare the item performance
in the given school to that in the comparision group after matching on ability as measured
by the PSAT/NMSQT. The SOAS report provides extensive information about item perfor-
mance of the given school relative to a comparision group defined based on schools with a

similar performance profile.



A comparision group is a statistically created group of schools with this same performance
profile and used for illustrating what the expected performance on each item would have been
of schools like the given school. Feedback from schools indicates that the concept of how the
comparable group is defined is difficult to explain. Further, schools have indicated they would
like greater flexibly in comparing the performance of their students with those from other
schools that have similar demographic characteristics in order to better understand why their

students may or may not have performed as well as students in the comparision group.

1.2 THE PURPOSE OF THE STUDY

In this study, we examine an alternative approach to defining comparison groups and provide
a means of detecting items which function differentially. DIF is said to arise, when different
groups of examinees, who are of the same ability, have different probabilities of getting a
question correct (Pine, 1977). More generally, DIF arises when the propensity for a particular
response differs among groups of examinees conditioned on the ability being measured by
the test. The presence of DIF is a serious problem in educational testing as it indicates a
threat to the validity of the test (Thissen, Steinberg, & Wainer, 1988, 1993). The purpose of
this study is to develop a general methodology that identifies and describes characteristics
of comparison groups in the context of a DIF detection analysis. In so doing, the method
provides a descriptive profile of schools that are like the given school based on easily observed
and understood characteristics. This study develops a model that integrates an IRT model,
a finite mixture model (i.e., a latent class model), and a multilevel model. In addition, this

study presents a method of estimating model parameters with a Bayesian solution.

1.3 SIGNIFICANCE OF THE STUDY

DIF arises when groups differ in item level performance on one or more nuisance dimensions
after conditioning on some matching variable (Ackerman, 1992; Roussos & Stout, 1996). Use

of manifest groups to explain that performance differential, however, does not accurately



reflect the actual causes of the DIF (DeAyala et al., 2002; Cohen & Bolt, 2005; Cohen,
Gregg, & Deng, 2005; Samuelsen, 2005). The causes of DIF may be more accurately assessed
by analyzing performance along the nuisance dimension(s) rather than focusing on the char-
acteristics associated with manifest group membership such as gender or ethnicity. Previous
research suggests that differences among latent classes may be due, for example, to differ-
ences in curricular experiences (Cohen, Gregg, & Deng, 2005) or to difficulty with particular
types of items rather than with membership in a particular manifest group (Kang & Cohen,
in press). In the general approach described in this study, latent classes are formed on the
basis of homogeneities among class members with respect to response patterns. Members
of these classes differ in ways that are directly related to the response strategies used for
answering questions on the test (Mislevy & Verhelst, 1990; Rost, 1990).

An additional component addressed in the model developed in this study focuses on the
impact of the hierarchical structure that is typical of much educational and psychological
data such as those from the PSAT/NMSQT. If this structure is not accounted for in the
model, the model used to scale the item responses will be inadequate. One result of this
is that detection of the latent classes will likely be obscured. The model proposed for this
study will account for this structure using a multilevel model combined with a mixture IRT
model (MixIRTM). This approach addresses a general problem in the use of standard DIF
detection methods.

DIF detection methods that focus on manifest group membership assume a homogeneity
among group members that is not always justified. Use of the proposed model in this study
accounts for the natural nesting that is characteristic of much educational data, and also
provides a means of explaining why the differences among latent classes may have arisen by
obtaining the homogeneous group (i.e., latent class) with respect to their response pattern.
Such information has greater explanatory power than the standard DIF test and may provide
users such as the College Board with a tool to help schools more easily understand how they

are like schools in the same latent class and how they are dissimilar from schools in other



latent classes. This explanation is expressed using easy to understand information about the
kinds of questions that are differentially harder or easier for one latent class compared to
others and the characteristics of examinees and of schools that are members of these latent
classes. Providing this type of information may help in conceptualizing the reasons items are
functioning differentially. It also may even be useful for revising the items, as item writers
can incorporate into any revisions the fact that the item functions differently for schools of

a particular latent class.

1.4 OVERVIEW OF CHAPTERS

The first section of Chapter 2 provides a description of the STD P-DIF method currently
used in the PSAT/NMSQT program. Next, the general rationale for DIF analysis using the
MixIRTM is described, followed by the description of the proposed model.

The multilevel mixture IRT model (MMixIRTM) can be viewed as a combination of an
item response theory (IRT) model, a finite mixture model (or latent class model), and a
multilevel model. We show the development of this model as a combination of three separate
perspectives on modeling item response data using a multilevel mixture modeling approach.
First, the MMixIRTM is considered as an extension of multilevel IRT models and is described
to include individual-level and school-level mixtures. The multilevel structure of test data is
described using this perspective followed by the incorporation of the multilevel structure into
IRT. In the second perspective, the MMixIRTM is described as an extension of a MixIRTM
in order to include the multilevel structure of test data. A finite mixture model is described in
this section and then the incorporation of the mixture model into an IRT model is presented.
In the third perspective, the MMixIRTM is described as an extension of a multilevel latent
class model. This is described as an unrestricted latent class model and used to show this
third perspective indicating how the IRT model can be included in the context of a latent

class model. Finally, the MMixIRTM as a general model and its three special models are



described as the extension of the three perspectives. In addition, covariates are incorporated
into the MMixIRTM and use of the model for DIF detection is described.

Chapter 3 describes some Bayesian estimation issues that are applicable for both multi-
level IRT and MixIRTMs. A fully Bayesian estimation of the MMixIRTM is presented along
with a simulation study designed to assess the recovery of the proposed model. Chapter 4
presents the results of the simulation study. The proposed model was also applied to the
PSAT/NMSQT Mathematics test to illustrate the proposed model and then that result was
compared with results from the STD P-DIF analysis. Chapter 5 summarizes the methods

and results, and discusses limitations and possible future work.



CHAPTER 2

THEORETICAL BACKGROUND

The presence of DIF is an indication that the items on the test do not measure the latent
variable that is the intended focus of the test (Ackerman, 1992). To address this, the devel-
opment and application of a MMixIRTM is described for use in detection of DIF. The
multilevel portion of the MMixIRTM is used to account for the inherent nesting of stu-
dents within schools that is present in much educational testing data, such as data from the
PSAT/NMSQT. Ignoring this hierarchical data structure can lead to distorted estimates of
model parameters, particularly random components such as ability (Adams, Wilson, & Wu,
1999). In this study, we present a DIF detection model using the MMixIRTM that accounts
for this natural hierarchical structure at both a student-level and at a school-level.

The mixture portion of the MMixIRTM is used to identify latent groups (or classes)
at two levels, the student-level and the school-level. At the student-level, the latent classes
are composed of persons who are homogeneous in their use of particular response strategies
(Mislevy & Verhelst, 1990; Rost, 1990). At the school-level, the latent classes are composed of
schools which share similar characteristics (Vermunt & Magidson, 2005). The MMixIRTM is
extended at the person-level to incorporate person-level covariates such as gender, ethnicity,
socio-economic status. At the school-level, the model is extended to include school-level
covariates, such as socio-economic status and urban/suburban/rural location, to describe
the composition of the latent groups at each level. This model incorporates an approach to

DIF analysis based on differences in examinee response patterns described by Cohen and

Bolt (2005).



In addition, the IRT model portion of the MMixIRTM provides item-level information
that can be used to identify questions which are differentially harder or easier for students
and for schools in each latent group. The complete model is described below, preceded by a
description of the STD P-DIF method.

The STD P-DIF method currently used in the PSAT/NMSQT program is described,
followed by the description of the proposed model in this chapter. Three perspectives on this
model are presented below: First, the MMixIRTM can be formed by incorporating mixtures
into a multilevel IRT model; second, the MMixIRTM can be formed by incorporating a
multilevel structure into a MixIRTM; and third, the model can be formed by including an

IRT model in a multilevel unrestricted latent class model.

2.1 STANDARDIZED P-DIF

The STD P-DIF statistic (Dorans & Kulick, 1986) is currently used by the PSAT/NMSQT
program to compare the item performance in a particular school (the focal school) to that

in a reference group population of schools after matching on ability (i.e., the total score).

Dorans and Kulick (1986) describe the STD P-DIF as

5
K
STDP — DIF = 2[75 - (Pgs — Prs)l, (2.1)
s=1 Zs:l KS
where s refers to the score interval of the matching variable, > i = is the weighting factor at
s=1 s

score level s supplied by the standardized group and used to weight differences in performance
between the focal group Py, and the reference group P,,. STD P-DIF weights the difference
in terms of a numerical index indicating the discrepancy between the reference and focal
groups. This approach emphasizes the importance of comparing groups based on a matching
variable. In practice, the matching variable is the total test score.

As it is implemented, the STD P-DIF is defined as the difference in item perfor-
mance between the focal group and reference group members matched on the appropriate

PSAT/NMSQT score. The calculation of STD P-DIF for PSAT/NMSQT is same as that



used by Dorans and Kulick (1986). The proportion of students in each score level supplied by

the focal group is given as 5 SI—(I - As indicated above, in the context of the PSAT/NMSQT
analysis provided in the SOASé, the comparision group is defined as the reference group and
the local group is defined as the focal group.

The STD P-DIF can take values from —100% to 100%. Positive values indicate the
studied item favors the focal group; negative values indicate the studied item favors the
reference group. Currently, the College Board views STD P-DIF values between —5% and
5% as containing negligible DIF, although STD P-DIF values between —10% and —5% and
between 5% and 10% are inspected to ensure that no possible effect is overlooked. Items

with STD P-DIF values outside the —10%, 10% range are more unusual and are examined

very carefully.

2.2 DIFFERENTIAL ITEM FUNCTIONING ANALYSIS WITH MIXTURE IRT MODELS

Mixture Models for DIF Analysis. DIF analysis is typically based on manifest grouping
variables such as gender or ethnicity. This approach to DIF analysis makes an implicit
assumption that the characteristic that is the cause of the DIF is homogeneous within a
given manifest group. Unfortunately, this is not usually the case. This approach differs,
however, from a more recently developed one in which DIF is modeled as a function of
nuisance dimensionality not accounted for directly by the model. The nuisance dimensionality
is assumed to be the actual cause(s) of the DIF (DeAyala et al., 2002; Cohen & Bolt, 2005;
Cohen, Gregg, & Deng, 2005). As Samuelsen (2005) has shown, this dimensionality is only
moderately related at best to the manifest variables (e.g., gender or ethnicity) commonly
assumed to be the cause of DIF. Once a DIF item has been identified using the standard
approach for DIF detection, little is known about the examinees for whom the item functions
differentially. This is because DIF detection methods focus on manifest group characteristics

that are associated with, but do not explain why examinees respond differentially to items.



Samuelsen (2005) notes three problems with respect to the detection of DIF using simply
a manifest grouping variable. First, the manifest grouping variables often do not represent
homogeneous populations. The Hispanic population in the United States, for example, is
diverse in origin and ethnicity, such that classification as Hispanic does not yield a group
that is homogeneous on a dimension related to DIF. With respect to DIF at a school-
level, von Davier and Yamamoto (2004) illustrated this by suggesting that the data can
be viewed as partially missing, because traditional school types are a track system with
students ranked in proficiency, whereas the mixed-school types generally accept a broader
range of students. Concrete examples include types of schools in which some set the standard
of comparisons, perhaps for historic reasons, such as the well-known public and private.
Other schools (e.g., schools based on some faith or religion or on a special educational
theory) may have innovative concepts that make it impossible to classify them as one of the
traditional types. This setup is often due to ambiguous responses that do not allow grouping
all schools into a fixed number of known categories. In addition, not all schools offer the same
opportunities to their students; there are differences in staff, equipment, and course offerings
(O'neill & Mcpeek, 1993). Another example is the recent reform in marking ethnicity in
large-scale assessments; this variable is now allowed to have multiple responses, so students
can indicate more than one ethic group to which they belong. Reference and focal groups
based on ethnicity and gender are quite heterogeneous and their difference are not easy to
describe (Schmitt, Holland, & Dorans, 1993).

The second problem described by Samuelsen (2005) is that the groups being affected by
DIF are not well-defined by the manifest groups being studied. Hu and Dorans (1989) note
that the removal of an item favoring females resulted in slightly lower scores for females
and slightly higher scores for males (Samuelsen, 2005). Scores of both Hispanics and Asian-
Americans, however, were subsequently raised more than scores of males, meaning that
females in those groups actually received an advantage from the removal of the item favoring

females.
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The third problem resulting from use of a manifest grouping variable is that the manifest
groups used for DIF comparisons are not directly related to the issues of learning about which
educators care. Manifest groups defined by characteristics such as gender and ethnicity are
really proxies for something else. As a result, using manifest groups for DIF comparisons
instead of the real sources of the nuisance dimensionality leaves open the clear possibility
that we may actually miss items that are functioning differentially based on the latent
attribute(s). In addition, it is incorrect to assume an item or set of items exhibiting DIF
disadvantages all members of a manifest group. Finally, for items that exhibit DIF, the true
magnitude of the DIF may be obscured due to the lack of overlap between the manifest
groups and the latent classes.

Samuelsen (2005) notes that the use of manifest groups will result in inflated Type I
error rates in detection of DIF, loss of power, and underestimation of the magnitude of the
DIF, when manifest groups and latent classes do not completely overlap. As the amount of
overlap between manifest groups and latent classes decreases, however, so will the power to
correctly identify items with DIF. Further, as overlap decreases, the true magnitude of the
DIF is increasingly obscured, making it more difficult to successfully detect items.

Perspectives of DIF Analysis with Mixture IRT model. The presence of different
response patterns on a test may be an indication of the use of different response strategies.
Depending on the purpose of the test, this may or may not be a problem. When decisions that
rely on uses of different strategies are of interest, however, useful information is less likely to
be obtained, when these different response patterns are ignored. This is the usual case with
existing conventional tests, which are currently often constructed so that differential patterns
of responding are minimized or at least ignored in the analysis. In fact, most current academic
achievement tests are constructed to minimize differentiation among strategies, since such
differences act to lower the reliability of overall scores (Mislevy & Verhelst, 1990). When this
is the focus of test construction, different response strategies may be construed as evidence of

lack of construct validity. The impetus for using MixIRTM is that we assume the population
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of examinees consists of latent classes defined by important differences in use of response
strategies for answering items on a test.

MixIRTMs have been used to detect latent subpopulations that differ systematically
in their responses on educational tests. Rost (1990, 1997) used a mixture Rasch model
(MRM) to detect qualitative differences among examinees. A mixture linear logistic test
model was used to detect random guessing behavior on a multiple-choice test (Mislevy &
Verhelst, 1990). Bolt, Cohen, and Wollack (2001) similarly used a mixture nominal model
to investigate individual differences in the selection of response categories in multiple-choice
items. A MRM with ordinal constraints was used to model test speededness (Bolt, Cohen,
& Wollack, 2002) and to help maintain scale stability in the presence of test speededness
(Wollack, Cohen, & Wells, 2003). MixIRTMs have also been used for detecting differential
functioning on items (Cohen & Bolt, 2005; Cohen, Gregg, & Deng, 2005; Samuelsen, 2005),
a testlet (Cohen, Cho, & Kim, 2005), and suggested an item bundle or a scale (von Davier
& Yamamoto, 2004). This methodology enables the identification of subgroups for which an
item or a group of items function differently among groups without the need of specifying
these groups priori. As Mislevy and Verhelst (1990) and Rost (1990) have noted, this is done
by fitting an IRT model to the different latent classes, each of which differs in the propensity
to answer the items on the test. This is a key element in the rationale for the development
of MMixIRTM in the present study.

Dimensionality is not a function of the test by itself, but a function of the test in the
context of a particular group of examinees (Angoff, 1993). Although the MixIRTM techni-
cally contains only one ability level for each person, it can be viewed as multidimensional
because (1) the probability of a particular response is predicted with class membership, and
(2) the order of item difficulty varies across persons, as in multidimensional models. The
MixIRTM approach is consistent with Ackerman (1992) and with the multidimensional DIF
analysis described by Roussos and Stout (1996), in that both deal with residual variation not

accounted for by unidimensional IRT models. The two approaches are different, however, in
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the following ways. First, Ackerman (1992) and Roussos and Stout (1996) identify construct-
related dimensions that elicit group differences with the multidimensional IRT model. The
MixIRTM approach, on the other hand, follows the method of Cohen and Bolt (2005) that
identifies construct-related categories with the mixture portion of the MixIRTM.

Being dimension-like requires within category homogeneity and between-category quanti-
tative differences and being category-like requires within-category homogeneity and between-
category qualitative differences (De Boeck et al., 2005). As Ackerman (1992) illustrated,
nuisance abilities can be thought of as skills which the examinee uses to solve particular
items but which were not intended to be assessed. In his example, reading ability may be
considered to be a nuisance skill in a test designed to measure the pure ability of algebraic
symbol manipulation. Rost (1990) identifies two latent classes (i.e., categories) that reflected
knowledge states on a physics achievement test. For one class, items that concerned textbook
knowledge were relatively more difficult than items that reflected practical experience. For
the other class, the opposite pattern was observed.

Ackerman (1992) and Roussos and Stout (1996) suggest that the nuisance dimensionality
is not accounted for by a unidimensional IRT model and, as a result, is the cause of DIF.
DIF, from this perspective, is related to the presence of one or more secondary dimensions
not accounted for by the primary construct of interest. The Cohen and Bolt (2005) approach
addresses the issue of residual variation by seeking to isolate unknown or latent groups of
persons. This can be done in an exploratory or a confirmatory fashion. The MixIRTM is used
to identify latent classes of examinees which are homogeneous with respect to item response
patterns. The members of each latent class may vary in ability, but the response strategies
differ among classes.

Embretson and Reise (2000) suggest two ways in which identifying latent classes is impor-
tant for understanding validity. First, if there is only one class, then it is correct to assume
that all examinees use the same strategies. If two or more latent classes are present, however,

the nature of the construct depends on the characteristics of the examinees in each latent
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class. Class membership actually may be a moderator variable, in fact, in the sense that it
may be more important for criterion-related validity for one latent class than another. The
second way in which latent classes are important is in the way in which comparisons are made
among groups. The typical DIF analysis, including that for Ackerman (1992) and Roussos
and Stout (1996) is based on manifest groups. Items that measure the secondary dimension
and produce DIF demonstrate a quantitative difference between the manifest focal and ref-
erence group(s) due to the nuisance dimension(s). However, the DIF analysis described by
Cohen and Bolt (2005) is based on the comparisons among two or more latent classes.

It is often the case in performing a DIF analysis that comparisons are made between
a single reference group and multiple focal groups (Penfield, 2001). It is also possible that
multiple reference groups are possible. It is this latter approach, that is, the possibility of
multiple reference groups, that is most useful for the College Board PSAT/NMSQT program
as that program seeks to provide individual schools with information about the performance
of their particular school relative to other groups of schools.

Patterns of Mixtures. Rost (1990) suggested the primary diagnostic potential of the
MRM (i.e., without school-level mixtures) is in its use for accounting for qualitative dif-
ferences among examinees. The presence of nonintersecting item parameter profiles justifies
the interpretation that there are quantitative differences between abilities among the dif-
ferent latent classes. Similarly, intersecting item parameter profiles indicate the presence of
qualitative differences. De Boeck et al. (2005) describe two types of qualitative differences
between manifest categories. These descriptions also can be applied to differences among
latent categories. The qualitative differences are simple when item difficulties in one latent
class have shifted relative to the item difficulties of the other latent class(-es). The qual-
itative differences are complex when there does not appear to be a discernible pattern to
the item difficulties among the latent classes. When qualitative differences are not present
between two categories, then location (and possibly discrimination) are the same in the two

categories. This is shown in the right panel in Figure 2.1 (reused from De Boeck et al, 2005).
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If item difficulties are same in the two categories, then quantitative differences are present.

Quantitative and qualitative differences are shown in Figure 2.1.

Figure 2.1: Different Kinds of Differences, reused from De Boeck et al. (2005)

=1 =2
¢ ¢
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* 1=4
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Description of Latent Classes. DIF analysis with MixIRTMs has been shown to be
useful for helping to understand the causes of DIF, although with respect to latent popu-
lations of examinees rather than with manifest ones. By classifying individuals into latent
classes, we then focus efforts on describing (and measuring) the members of each class with
respect to specific attributes. Typically, in an educational testing context, we do this by
examining possible attributes of educational advantage or disadvantage. In this study, two
procedures were used to describe the latent classes. First, it is possible to compare the
membership of examinees classified into different latent classes (i.e., the estimated group
membership) with their manifest group memberships and then do some type of associa-
tion analysis. A second method is to model mixtures with covariates that help to describe
members of each latent class.

The use of covariates also has been shown to improve detection of the latent classes
(Smit, Kelderman, & van der Flier, 1999; Cho, Cohen, & Kim, 2006). The covariates that

are selected are those that are of potential help in describing the characteristics of mixtures.
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In the context of this study, this is going to be important at both student- and school-levels.
In other words, the description of mixtures with covariates helps to describe which students
are clustered with respect to both student- and school-level mixtures. Student- and school-
level covariates will be selected from variables in the PSAT/NMSQT dataset. In addition,
the characteristics of mixtures can be described with respect to the content and cognitive
skills required for each item by examining the class-specific item difficulties.

A Strategy of Use of Mixture IRT DIF Procedure. Samuelsen (2005) suggested
a four-step approach for examining DIF using a latent class perspective. The first step is to
assess how many mixtures fit the data based on both statistical model selection criteria and
on substantive rationale. The second step is to determine the appropriateness of the use of
the manifest group as a proxy for the latent group. That is, it is necessary to determine to
what extent the manifest group overlaps with the latent group. Samuelsen (2005) suggested it
would be appropriate to indicate that an item functioned differentially against one manifest
group if the overlap with the latent group was 99 percent. It would be inappropriate, however,
to use the manifest groups for DIF detection if the overlap was only 60 percent. In a two-
group model, this would mean 40 percent of the people have response strategies like those
in the other manifest group. The third step is to examinee the data from the latent class
analysis for clues as to why the items may have functioned differentially. Samuelsen suggests
starting by examining mean abilities within the latent classes, differences in item difficulties
between the latent classes, and patterns of item difficulties within classes. The fourth step
is to use covariates to predict latent class membership.

Comparison of STD P-DIF and MMixIRTM for DIF Detection. STD P-DIF is
based on the observed item scores uses a manifest grouping variable to define the focal and
reference groups. The proposed model for DIF analysis in this study, however, is based on
using a latent variable, as measured by an IRT model, and a latent grouping variable, as

indicated by latent class membership.
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The comparision group for STD P-DIF analysis is composed of students who have critical
reading, mathematics, and writing scores between 20 and 80 inclusive in Grades 10 and 11
for the current school year. Non-standard students are excluded. Formation of comparision
groups with the MMixIRTM approach, however, is done based on students’ item response

patterns.

2.3 LATENT VARIABLE MODELING APPROACHES

In this section, different modeling approaches are described for representing the latent vari-
able (i.e., the latent ability) in the MMixIRTM. Each of the modeling approaches is presented
in order to help distinguish among some of the possible approaches that can be used to model
the latent variable. The intention is to provide a context for the approach taken in this study
in developing the MMixIRTM.

IRT, latent class, and multilevel models each have their own features as shown in Table
2.1. IRT models have an advantage in that they include the invariance property and explicit
functional relationships between response probabilities and the latent variable(s). The unre-
stricted latent class model (LCM), likewise, is useful in that it is often used for the clustering,
that is, for finding homogeneous groups among the data. Multilevel models also can be devel-
oped to account for the multilevel structure that is present in so much educational testing
data.

The three models are combined in Table 2.1 to illustrate how features of each of the
models fit together. The MixIRTM itself is a combination of an IRT model and a LCM.
Multilevel IRT is a combination of an IRT model and multilevel models. Multilevel latent
class model (MLCM) is a combination of multilevel models and LCM. The combined models
do have some flaws as noted in Table 2.1.

The proposed MMixIRTM is described in the sequel as a combination of three different
models: a MixIRTM, a multilevel IRT model, and a multilevel LCM. The three different

combinations lead to three different perspectives for the MMixIRTM as shown in the Venn
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Table 2.1: Features of Models Combined to Form the Multilevel Mixture IRT Model

Model Unique Features Aspects of Flaws

1. IRT Invariance property Mixture, Multilevel
Explicit functional relationship
between response probability and
latent variable

2. (Unrestricted) LCM  Data reduction/Clustering IRT, Multilevel
3. Multilevel Incoporation of multilevel structure IRT, L.C

4. MixIRTM Multilevel

5. Multilevel IRT Mixture

6. MLCM IRT

7. MMixIRTM None

diagrams in Figure 2.2: First, a MMixIRTM can be formed by the incorporation of mixtures
into a multilevel IRT model; second, a MMixIRTM can be formed by incorporating a multi-
level structure into a mixture IRT model; and third, a MMixIRTM can be composed of an
IRT model included in a multilevel unrestricted latent class model.

IRT Model. The latent variable, ability (6,), is typically modeled in IRT as follows:
0; ~ N(0,1), (2.2)

where j = 1,...,J students.

Latent Class Model. The latent variable in a LCM is as follows:

G
0;=> my-0,, (2.3)
g=1

where 0, ability is discrete in a latent class, and 7, is the proportion of students in class g.
In this study, a restricted form of the LCM is of interest.

Multilevel Model. There is no latent variable in the multilevel model for incorpo-
rating measurement error. However, the random effects in the multilevel model are arbitrarily

assumed to be normally distributed in the same way as ability is assumed to be distributed



Figure 2.2: Latent Variable Modeling
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The multilevel nonlinear model is of interest in this study.

Mixture IRT Model. The latent variable modeling in the MixIRTM is as follows:

6.79 ~ N(Ngvaj)v
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in IRT model. Combining the two models yields a multilevel IRT model. When the latent
variable is assumed to be discrete, as is the case for the LCM, the result is a multilevel
LCM. Thus, there is some similarity between multilevel modeling and latent variable mod-
eling. This similarity can lead to combined models like a multilevel IRT model, which is a
combination of a multilevel nonlinear model and an IRT model, and multilevel structural

equation modeling (SEM), which is a combination of a multilevel linear model and a SEM.

(2.4)
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where j = 1,...,J students, g = 1, ..., G student-level latent class, y, is the mean of ability
for a class g, and 03 is the variance of ability for a class g.

Multilevel IRT Model. Modeling of the latent variable in the multilevel IRT model is
as follows:

05t = Yoo + uje + 14, (2.5)

where j = 1,...,J students, t = 1,...,T schools, 7y is the average ability for school ¢, u;
is the ability across students, uj; follows N(0,7), which 7 is the variance of ability at the
student level, and v; follows N (0, ¢), which ( is the variance of ability at the school level. The
total variance of ability in the multilevel IRT model is decomposed into the student-level
ability variance (i.e., 7) and the school-level ability variance (i.e., ¢).

Multilevel Latent Class Model. The latent variable modeling in a MLCM is as follows:

K G
th = Z Zﬂ'k . 7Tg\k; . ng, (26)

k=1g=1

where 7 = 1,...,J students, t = 1,...,T schools, g = 1,...,G student-level latent classes,
and k£ = 1,..., K school-level latent classes. If the restricted LCM is used, this is a non-
parametric multilevel IRT model.

Multilevel Mixture IRT Model. Modeling of the latent variable in the MMixIRTM

developed in this study is as follows:

Ojtgr ~ N gk, 0., (2.7)

where j = 1,...,J students, t = 1,...,T schools, g = 1,...,G student-level latent classes,
k =1,..., K school-level latent classes, i, is the mean of ability for classes g and &, and

agk is the variance of ability for classes g and k.

2.4 THE MULTILEVEL STRUCTURE OF TEST DATA AND A MULTILEVEL IRT MODEL

2.4.1 THE MULTILEVEL STRUCTURE OF TEST DATA

The basic structure of PSAT/NMSQT data is hierarchical in that item responses are nested

within students and students are nested within schools. This is typical of much educational
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data, and creates a data structure which presents problems for estimation of some item-level,
person-level, and school-level parameters. Students within a particular school, for example,
share the same physical environment, and have a set of similar experiences, including similar
instructional sequencing, similar teachers, and similar peers. The assumption that observa-
tions are independent of school effects, therefore, is potentially violated. The result of this
violation is that the standard errors of parameters realized in a traditional regression analysis
will be often too small. This fact makes the traditional regression analyses (i.e., aggregated
regression and disaggregated regression for the multilevel structure) less conservative.
Several studies have demonstrated improvements in parameter estimation for hierarchi-
cally structured data with use of multilevel analysis. With respect to estimates of fixed
parameters, both traditional regression analysis and multilevel analysis have been found to
produce unbiased estimates (Kim, 1990; Bassiri, 1988). The improvement in estimates of
parameters using multilevel analysis arises for random components of the model. This is

because the standard errors of parameters in multilevel modeling are not underestimated.

2.4.2 MULTILEVEL ITEM RESPONSE THEORY MODEL

Multilevel models, also known as hierarchical linear models (HLM), allow the natural mul-
tilevel structure of educational and psychological data to be represented formally in the
analysis of the data (Bryk & Raudenbush, 1992; Goldstein, 1987; Longford, 1993). The com-
bination of HLM with IRT provides more accurate estimation of the standard errors of the
parameters (Adams et al., 1997; Maier, 2001, 2002; Fox, 2005). This combination also has
led to the development of psychometric models for item response data that contain hierar-
chical structure, thus enabling a researcher to study the impact of different predictors such
as schools and curriculum on the lower level units (e.g., students) (e.g., Adams et al., 1997;

Kamata, 2001; Maier, 2001, 2002; Fox & Glas, 2001).



21

Kamata’s Three-Level IRT Model

A useful model to begin with is the three-level IRT model developed by Kamata (2001).
This model is explained below and then extensions are made to develop the MMixIRTM.
The IRT portion of Kamata’s model is a Rasch model. The multilevel IRT model formulation
for binary items in that model is presented below.

First-Level Model. The first level of this model identifies the measurement model.

P;(0;¢)
1 J =0: — B;; 2.8
o [ ) =0 .
with j = 1,...,J examinees, t = 1,...,T schools, for a test of ¢ = 1,...,I items, 0} is

the ability of examinee j in school ¢, and P;(6;;) is the probability of person j in a school ¢
answering the item ¢ correctly, and (3;;; is the difficulty of item 7. 3;; has two subscripts, j
and t, even though item difficulty is actually a characteristic of the item. The reason is that
at the first level, the regression coefficients in the hierarchical linear model are expressed
for each item, but these are not treated as variables in the regression analysis. The j and ¢
subscripts for items are removed at the second and third levels of the model.
Second-Level Model. The second level of the model is the student- or person-level of

the model. At this level, the model provides student ability estimates as follows:
00 = Yor + wje (2.9)

where 7, is the average ability of individuals js in a school ¢, and u;; follows N(0,7), in

which 7 is the variance of ability at the student level. [tem difficulty estimates are given as

ﬁijt = Ot (2‘10)

with the change in notation indicating that item difficulties 3;;; = B are characterized as
being constant across students.
Third-Level Model. The third level specifies the school-level of the model. At this level,

estimates are provided of school-level ability estimates:

Yot = Yoo t+ Vi, (2.11)
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where 79 is the average ability for school ¢, and v, follows N (0, ), in which ( is the variance

of ability at the school level. Item difficulty estimates are given as

Bit = B; (2.12)

indicating that at this level of the model item difficulties, §;; = ;, are characterized as con-
stant across schools. One useful outcome of this formulation is that the variance of ability
can be decomposed into two components, a student-level component and a school-level com-
ponent.

Kamata’s model is specified for binary items, but it is also possible to incorporate poly-
tomous items into this same three-level structure. Maier (2002) presented this for a partial
credit model (PCM). Maier’s multilevel PCM model is presented below at level one in the
multilevel model. The multilevel PCM is reformulated here to enable it to be used in the
MMixIRTM being developed in the present study.

First-Level Model. The first level identifies the measurement model. The PCM is based

on the adjacent logit, and is an extension of the Rasch model.

Pim\m—l,m(ej )
1 - Pim|m—l,m(‘9j )

with j =1,...,J examinees, t = 1,...,T schools, for a test of ¢ = 1,..., [ items, 0}; is the

log = —(0;t — bimjt) (2.13)

ability of examinee j in school ¢, Pyyjm—1,m(0j¢) is defined as

Pim(ej )
[Pim-1(0t) + Pin(050)]

where P;,,,(0;¢) is the probability of person j in a school ¢ selecting category m of the item i

(2.14)

correctly, and b;,;; is the item ¢ step parameter. b;,;; has both j and ¢ subscripts to enable
its representation as regression coefficients in the HLM, even though the item step parameter
is from the item characteristic curve (i.e., from the second level of the model). In the model
(below), j and t subscripts are deleted at the second- and third-levels.

Second-Level Model. The second level, the student-level, provides student ability esti-
martes,

th = Yot + Ujt, (215)
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where vy is the average ability of individual j in a school ¢, uj; follows N(0,7), in which 7

is the variance of ability at the student level, and
bimjt = bimt - (2.16)

This notation indicates that the item step parameters, bj,j: = bimt, are constant across
students.
Third-Level Model. Level 3 is the school-level of the model and provides estimates of

school-level ability as

Yot = Yoo + Vi, (2.17)

where ~yg is the average ability for school t, v, follows N(0, ), in which ( is the variance of
ability at the school level, and

At this level, the notation above indicates that the item step parameters, bj,; = b;,, are
constant across schools.

The b;,, in the multilevel PCM are the item step parameters. These can be decomposed
into an overall item difficulty, ¢;, for item 7. This is equivalent to the average of the xth step

parameters for item ¢, and a category-specific mean deviation, 7;,,. That is,
bim = 0i + Nim, (2.19)

where

- biv
6 = ==L (2.20)

X

indicates the location of the item on the ability scale, and 7;,,, = b;, — 9; is the location of
step x relative to the location of item 1.
In this formulation, as in the previous one by Kamata, the variance of ability can be

decomposed into two components, a student-level component and a school-level component.
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Limitations of Multilevel IRT

In this section, some limitations of multilevel IRT models are discussed to provide moti-
vation for the development of the MMixIRTM. One important limitation of multilevel IRT
models is that they do not provide information about group membership beyond that pro-
vided by manifest predictors included in the model. As is noted below, this is consistent with
previous approaches to detection of DIF. It is not necessarily the most useful way to detect
DIF, however, if one is concerned with developing meaningfully related latent classes with
respect to the causes of that DIF.

Information about comparison groups is a necessary feature of any DIF detection method
and a central feature of the method to be developed in this study. We address the description
of comparison groups in the context of a DIF analysis by using an approach that identifies
latent groups in the data. Such groups are not immediately observable but share certain
homogeneous response propensities that can be used to help explain how one latent group
differs from another in item performance. It is these differences in response propensities that
help to explain the causes of DIF.

Individuals may share a common set of response strategies, for example, when answering
test questions (Mislevy & Verhelst, 1990; Rost, 1990). Likewise, schools within the same
latent class may be homogeneous on certain criteria, while differing from schools in
other school-level latent classes in particular and potentially important ways (Vermunt
& Magidson, 2005). The incorporation of mixture models into multilevel IRT enables us
to provide item and ability information for individuals in each student-level latent class
as well as information about performance at the school-level. In this study, therefore, the
multilevel IRT model is extended to include student-level and school-level mixtures. In
addition, covariates are incorporated in the model at both the student-level and school-level
to help describe characteristics of membership in the latent classes that are detected at each

level.
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2.5 FINITE MIXTURE MODELS AND MIXTURE IRT MODELS

2.5.1 FINITE MIXTURE MODELS

Finite mixture models provide an appealing semi-parametric framework in which to model
some unknown distributional shapes and model-based clustering (McLachlan & Peel, 2000).
LCM is finite mixture modeling with categorical response variables. The terms finite mixture
models and LCM are used interchangeably in this study. This kind of modeling began to
emerge in 1960s in the sociology literature as a way of explaining respondent heterogeneity
in survey response patterns involving dichotomous items. In LCM, latent classes are unob-
servable subgroups or segments in the data. Cases (e.g., individuals or students) within the
same latent class are homogeneous on some relevant criteria, and cases in other latent classes
are dissimilar on the same criteria.

The LCM can be parameterized in several ways. Heinen (1996) summarized three different
parameterizations: conditional probability formulation, log-linear formulation, and log-linear
with conditional probability formulation. These three LCM formulations are referred to in
this study as unrestricted LCMs. Each formulation imposes restrictions on the model param-
eters in particular ways. By imposing some restrictions on a LCM, we have a restricted LCM.
A LCM using log-linear parameterization with linear restrictions and an IRT model based
on the cumulative logistic distribution provide comparable results (Heinen, 1996). In fact,
however, there is still a difference between the two models in that the latent variable is
discrete in the linear restricted LC model but continuous in the IRT model.

The log-linear formulation of the unrestricted LCM for the adjacent-categories logits is

as follows:
Bim(0y)
1 — | = im — Uim— i,m— 2.21
o[ | = o = ) 220
where % is the logit in which the probabilities for responding in categories m and

m — 1 to item ¢, Ui, and u;,,—1, Tespectively, are category effects of item 4, and w; 14,

describes the difference between item ¢ and the latent variable 6,. If it can be assumed that
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latent classes are ordered along a latent continuum, the G different logits (where G is the
maximum number of latent classes) can be hypothesized to be linearly related to the latent
variable (Heinen, 1996). This assumption can be formalized by imposing the following linear
restriction on the u;,,_1q,:

Uim—10, = Uim—1 - Oy (2.22)

2.5.2 MIXTURE ITEM RESPONSE THEORY MODEL

The LCM is based on the assumption of conditional independence of items, which is the
same as the local independence assumption in IRT. The two models differ, however, in
important ways. One important difference is that the latent ability in a LCM is assumed
to be categorical whereas in IRT, it is assumed to be continuous. The result is that the
MixIRTM, which is itself a combination of LCM and IRT, permits within-class variation on
the latent variable #. Members within a latent class formed using a MixIRTM, in other words,
experience the same propensity for a response to each of the items on the test. That is, the
IRT model within a latent class is the same for all members of the class, although examinees
in the same class can vary on the underlying ability. In the LCM, however, examinees within
a latent class are homogeneous in both their responses to items and on the latent ability.
Another difference between the two models is that there is an explicit functional relation-
ship between the response probabilities and the latent variable in IRT while there is no such
explicit functional relationship in LCM (Masters, 1985). The LCM also handles increase in
test length differently than a MixIRTM. When test length increases, the matrix of response
patterns becomes increasingly sparse. This sparseness can be a problem for LCMs because
model parameters may not be well-estimated. The IRT portion in a MixIRTM potentially
handles this sparseness somewhat better in that it imposes a parametric model (e.g., a cumu-
lative logistic or normal ogive function) with strong assumptions describing the relationship

between the response probabilities and the latent variable. The MixIRTM is also typically
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seen to fit data better than conventional models of LCM or IRT (Muthén & Asparouhov,
2006).

Rost (1990, 1997) described a MRM in which an examinee population is assumed to be
composed of a fixed number of discrete latent classes. In each latent class, a Rasch model is
assumed to hold, but each class has different item difficulty parameters. In a MRM, members
of the same latent class are assumed to experience the same relative difficulty among the
items on the test, although within the same class members do differ in ability. The MRM
also associates a class membership parameter, g, with each examinee that determines the
relative difficulty of the items for that examinee, as well as a latent ability parameter, 0,4,
that influences the number of correct answers the examinee is expected to make to items on

the test. The probability of a correct response in the MRM is written as

1

Ply,.. = 1lg.0..) =
(ng |g’ 39) 1+ exp[—(ejg - ﬁig)] 7

(2.23)

where g is an index for the latent class, g = 1,...,G, j = 1,...,J examinees, 0, is the latent
ability of a examinee j within class g, and 3, is the Rasch difficulty parameter of item ¢ for
class g. Rost (1990) suggested that the primary diagnostic potential of the MRM is in its
use for accounting for qualitative differences among examinees, and its simultaneous ability
to quantify that ability with respect to the same items.

von Davier and Yamamoto (2004) extended Masters’s PCM and Muraki’s generalized
partial credit model (GPCM) to the class of discrete mixture models. The mixture PCM, a

Rasch model, is formulated as follows:

T exP[Ei_o(0itg — bimg)]

" o m=1 Zi]y:lo eXP[Zgzo(eﬁg = bimg)]
where g = 1, ..., G student-level latent classes, and j = 1,...,J examinees. The polytomous
item scores are 0,1,...,M; for the i = 1,..., I items. z is the given item score. 0, is the

ability of examinee j in school ¢ in the class g, and b;y,, is the item step parameter of the

category m of item ¢ for the class g.
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Extending Mixture IRT Models. An important limitation of MixIRTMs is that they
essentially ignore the basic multilevel structure that is present beyond the student-level in
much of educational test data. In this study, we incorporate that multilevel structure into a
MixIRTM, and extend the model into a multilevel MixIRTM (MMixIRTM). We then use this
model for DIF detection at both the student- and school-levels, focusing on detection of latent
classes of students and school whose performance on particular items differs along lines that
are not necessarily associated with membership in a particular manifest group. The approach
proposed in this study provides DIF information at the student- and school-levels along with
information describing the composition of the different groups in the DIF comparisons. In
this way, information can be provided that will enable school personnel or others involved
in interpretation of test results to easily describe the composition of comparison groups,

including other schools like themselves.

2.6 MULTILEVEL LATENT CLASS MODELS

An alternative approach to DIF detection is found in LCMs (Webb, Cohen, & Schwanen-
fluegel, in press). The rationale for use of a LCM is the same as that proposed by Cohen
and Bolt (2005). The difference is that a LCM is used in place of an IRT model. Webb et
al. demonstrated that nuisance dimensionality was responsible for what was previously per-
ceived as a bias on the Peabody Picture Vocabulary Test III (Dunn & Dunn, 1997) against
African-American preschool children. Using a LCM, Webb et al. showed that the actual cause
of the DIF was due to use of particular response strategies by latent classes of examinees.
An important limitation of the LCM, that is shared with IRT models, is it assumes that
observations are independent. Unfortunately, this assumption is often violated. Multilevel
LCMs have been suggested that relax this assumption (Vermunt, 2003; Vermunt & Magidson,
2005; Bijmount, Paas, & Vermunt, 2004; Asparouhov & Muthén, 2007). This type of model

uses a discrete unspecified distribution, which provides a nonparametric multilevel LCM.
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In the context of the PSAT/NMSQT, this type of model would allow for both student-
level latent classes and school-level latent classes sharing the same parameter values. This
approach imposes less restrictive distributional assumptions and typically provides faster
and more stable estimation than non-linear regression models (Vermunt, 2003).

As Vermunt (2003) notes, nonparametric does not mean distribution free. Rather, non-
parametric is used to indicate that the normal distribution assumption is replaced by a

multinomial distribution assumption. The MLCM can be described as follows:

K &
P(yijt) = Z Z T - Tg|k P(yz‘jtgkwgk)a (2-25)
k=1g=1
where g = 1,..., G student-level latent classes, k = 1,..., K school-level latent classes, 7,

indicates the relative sizes of latent classes at the student-level conditional on latent class
membership at the school level, 7, is the proportion of schools for each class, P(y;jigr) is the
conditional probability to item ¢ for latent classes g and k.

P(Yijigr|fgr) in a LCM can be restricted or unrestricted. An unrestricted LCM may not
always be the most useful, however, when the analysis is intended to be for measurement
rather than for data reduction (Heinen, 1996; Masters, 1985). A number of restricted LCMs
can be obtained to investigate the relationship between the latent variable and manifest
indicators such as items.

As mentioned earlier, Heinen (1996) reported equivalence of restricted LCMs and IRT
models using a log-linear parametrization for the LC model and a cumulative logistic function
for the IRT model. Vermunt’s modeling using a restricted LCM as the measurement model
(Vermunt, 2003; Bijmount, Paas, & Vermunt, 2004) is similar to the multilevel IRT model.
The MixIRTM portion of a MMixIRTM, however, can be more easily viewed as a combination
of an unrestricted and a restricted LCM. This combined model combines a discrete LCM
with a continuous IRT model.

Comparison of Kamata’s multilevel IRT model with a restricted multilevel
latent class model. The comparison of Kamata’s (2001) multilevel IRT model with a

multilevel restricted LCM is revisited here to illustrate the meaning of nonparametric as
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used in this study. The ability structure of a multilevel IRT model can be given as follows:
Hjt = Y00 + Ut + Vy, (226)

where j = 1,...,J students, t = 1,...,T schools, 7y is the average ability for school ¢, u;
is the ability across students, u;, follows N(0,7), in which 7 is the variance of ability at the
student level, and 14 follows N (0, (), in which ( is the variance of ability at the school level.
The total variance of ability in the multilevel IRT model is decomposed into the student-level
ability variance (i.e., 7) and the school-level ability variance (i.e., ().

The ability structure of a MLCM can be given as follows:

K &
th = ZZWk'Wg‘k'ng, (227)
k=1g=1
where g = 1, ..., G student-level latent classes, and £k = 1,..., K school-level latent classes.

The multilevel restricted LCM can be considered a nonparametric version of a multilevel
IRT model in that class-specific ability, 64, (where g indicates latent class at level 2 and k
indicates latent class at level 3), in the multilevel restricted LCM is similar to the random
effect of ability, 6;; in the IRT model. The gk subscript on ¢ for the LCM indicates class
specific ability whereas the jt subscript in Equation (2.26) is a random effect specific to
student j in school t.

This perspective is of interest in that a multilevel LCM can be considered as a nonpara-
metric approach to the multilevel IRT portion of a MMixIRTM. We employ the point of
view in this study, however, that the MMixIRTM is an extension of a multilevel unrestricted
LCM by including an IRT model.

Limitations of a Multilevel Latent Class Model. One concern with a multilevel
LCM is there is no variation in ability across latent classes. That is, 0y, is the same for
all examinees within a latent class in a MLCM. The probability for giving a response on a
particular item ¢, conditional on membership in a latent class is the same for all students
in that latent class. The proposed MMixIRTM allows for variability in ability within latent

classes.
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Asparouhov and Muthén (2007) extended the structural equation model and factor mix-
ture model (which can be formulated as a MixIRTM) into a multilevel model. This approach
and a MMixIRTM approach are similar in that both use a factor mixture model in the
multilevel extension. In other words, both approaches allow examinees to vary on the latent
ability. The group level mixture is a parametric random effect (i.e., normally distributed)

rather than a nonparametric model in Asparouhov and Muthén (2007).

2.7 MULTILEVEL MIXTURE ITEM RESPONSE THEORY MODEL

2.7.1 MODEL RATIONALE

The proposed MMixIRTM estimates mixtures of latent classes at two levels, a student-level
and a school-level. Student-level latent classes capture the association between the responses
at the student-level unit. The MixIRTM assumes that there may be heterogeneity in response
patterns at the student-level which should not be ignored (Mislevy & Verhelst, 1990; Rost,
1990). The MMixIRTM does not exclude the possibility, however, that there may be no
student-level latent classes. It is interesting to note that, if no student-level latent classes
exist, this would indicate that there would also be no school-level latent classes. The reason
is that school-level units are clustered based on the likelihood of their students belonging to
one of the latent classes. In a MMixIRTM as presented in this study, in other words, it is
not meaningful to have school-level classes if no student-level latent classes are present.

Viewed in this way, school-level latent classes capture the association between the stu-
dents within school-level units. Latent classes at the school-level, however, may differ in the
probability that students belong to particular latent classes. This is accommodated in the
MMixIRTM by allowing for the possibility that school-level latent classes may differ in the
proportions of students in each student-level latent class contained in a school-level latent
class.

The modeling of ability variance in the MMixIRTM is different from that of a multi-

level IRT model in that the total variance of ability is modeled rather than the component
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variances. A special case of the MMixIRTM may arise if there are the same proportions of
student-level latent classes in each school-level latent class and there is only student-level
class-specific item difficulties. In this case, the total ability variance can be decomposed into
student-level and school-level components. This is not usually the case, however. A more real-
istic possibility is that the proportions of student-level latent classes will be different in each
school-level latent class. In this case, the total variance of ability can not be decomposed.
The hierarchical data structure of ability variance allows the estimation of both student-
and school-specific variance of ability. This approach to ability specification provides not
only class-specific information, but also can be used to approximate a continuous mixture
distribution (Vermunt, 2003). If there are large differences between schools with respect to
the proportion of student-level latent classes, it indicates that the students belonging to the
same school-level latent class are strongly homogeneous (Vermunt & Magidson, 2005).
Ability Structure of MMixIRTM. Equation (2.7) is revisited here to describe the
structure of data in terms of students, nested within school with probabilities of mixtures at

the student- and school-level literally and graphically.
Ojtgh ~ N(Ngkﬂfzk) : (2.28)

Each student has manifest identification, j and ¢. Student j is nested within school ¢. In
addition, he/she has latent identification, g and k. Abilities of students (i.e., 6j,;) have
variability for each mixture unit of g and k, which has its own mean (i.e., f14;) and variability
(i.e., 02). Students are composed with student-level probability of mixture (i.e., mg) and
school-level probability of mixture (i.e., m). This structure is represented in Figure 2.3.
Proportion Structure of MMixIRTM. The structure of 7. is shown in Table 2.2.
There are K probability arrays m.q, k= 1,---, K, where G is the dimension of each array.
Item Difficulty Structure of MMixIRTM. In the general model of a MMixIRTM,
item difficulty parameters have both student- and school-level class-specific values. These
can be represented as ;5. A graphical visualization of this relationship is shown in the

three-dimensional array in Figure 2.4. The column in Figure 2.4 represents items (i.e., ),



33

Figure 2.3: Graphical Representation of Data Structure

the row represents the student-level mixture (i.e., g), and the school-level mixture (i.e., k),
is represented by the dotted line. Figure 2.4 is intended to help visualize the item difficulty
structure, so it can be seen that student-level class-specific item difficulties stack up at the
school-level mixtures.
Probability Structure of MMixIRTM. The probability of getting a correct response
in the MMixIRTM can be given as follows:
K d
Pije =Y - g - PWijear = 119, K, Ojegr)- (2.29)
k=1g=1
In the structure shown in Figure 2.5, the circles represent the latent variable (i.e., ability)
and the rectangles represent the manifest variable (i.e., item responses). The arrows from g

and k indicate that the probability of getting a correct response is a function of g and k.
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Table 2.2: Proportion Structure of MMixIRTM

K=1 K=2 K=K
G=1 11 1|2 ™K
G=2 a1 T2 To|K
G=G TG|1 TG|2 TG|K
Sum X9 =1 XU =1 Yo gk =1

Meaning of the term Multilevel in MMixIRTM. In this subsection, the term
multilevel is explained to emphasize the model rationale. This term can be used with both
mixture and IRT. As described earlier for the model rationale, the school-level mixture is
composed of different proportions of student-level mixtures. The result is that ability and
item difficulty are modelled with both student- and school-levels mixtures. In this case, the
term, multilevel is used for the description of the two-level for mixture. If there are the same
proportions of student-level latent classes in each school-level latent class as a special case
of the MMixIRTM, the term multilevel is used for the description of multilevel IRT model.

The three sections of the PSAT/NSMQT, the critical reading, mathematics, and writing
skills sections, include multiple-choice, and gridded-response items. The MMixIRTM was
used in this study only for the binary response items. The model formulation for each
multiple-choice, short and extended response item, however, is described for the example.

The MMixIRTM developed in this study is described below from three different perspec-
tives to show how the MMixIRTM can be formulated by adding the flaw feature to the com-
bined models like a MixIRTM, a multilevel IRT model, and a MLCM. First, a MMixIRTM is

formed as the incorporation of mixtures into a multilevel IRT model. Second, a MMixIRTM
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Figure 2.4: Visualization of Class-Specific Item Difficulties

«

is formed by incorporating multilevel structure into a MixIRTM. Finally, a MMixIRTM is

formed of an IRT model incorporated into a multilevel unrestricted LCM.

2.7.2 The Multilevel Mixture IRT Model as an Extension of a Multilevel IRT
Model

The following MMixIRTM formulation is based on the multilevel IRT model described in
the previous section. The first part presents the MMixIRTM for binary items.
First-Level Model. At the first level of the model, the measurement model is identified:

Pi(0;tg1)

1 =0 — .. 2.
0og [1 —_ Pz‘(ejtgk)‘| Jtgk ﬁz]tgk ( 30)
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Figure 2.5: MMixIRTM Diagram

School-Level ltem1 ltem 2 ltem |
l
G5 X

where ¢ = 1,...,G student-level latent classes, k& = 1,..., K school-level latent classes,
Jj=1,...,J examinees, and t = 1,...,7T schools, for a test of i = 1,..., I items, 04 is the
class-specific ability of examinee j in school t, P;(6;:4) is the probability of person j in a
school ¢ answering the item ¢ correctly, and ;4 is the class-specific difficulty of item 7. As
was the case for Kamata’s (2001) model (described earlier), 3;;iqr at the first level has both
7 and t subscripts, even though item difficulty is an item characteristic and is not actually

estimated at this level. This form of representation for item difficulty is due to the regression
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coefficients present for each component in the model at the first level in the HLM. The j
and t subscripts are deleted at the second- and third-level respectively.
Second-Level Model. The second level is the student-level model. Student ability esti-

mates are given as follows:

Hjtgk = "Yotgk + Ujtghk, (231)

where o4 is the class-specific average ability of individual j in school ¢, w4 is distributed

N(0,7,.), where 7, is the variance of ability at the student -level, and

ﬁz’jtgk = ﬁitgk (232)

are class-specific difficulties 3;jigx = Bitgr. As indicated in the notation, these are character-
ized at the second level as being constant across students.
Third-Level Model. The third level specifies the school-level model and provides esti-

mates of school-level ability estimates:

Yotgk = 7Y00gk + Vigk, (233)

where 7gog is the class-specific average ability, vy, follows N (0, (), which (, is the variance

of ability at the school level, and
ﬁitgk - ﬁigk (234)

are item difficulties Bitgr = Bigr Which are characterized at this level as constant across
schools.

As was noted above for the multilevel IRT model, polytomous items also can be incor-
porated into the MMixIRTM. This is done as follows:

First-Level Model. The first level identifies the measurement model. The probability
of a response to category m for item ¢ is defined as a function of ability, #, and an item step
parameter, b:

Pimjm—1,m(Oitgr)

1 = —(@itor — bimni 2.35
o8 1— Pim\m—l,m(eitgk) ( gtk thk) ( )
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where ¢ = 1,...,G student-level latent classes, & = 1,..., K school-level latent classes,
7=1,...,Jexaminees, and t = 1,...,T schools. The polytomous item scores are 0, 1, ..., M;
for the ¢ = 1,...,I items. 0,4, is the ability of examinee j in school ¢ and in both latent

classes g and k, Pipjm—1,m(0jigr) is defined as

Pim(Ojtgr)
[Pim—1(0jgk) + Pin(Ojegr)]’

(2.36)

where P, is the probability of person j in a school ¢t answering the category m of the item
i correctly, bimgr is the difficulty of the category m item ¢ for classes g and k.

Second-Level Model. The second level, the student-level model, provides student
ability estimates:

Hjtgk = "Yotgk + Ujtghk, (237)

where g is the average ability of individual j in a school ¢ for both latent classes g and k,

wjgr follows N (0, 7,.), which 7, is the variance of ability at the student level, and

bimjtgk = bimtgk (238)

indicating that item difficulties iy, jgie = bimegr are treated as constant across students in
both classes g and k.

Third-Level Model. Level 3 specifies the school-level model and provides estimates of
school level ability estimates:

Yotgk = Yoogk T Vigk, (2.39)

where vpogr is the average ability for school ¢ in both classes g and k, vy, follows N (0, (),

which (. is the variance of ability at the school level,

bimtgk = bimgk (240)

and item difficulties bj,igr = bimgr are characterized as constant across schools in latent
classes.
The bimgr, in the multilevel mixture PCM are the item step parameters. These can be

decomposed into an overall item difficulty, d;g, for item ¢ in latent group g and latent group
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k, which is equal to the average of the xth step parameters for item ¢, and a category-specific

mean deviation, 7;mg,. That is,

bimgk = 5igk‘ + Nimgk 5 (241)

where
X

b
Jigh = —o=Lvot (2.42)
Xz

is the item’s location on the ability scale, and nimgr = bimgr — digr is the location of step x
relative to the location of item 1.

In the multilevel IRT formulation of Kamata (2001), the variance of ability is decomposed
into two components, a student-level component, 7, and a school-level component (. Even
though the formulation above in Equations (2.37) and (2.39) is based on the same multilevel
IRT model, the modeling of the variance of ability in the MMixIRTM is different in that
the total ability variance is not decomposed into student-level and school-level ability vari-
ances. If the proportions in student-level latent classes are the same across school-level latent
classes, then the total ability variance can be decomposed into student-level and school-level
variances. If this is not the case, however, then the total ability variance can not be decom-
posed, because the proportion of student-level latent classes is different across school-level

latent classes. Since this is the likely case with real data, the structure of 0,4 is as follows:

Ojtgh ~ N (Yoogks Tok), (2.43)

where gogr 1s the mean of ability for classes g and k, and agk is the variance of ability for
classes g and k, which sum 7, and . Yoogr in Equation (2.43) is the same as 14 in Equation

(2.49).

2.7.3 A Multilevel Mixture IRT Model Extension of a Mixture IRT Model

Equation (2.44) presents a MixIRTM with mixtures at the student-level and school-levels.

The probability of a correct response is given as

1
Pp(Yijigr = 119, k, Ojigr) = 1+ exp[—Osegn — Bigh)]’ (2.44)
Jtg Y
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where ¢ = 1,...,G student-level latent classes, & = 1,..., K school-level latent classes,
j=1,...,J examinees, and t = 1,...,T schools, for a test of i = 1,...,I items. 0}y, is the
ability of examinee j in school ¢ and in both latent classes g and k, and ;4 is the difficulty
of item ¢ for classes g and k.

Below, we describe a multilevel mixture PCM for constructed-response items. We modify
this formulation in the sequel depending on the types of item response formats. The model

formulation is as follows:

o eXp[Zi:o (ejtgk - bivgk)]

Pp(Yijige = |9, k, Ojigr) = J_:[l ST exp>" o (Bruck — bioge)] (2.45)
where ¢ = 1,...,G student-level latent classes, k = 1,..., K school-level latent classes,
7 =1,...,J examinees, and t = 1,...,T schools. The polytomous item scores are 0, 1, ..., M;
for the 7 = 1,..., 1 items, x is the item score, 0}, is the ability of examinee j in school ¢

and in both latent classes g and k, and b;,g is the difficulty of the category m item i for
classes g and k.

The bjygr in the multilevel mixture PCM are the item step parameters. These can be
decomposed into an overall item difficulty, d;4, for item ¢ in latent groups g and k, which
is equal to the average of the xth step parameters for item ¢, and a category-specific mean

deviation, 7j,gr. That is,

bivgk = 6igk + Nivgks (246)
where
:c_ biv
Gigr, = o=l ot (2.47)
x

is the item’s location on the ability scale and 94, = bivgk — digr is the location of step x
relative to the location of item 3.

For both binary and polytomous items, 0,4, has the following structure:

Ojigr ~ N(tigh, o) (2.48)

where 110, is the mean of ability for classes g and k, and agk is the variance of ability for

classes ¢g and k.
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2.7.4 A Multilevel Mixture IRT Model as an Extension of a Multilevel LCM

The following presents a multilevel unrestricted LCM with an IRT model extension. This
combination provides a MixIRTM in the MMixIRTM. It leads to the same model formulation
as the previous two perspectives, i.e., the incorporation of mixtures into a multilevel IRT
model and the incorporation of a multilevel structure into a MixIRTM. It is of interest to
compare the 6 structure of MMixIRTM among these three formulations.

As we can see below, 0 follows N(pgk,02,), indicating that there is variability in 6
within classes g and k. This 6 structure is different from the MMixIRTM in Vermunt’s (2003)
multilevel LCM. In Equation (2.25) of Vermunt’s MLCM, there is no variability in ability,
04 However, in the MMixIRTM, there is variability in ability, N (,ugk,agk), as is shown

below:

Ojtge ~ N(tigr, 0p) (2.49)

where 7 = 1,...,J students, t = 1,...,T schools, g = 1,...,G student-level latent classes,
k =1,..., K school-level latent classes, g, is the mean of ability for classes g and k, and

07, is the variance of ability for classes g and k.

2.7.5 A MULTILEVEL MIXTURE IRT MODEL WITH COVARIATES

In this section, we extend the MMixIRTM to a finite mixture regression model that incor-
porates covariates. Covariates can be particulary useful for helping to identify latent classes
in the data (Smit, Kelderman, & van der Flier, 1999). Smit et al. also indicated that item
parameters and group memberships were recovered better as the strength of the association
between the latent class and the covariates increased.

The extension described below is a finite mixture regression model that includes covari-
ates. As indicated above, these covariates can be used both to predict latent class membership
for individual j and school ¢ and to describe the relationship between the means for indi-
vidual 7 on each of the G latent class means and the relationship between the means for

school ¢ on each of the k latent class means.
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Using covariates in the MMixIRTM provides a change in the usual approach for detecting
membership in latent classes. This latter approach follows a two-step procedure in which a
class is estimated for each examinee in Step 1 and then in Step 2, cross-tabulation, regres-
sion, or some other method is used to relate membership in a latent group to one or more
covariates. One disadvantage of this two-step approach is that it permits estimation errors to
intrude on the classification process which attenuate the relationship between the covariate(s)
and the latent classes (Vermunt & Magidson, 2005). Smit et al. (1999) demonstrate how
standard errors can be reduced and the accuracy of classification improved by incorporating
variables associated with the latent class variable into the model. Cho, Cohen, and Kim
(2006) found that the use of a covariate improved the recovery of both item difficulties and
group membership, when there was an overlap of 80 percent or more among the covariate
and the latent groups, and when no guessing was simulated. Including such covariates in the
same model, in other words, helped to reduce the attenuation that can occur in the two-step
approach mentioned above.

The MMixIRTM with covariates is modeled as followed: Students and schools are modeled
as belonging to the latent class for which they have the highest probability of membership.

The proportion of individuals in class g conditional on school level latent class, g, is

exp(Yogk + 25:1 YogWip)
ZQG:1 exp(Yogk + 25:1 TogWip)’

(2.50)

Tglk,W; =

where 7, is the probability of an individual belonging to a class g given k. The G latent
groups are modeled as functions of the individual-level covariates W}, and ;. is a multino-
mial logistic regression. 7,4 is a class-specific effect of covariate p on group membership. For
identifiability, vo1, = 0 for all ks and v, = 0.

In addition, the probability of a school belonging to latent class k, 7, can be written as

exp(Yor, + Ele Yok Wip)
Yiey exp(Yor + oy Yok Wep)

Thjw, = (2.51)
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where K latent groups are modeled as functions of the school-level covariates, W;, and 7,

is a class-specific effect of covariate p on group membership. For identifiability, 79 = 0 and

V.(k=1) = 0.

2.7.6 Special Cases of the Multilevel Mixture IRT Model with Covariates

Below, we introduce three special cases of the MMixIRTM which have some utility for
estimation of DIF in the multilevel model. These are each obtained through the use of
different sets of constraints.

Special Case 1. The first special case of a MMixIRTM is that in which the proportions of
student-level latent classes are same among school-level latent classes. When this assumption
holds, item (i.e., Bigr and b;g) and ability (i.e., 0j14:) parameters can be split into student-

level and school-level parameters. We illustrate this special case as follows for binary items:

1
1+ exp[—(Ojig + Ojur) — (Big + Bir)]

Pp(Yijtgr = 119, K, Ojtg, Ojur) = (2.52)

Equation (2.52) shows that the item difficulty parameters (3;, and (;;, are estimated separately
for the student-level and for the school-level latent groups. If this assumption holds, this
formulation indicates that DIF can be analyzed separately at the student-level and at the
school-level.

Special Case II. The second special case we consider is that for which item and ability
parameters do not vary across school-level classes. This model can be useful when the purpose
of analysis is on identifying different students’ strategies with incorporating multilevel data

structure. We illustrate this special case as follows for binary items:

1
1+ eXp[_(‘gjg + 05 — ﬁig)] '

PB(yijtgk = 1’9, kaejtgaejt) = (2-53)

It can be seen in Equation (2.53) that the item difficulty parameter (3;, differs among student-

level latent classes. It does not contain a k subscript indicating that the same estimates hold
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for each school-level latent class. If this model holds, then DIF is tested only at the student-
level. The j subscript in 0;; of Equation (2.53) indicates students in school ¢ of class g. A
similar model was described in Asparouhov and Muthén (2007).

Special Case III. The third special case of the MMixIRTM is one in which item and
ability parameters do not vary among student-level classes. This special model is of interest in
case we seek to obtain school-level DIF information. In fact, this model contains information
aggregated across student-level latent classes for each school-level latent class. We illustrate

this special case for binary items as follows:

1
1+ exp[—(0e + Ok — Bir)]

Py (ijige = 119, k, 0j1, Ojur.) = (2.54)

The item difficulty estimates, (;;, contain a k subscript but not a g subscript indicating
that they differ only by school-level latent class. This formulation was illustrated in Vermunt
(2007), and is of interest when we seek to examine DIF only among the school-level latent
classes.

The general MMixIRTM described earlier and the three special cases of the general model
are summarized in Table 2.3.

In the next section, DIF will be defined with respect to the MMixIRTM as the general

model and the three special cases, respectively.

2.7.7 DIF ANALYSIS USING MULTILEVEL MIXTURE IRT MODEL

Kamata and Binici (2003) extended a two-level DIF model to a three-level DIF model using
a hierarchical generalized linear model (HGLM) framework. The three-level model accounted
for variation of DIF across schools as well as identification of school characteristics that help
explain such variation. The magnitude of DIF was modeled across schools by Kamata et al.
(2005) and included school characteristics (i.e., predictors) to determine whether they can
help explain the variation of DIF among schools. Kamata et al. also modeled the magnitude

of DIF at the school-level with random effects and described it with school-level predictors.
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That is, Kamata et al. modeled a three-way interaction of item difficulty x student-level
manifest group X school characteristics for the item difficulty parameters.

This approach to detection of school-level DIF is different from that of the proposed model
in two ways: First, it is based on the use of manifest groups, and second, the modeling of DIF
is incorporated directly into estimation of item difficulty. This approach by Kamata et al. is
markedly different from the usual approach which detects DIF by calculating some function
indicating a difference between item parameters among the different manifest groups.

The MMixIRTM proposed in this study functions differently from that of either the
standard DIF detection approach or the one described by Kamata et al. (2005). Kamata
et al. (2005) examined DIF based on item performance differences among manifest groups.
In the current study, DIF is considered by examining differential item performance among
different latent classes of students and schools. Performance in this approach is not directly
associated with membership in a particular manifest group and group-specific item difficulties
are present for both student-level and school-level latent classes.

Four Different Types of DIF. DIF can be investigated at both student-level and
school-level for the general MMixIRTM as well as for each of the three special cases described
above. For the general MMixIRTM, item difficulty and item step parameters have both sub-
scripts ¢ and k. This indicates that each school-level latent class, k, has its own set of
student-level latent classes. This in turn indicates that item parameters need to be repre-
sented for each student-level latent class and for each school-level latent class.

In the general MMixIRTM, both student-level DIF and school-level DIF can be detected.
School-level DIF is defined as the differences between the item difficulties given the student-
level latent classes. Student-level DIF can be detected by calculating and testing the dif-
ferences between the item difficulties (i.e., B;g) within a school-level latent class. For poly-
tomous items, item step parameters, bj,q,, can be decomposed into a class-specific item
difficulty, d;4x, and a category-specific mean deviation, nmgr. In the general MMixIRTM, it

is assumed that item difficulties, d;4, may differ among latent classes. The category param-
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eters, 7imgr, are common for latent classes which results in the formulation of 9iygr as 7im.-
This formulation is consistent with the approach in Muraki (1999) for DIF in the PCM
among manifest groups. Thus, student-level DIF for polytomous items is defined as the
difference between the overall item difficulties (i.e., d;g5) within a school-level latent class.
School-level DIF for polytomous items is defined as the difference between item difficulties
for the school-level latent classes given the student-level latent classes.

Second, both student-level DIF and school-level DIF can be detected for Special Case I,
but only if the proportions of student-level latent class are same across school-level latent
classes. As noted above, student-level DIF is detected as differences among the item diffi-
culties, 3;, and ¢;4 for student-level latent classes, g. School-level DIF is detected from the
differences among the item difficulties, 3, among school-level latent groups, k. One caveat
with respect to Special Case I is that it is somewhat unrealistic to assume that the same
proportions of student-level latent classes exist in each school-level latent class.

Third, as noted above for Special Case II, only student-level DIF is defined. As mentioned
earlier, this approach, which can be useful if group-level information is not needed, is done
by nonparametrically incorporating the hierarchical structure of the data into the model.

Fourth, for Special Case III, only school-level DIF is possible. As noted earlier, this
DIF is detected as differences among the item difficulties, ;. and d;;. This version of DIF
is somewhat less informative than that of the general MMixIRTM as differences among
student-level item difficulty estimates are aggregated within each school-level latent class.
That is, Big in the general MMixIRTM is only available as (3;, = B in Special Case III. In
other words, information is not available on item characteristics meaning that student-level
covariates, Wj,, do not enter into the model for this special case.

Although four different DIF analyses are available with the general MMixIRTM and
the three special cases described above, DIF analysis using the MMixIRTM is of primary

interest. This is because the group-level information for both student-level and group-level
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DIF is of most interest and more flexibility is allowed in terms of student-level proportions.
The specific DIF analysis procedures to be used will be presented in the next chapter.

Multiple-Group DIF Among Latent Classes. The current SOAS report provides
performance comparisons between a given school, defined as the local group, and a reference
group that is used to represent expected academic performance for the given school. The
DIF analysis approach in this study, however, is different from the usual multiple-group DIF
analysis in that there is a potential for more than one reference group, when there are more
than three school-level latent classes (i.e., when K > 3). The number of reference groups
is calculated in this study as K — 1. The given school is included in one school-level latent
class and the class-specific item difficulty parameters, B;gr or big, for the given school can
be compared with those for the other latent classes (i.e., with the 3,/ or b, /). In other
words, since school characteristics are to be clustered with respect to particular performance
characteristics, the given school is compared to schools with different performance character-
istics. This approach has the potential to provide more information regarding why the given
school’s performance is the same or different from that of the schools in the other school-level
latent groups.

For reporting purposes, we define each of the other groups as reference groups. These
can be described by considering the characteristics of each group. As mentioned earlier, the
school-level latent classes are composed of student-level latent classes. In the MMixIRTM,
these differ with respect to the proportion of students-level latent classes within each school-
level latent class. In addition, both student-level and school-level latent classes can be
described with respect to the demographic variables for both students and schools. In this
sense, a reference group at the school-level can be described by considering the proportion of

student-level classes and by the particular composition of demographic variables and ability.



CHAPTER 3

METHODS

The Rasch model, the multilevel IRT model and the MixIRTM are each special cases of
the proposed MMixIRTM. If no student-level and school-level mixtures are detected, the
MMixIRTM reduces to the Rasch model or multilevel Rasch model. Further, if no school-
level latent classes are detected, then the MMixIRTM reduces to a MixIRTM. In this study,
the Rasch model, the multilevel IRT model, and the MixIRTM were fitted in the process of
model selection. In this chapter, the estimation methods are described for the multilevel IRT
model, the MixIRTM, and the MMixIRTM for binary responses. As suggested above, the
Rasch model can be considered as a special case of the MixIRTM for a one-group solution,

so its estimation is not described here.

3.1 ESTIMATION

3.1.1 A BAYESIAN APPROACH TO ESTIMATION OF A MULTILEVEL ITEM RESPONSE

THEORY MODEL

Browne and Draper (2006) list the following programs currently available with specific algo-
rithm for estimation of multilevel models: Maximum likelihood estimation (MLE) Fisher-
scoring is implemented in the computer program VARCL (Longford, 1987); the computer
program MLwiN (Goldstein, 1986, 1989; Rasbash et al., 2005) implements a number of algo-
rithms including MLE via iterative generalized least squares (IGLS), restricted IGLS for
Gaussian data, and marginal quasi-likelihood (MQL) and penalized quasi-likelihood (PQL)
algorithms for dichotomous data; empirical-Bayes estimation via the EM algorithm is imple-

mented in the computer program HLM (Raudenbush et al., 2005); and a fully-Bayesian
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algorithm is implemented in the computer program MLwin (Goldstein, 1986, 1989; Rasbash
et al., 2005).

The PQL estimation method is known to underestimate model parameters for dichoto-
mous data with small sample sizes (Rodriguez & Goldman, 1995; Goldstein & Rashbash,
1996). Rodriguez and Goldman (1995) found that estimates of fixed effects produced by
the MQL method had larger bias than estimates produced by standard logistic regression,
whether or not the hierarchical nature of the data was accounted for in the model. Gold-
stein and Rashbash (1996) found PQL estimation to provide biased results albeit less biased
than MQL. Browne and Draper (2006) compared random-effects logistic regression (RELR),
Bayesian and likelihood-based methods for fitting variance-components. Results with RELR
can be considered as similar to those which would be obtained from IRT. Browne and Draper
found that PQL for Bernoulli outcomes used for estimating variances of random-effects (e.g.,
the variance of ability in IRT) with a three-level RELR model performed poorly with respect
to bias and convergence. This can be a problem when estimating multilevel IRT models for
tests scored dichotomously.

Adams, Wilson, and Wu (1997), Cheong and Raudenbush (2000), and Mislevy (1987)
estimated hierarchical models using large-sample approximation or empirical Bayes estima-
tion. These methods introduce constraints that depend on normal distribution theory on
the minimum allowable sample size and also on the extent to which sparse data sets affect
model estimates in a hierarchical structure (Maier, 2001). Multilevel IRT models also are
complex, requiring complex integrations to obtain maximum likelihood solutions. Bayesian
approaches do not rely on normal approximations and may permit easier solution strate-
gies that produce unbiased estimates and eliminate computation of complex integrations
(Maier, 2001). In addition, Bayesian methods handle missing data relatively well within the
parameter estimation scheme (Patz & Junker, 1999a, 1999b; Maier, 2002).

Gibbs Sampling and Markov chain Monte Carlo (MCMC) estimation in general provide

flexibility in estimation of multilevel IRT models (Patz & Junker, 1999a, 1999b). Maier
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(2001, 2002) described a fully Bayesian approach using MCMC estimation. Fox and Glas
(2001) describe a fully Gibbs sampling approach for a multilevel two-parameter normal
ogive IRT model and a two-level HLM. In this study, we exploit the fully Bayesian approach

for estimation of general MMixIRTM.

SPECIFYING A MODEL IN WINBUGS

Scale anchoring for Multilevel IRT Model. Combining Equations (2.8) - (2.12), the

multilevel IRT model can be described as follows:

log l%] =0 — Bi = (Y00 + uje + 1) — [, (3.1)
where wuj; follows N(0,7) and v, follows N (0, (). Since the g is the average mean of ability
for the school t, v; can be considered, following N (7o, ). The metric was anchored based
on ability by re-parameterizing uj;, into /7 - n;;, and setting n;, ~ N(0,1).

Priors and Posterior Distributions. The following priors and hyper-priors were used

to estimate the parameters of the multilevel IRT model in this study:

njt ~ Normal (0,1)

v; ~ Normal (0, ()

Bi ~ Normal (0,1)
¢ ~ Gamma(0.1,0.001)
7 ~ Normal(0,1)(0,)

Yoo ~ Normal (0,1)

where 1(0,) indicates that observations of 7 were sampled above zero.
The likelihood function for the multilevel IRT model is as follows:
I J

L(0;) = [T TI Pwise = 110;0)" - {(1 — P(ysje = 1]0;0)} ", (3.2)

i=1j=1
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where wu;; is dichotomously scored responses as 0 and 1. Note that school identification index
ts can be deleted in the likelihood function because student identification index js are nested
within the ts.

The joint posterior distribution of

S = {njt7yt7ﬁi7<77—7 fYUO} (33)

can be written as

P(S|U) o< L(050) P(nje 7) P(1) P (1700, O) P (700) P(C) P (i) - (3.4)

The conditional distribution of each of the individual parameters is derived then from the
joint posterior distribution.

Sampling in WinBUGS. WinBUGS includes a graphical modelling facility, called
DoodleBUGS, that can be used to graphically represent the full conditional distribution
for the multilevel IRT. The resulting graph can also be used in WinBUGS to generate the
code to estimate the model. Figure 3.1 shows a graphical model for the multilevel IRT using
DoodleBUGS that can be used to generate code which will provide the same result as that
in the Appendix A.

The processing in WinBUGS proceeds by sampling all nodes starting at the outer edge of
the diagram with the hyperparameters (i.e., tau, gamma, and zeta) and working inwards in
the diagram to the plj,i]. eta[j] is the variable name used in the program code for n; (Note
that ¢ was deleted in (3.3)), b[¢] is used for b;, nu[group|j]] is v, tau is used for 7, gamma is
the index for 7gg, and zeta is the variable name used in the program code for . A solid arrow
indicates a stochastic dependence and a hollow arrow indicates a logical function. From the
diagram, it can be seen that eta[j] depends on tau, and nulgroup[j]] depends on gamma
and zeta with p[j,i] being a logical function of b, eta, and nulgroup[j]].

Once the model is specified, including all priors and distributions, WinBUGS can deter-
mine the necessary sampling methods directly from the graphical structure. The form of the

full conditional distributions for oo and ( is conjugate, so that direct sampling using standard
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Figure 3.1: Graphical Representation of Multilevel IRT
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algorithms is done. In addition, the form of the full conditional distributions of 7, v+, 3, C,
and 7 are log-concave distribution, so that derivative-free adaptive rejection sampling is
carried out. The truncated version of the normal distribution of 7 is also log-concave.
Monitoring Convergence. To determine when convergence was attained, the Gelman
and Rubin (1992) statistic, implemented in WinBUGS, was run for two chains using widely
disparate initial values for each of the parameters. For example, the initial values for the
difficulty parameters, 3, were set at —2 and 2, respectively, for the two chains, for the
standard deviation of ability, 7, the initial values were 1 and 2, respectively, for the two chains.
In addition, the autocorrelation plots were examined. The Geweke (1992), Heidelberger and
Welch (1993), and the Raftery and Lewis (1992) methods also were run and analyzed for a

single chain.
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3.1.2 BAYESIAN ESTIMATION OF MIXTURE IRT MODELS

Estimation of MixIRTMs has been accomplished using a number of different algorithms. Esti-
mation using conditional maximum likelihood estimation (CMLE) has been demonstrated
for the Rasch family of models (Rost, 1990). The CMLE algorithm is also implemented in the
computer program WINMIRA (von Davier, 2001). The MRM and the mixture 2-parameter
IRT model also can be fitted with the computer programs Latent GOLD 4.0 (Vermunt &
Magidson, 2005) and Mplus (Muthén & Muthén, 2006). MRM formulation in the Latent
GOLD 4.0 is based on the conditional response probabilities expressed in terms of log-linear
parameters. Latent GOLD uses both the EM and the Newton-Raphson algorithms. In prac-
tice, the estimation process starts with a number of EM iterations. When the estimate is
judged to be close enough to the final solution, the program switches to the Newton-Raphson
algorithm (Vermunt & Magidson, 2005). MRM estimation is also possible in the computer
program Mplus (Muthén & Muthén, 2006). Formulation in Mplus is based on conditional
response probabilities expressed using a logistic function. Maximum likelihood optimization
for the mixture model in Mplus is done in two stages. Muthén and Muthén recommended that
optimization first be carried out by using several different randomly specified sets of starting
values. The starting values with the highest log-likelihood from among these runs is then used
as the starting values in the final stage optimizations. The second (i.e., the final) stage for
optimization is carried out using the default optimization settings for TYPE=MIXTURE.
When ALGORITHM=INTEGRATION is specified, Mplus employs a maximum likelihood
estimator with robust standard errors using a numerical integration algorithm.

Several practical problem arise in MLE for mixture models (Frithwirth-Schnatter, 2006).
First, it may be difficult to find the global maximum of the likelihood numerically. Conver-
gence will often fail when the sample size is small or the mixtures are not well-separated
(Finch et al., 1989). Second, the likelihood function of mixture models is unbounded and can
have many spurious local modes (Kiefer & Wolfowitz, 1956). Third, the provision of standard

errors is not straightforward with MLE of finite mixture models, in particular when using
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an EM algorithm. Finally, as McLachlan & Peel noted, the sample size has to be very large
to apply the asymptotic theory of maximum likelihood for mixture models.

A Markov chain Monte Carlo (MCMC) estimation algorithm, however, has been found
to be useful for estimating mixture distributions (Diebolt & Robert, 1994; Robert, 1996),
including MixIRTMs (Bolt, Cohen, & Wollack, 2001, 2002; Cho, Cohen, & Kim, 2006; Cohen
& Bolt, 2005; Cohen, Cho, & Kim, 2005; Samuelsen, 2005; Wollack, Cohen, & Wells, 2003).
A Bayesian approach can be useful for estimating finite mixture models, in fact, because
use of a proper prior will usually operate to smooth the likelihood function of the mixture
model (Frithwirth-Schnatter, 2006). This, in turn, serves to reduce the possibility that a
spurious model might be selected in cases where an approach such as an EM algorithm
would possibly lead to a degenerate solution. Further, parameter uncertainty is easier to
address, since the complete posterior is available (Frithwirth-Schnatter, 2006). Also, since
a Bayesian estimation algorithm does not rely on asymptotic normality, it will yield valid
inferences in situations in which regularity conditions are violated, such as small data sets
and mixtures with small mixture proportions (Frithwirth-Schnatter, 2006).

Three issues are addressed below for mixture modeling: Label switching, model selection,

and use of priors.

LABEL SWITCHING

A potentially serious problem in Bayesian estimation of mixture models is that of identi-
fication. Identification of a model implies that different parameter estimates yield different
likelihood values. In a Bayesian context, non-identification would mean that the posterior is
the same for different values of the parameter.

Identifiability for a mixture distribution is defined as follows (McLachlan & Peel, 2000).

Let
G
Flys®) =3 7~ fo(y;30y) (3.5)
g=1
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and
[y v ZW Jol Y5 0g (3.6)

be any two members of a parametric famlly of mixture densities. y; is the observed value of
the random vector Y}, W is a parameter in the parameter space, 1, §, and ¢ are the vectors
of unknown parameters, and 7, and 7; are mixing proportions. This class of finite mixtures

is said to be identifiable for ¥ € € if

fly;¥) = fly; ¥7) (3.7)

if and only if G = G™.

Bayesian analysis can sometimes help with model identification by the use of priors. For
example, priors imposing just enough information can be added to uniquely determine the
parameter values (Vermunt & Magidson, 2005).

Cho et al. (2006) describe two types of label switching in the MixIRTM. The first type
is that which is commonly referred to as label switching in mixture models: It occurs across
iterations within a single MCMC chain. The second type occurs when the latent classes
switch among replications (as in a simulation study) or for different initial values. This
latter kind occurs in both maximum likelihood and Bayesian solutions.

The first type of label switching can be a serious problem in Bayesian estimation because
the labels of the mixtures can change within the MCMC chain on different iterations. That
is, the meaning of the latent classes can simply switch. This type of label switching occurs
essentially because there is a lack of sufficient information that can be used by the algorithm
to discriminate between the latent groups of mixture models belonging to the same para-
metric family (McLachlan & Peel, 2000). The root of this type of label switching is that the
likelihood is the same for all permutations of parameters (Stephens, 2000). It can be seen,
when distinct jumps occur in the traces of a parameter over the course of the MCMC chain,
and also when the plot of the density for the parameter has multiple modes (Stephens, 2000).

If multiple modes do exist for any of the distributions of parameters, then label switching
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is present with the result that interpretation of the posterior of the parameter is distorted.
This type of label switching also can be detected by examining the marginalized posterior
distribution of each parameter.

The second type of label switching sometimes arises in a MCMC chain. This is not the
usual within-chain label switching but rather occurs among different chains. The result of
this form of label switching can cause confusion in interpretation of results because the
latent classes have a different order in each chain. This kind of label switching can easily be
observed in a simulation study because the generating parameters are available and can be
compared with the parameter estimates to determine which labels should be applied to each
of the latent classes. This second form of switching of latent class labels among replications
is not uncommon and was observed in the simulation study described in Cho et al. (2006).
Evidence for this second type of label switching was found by comparing results for multiple
chains with different starting values. Group memberships were compared for each chain
with the generating parameters to determine whether class labels had switched among the
different replications. Checking convergence when this kind of label switching occurs can be a
problem with more than two chains for empirical data since the true group memberships are
not known. The approach used here was to try to match the estimated group memberships
by comparing estimated group ability means and proportions across the different chains.

The following suggestions may be useful in helping to avoid the first type of the label
switching for the empirical data described above. One way to limit label switching is to
impose an identifiability constraint on the parameter space that can be satisfied by only one
of the possible permutations for a given parameter. Although there are many choices that
could be made for identifiability constraints for any given data set, not all will be effective in
removing the symmetry in the posterior distribution (Stephens, 2000). Furthermore, setting
constraints is somewhat problematic in that such constraints may possibly distort the final
estimate (Congdon, 2003). Stephens (2000) also showed, however, that artificial identifiability

constraints generally do not solve this type of label switching. Instead, Stephens suggested
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a relabelling algorithm, based on a decision theoretic approach, in which first a loss function
is defined, and then the estimates are chosen that minimize the posterior expected loss for

that function.

MODEL SELECTION

When the number of components in a model is unknown, the parameter space is ill-defined
and of infinite dimension (McLachlan & Peel, 2000). One approach in Bayesian estimation of
mixture models is to consider the number of latent mixtures, g, to be an unknown parameter
with a prior distribution. Richardson and Green (1997) describe an approach in which the
number of latent mixtures is an unknown parameter that is to be estimated. The usual
approach in mixture modeling, and the one assumed in this paper, however, is to fit a range
of mixture models each with a different number of latent classes, and then to consider the
selection of a model according to some theoretical rationale often including use of some
appropriate statistical criteria.

Li et al. (2006) examined several model selection indices for use in Bayesian estimation
of dichotomous MixIRTMs: Akaike’s information coefficient (AIC), Bayesian information
coefficient (BIC), deviance information coefficient (DIC), pseudo-Bayes factor (PsBF), and
posterior predictive checks (PPP). The five indices provided somewhat different recommen-
dations for a set of real data. Results from a simulation study indicated that BIC selected
the generating model well under all conditions simulated and for all three of the dichoto-
mous MixIRTMs (i.e., the MRM, the mixture 2-parameter logistic model, and the mixture
3-parameter logistic model) considered. PsBF was almost as effective. AIC and DIC tended
to select the more complex model, and PPP was essentially ineffective for this use.

AIC and BIC were used in this study for selection of the model with the correct number
of mixtures. Since the C;g may be different at each iteration in sampling, it is necessary to

monitor the likelihood at each iteration. The definitions of AIC and BIC in this study are
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as follows:

AIC = —2D" + 2m, (3.8)
BIC = —2D"+ mlogn (3.9)

where m is the number of parameters, and n is the number of observations.

The model selection strategy taken in this study is one in which the candidate models,
each describing different numbers of mixtures, are run in parallel. Information is then accu-
mulated over iterations to provide a probability that a specific model is selected by AIC
and BIC (Congdon, 2003). This approach compares the averages of the AIC and BIC fit

measures over iterations in a MCMC run following burn-in.

THE USE OF PRIORS

Problems which may arise in estimation of MixIRTMs can sometimes be avoided or at least
ameliorated to some extent by use of a Bayesian estimation algorithm. Information in the
form of priors can be used to direct the algorithm away from extremes which might otherwise
be approached during estimation. Bayesian algorithms make use of priors to constrain or
guide the estimation of model parameters. The effect of the prior is greater, given the data,
to the extent it imposes a stronger constraint on the algorithm. When the information used by
the estimating algorithm comes solely from the data, or when priors are uninformative, then
a Bayesian estimate would be comparable to that obtained from a non-Bayesian algorithm
such as a MLE algorithm.

A fully Bayesian estimation of the MRM requires that priors are set for ability, item
parameters, and mixture probabilities. Cho et al. (2006) followed standard practice by setting
the prior distribution for ability as normal with mean 0 and standard deviation 1 for the
reference group. Normal prior distributions on the item parameters were also used to improve
the stability of the fitting process. These priors have been reported to yield reasonable

estimates of the item parameters (Johnson & Albert, 1998).
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The form of the prior is an important issue in Bayesian estimation. Improper priors
will yield improper posterior distributions. If an improper prior is adopted for the mix-
ture component parameters, then the posterior distribution will be improper. One approach
to avoiding improper posterior distributions in mixture models is to use conjugate priors
(Diebolt & Robert, 1994). Cho et al. (2006) implemented an MCMC method for the MRM
and compared a Dirichlet prior, a Dirichlet process with stick-breaking prior, and a multi-
nomial regression model on the probability of mixture for model parameter recovery. There
were no noticeable differences between the Dirichlet prior and the Dirichlet process with
stick-breaking prior. For the two-group simulation, recovery was nearly the same for both
priors and the logistic regression model with a covariate. For the three-group simulation,
however, recovery of item difficulties and group memberships improved with the use of the
logistic regression model with a covariate. The four-group condition was simulated as having
one group that was a guessing group. Recovery for this condition was less consistent than

for the three-group condition. The Dirichlet prior was used for MRM in this study.

SPECIFYING A MODEL IN WINBUGS

Scale Anchoring and Linking. Scales were linked so parameter estimates from different
latent classes were placed on the same metric. This permits direct comparisons of the param-
eter estimates among the different latent classes. The usual way of identifying the metric
for the MRM is to impose the restriction ;b;;, = 0 on the difficulty parameters within
each class (Rost, 1990). Using this approach is effective for identification and also for scale
anchoring in the MRM. For other models, an additional step is needed to link the metrics of
the different latent classes.

In this study, the metric was anchored by selecting one of the latent classes in the MRM as
a reference group, and setting the ability distribution as logit[P(yij, = 1]9,1;4)] = 0j— Big =

04 - Njg — Big With the following priors:

njg ~ Normal(uy, 1), ¢g=1,....G
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pr = 0, u2 ~ Normal(0,1)

o, ~ Normal(0,1)1(0,).

where 7;, = \75—3. For anchoring, the mean of 1 was set to 0 by selecting one of the latent
classes in the model as the reference group. In this study, the metric of the first latent class
was selected as the base or reference metric. The means for the remaining latent classes were
set to fi4, that is, they were estimated relative to the metric of the reference group. Thus, the
mean and variance of the ability distributions of the other groups were estimated relative to
the N (0, 1) scale of the reference group.

Priors and Posterior Distributions.The following priors and its hyper-priors were

used to estimate the parameters of the MRM:
g ~ Multinomial (1, m,[1: G])
nj|G =g ~ Normal (ug4,1), j=1,...,N
biy ~ Normal (0,1), i=1,...,n, g¢g=1,....G
o, ~ Normal(0,1)1(0,), g¢g=1,...,G
fyg ~ Normal (0,1), ¢g=2,....,G,pu; =1,

where 1(0,) indicates that observations of a were sampled above zero.

Two things were used on my: a Dirichlet prior as a conjugate prior and a multinomial
logistic regression model with a covariate for m,. An mildly informative prior was used on
item difficulty. This prior was set at b;; ~ N(0,1) across items and classes. The use of
diffuse priors failed to provide enough bound on the item difficulty and standard deviation
of ability parameters for MRM. As a result, mildly informative prior was used. The use of
mildly informative priors was done to provide rough bounds on the parameters of the model
and to make fitting procedures more stable (Bolt, Cohen, & Wollack, 2001, 2002; Cohen &
Bolt, 2005; Cohen, Cho, & Kim, 2005; Samuelsen, 2005; Wollack, Cohen, & Wells, 2003).

The likelihood function for the MRM is as follows:

L(g, ng) = z‘1:1 }]:1[{2?:1 Tg P(yijg = 1|9a ng)}uij
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: {Zgil Ty (1= P(yijy = 1|g76jg)}1_uij]gg ’ (3.10)

where u;; is dichotomously scored as 0 =incorrect and 1 =correct, (j, = 1 if examinee j is
from mixture g and 0 otherwise.

With 0, = \/a? “1jg = Og - Njg, the joint posterior distribution of
S =A{nj, 1g,04,big, 9,7y} (3.11)
the Dirichlet prior as a conjugate prior can be written as
P(S|U) o L(g,0;)P(nilig) P(pg) Pog) P(big) P(glme) P (7). (3.12)
For a multinomial logistic regression model, the joint posterior distribution of

S = {njvMgaggabig>g>7rga’70977pg} (313)

can be written as

P(S|U) o< L(g,0;)P(n;lpg) P(g) P(og) P (big) P(g]mg) P(70g) P(Vpg)- (3.14)

Since the Rasch model can be considered as a special case of a MRM with a one-group
solution, the above procedure can be used. The WinBUGS code for this model is given in
Appendix B.

Sampling in WinBUGS. As noted above, WinBUGS includes a graphical modeling
facility called DoodleBUGS that can be used to graphically represent the full conditional
distributions for the MRM. DoodleBUGS can also render WinBUGS code based on the
diagram to estimate the model based. Figure 3.2 shows a graphical model for the MRM
using DoodleBUGS that can be used to generate code which will provide the same results
as the code in Appendix C. For illustration purposes, a Dirichlet prior on the probabilities
of the mixtures is shown in Figure 3.2.

The order of the processing in WinBUGS can be found in the same DoodleBUGS diagram.

Processing (as described in Figure 3.2) proceeds by sampling all nodes starting at the outer
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Figure 3.2: Graphical Representation of MRM

Conn
D
WD

foriIN1:1)

forGIN1:J)

edge of the diagram with the hyperparameters and working inwards in the diagram to the
plj,i]. eta[j] is the variable name used in the program code for n;, mutg[g[j]] is used for
Ky, sigmalg[j]] is o4, blglj], ] is used for class-specific item difficulty b;4, g[j] is the index
for group membership for person j, and pi[g] is the variable name used in the program
code for m,. A solid arrow indicates a stochastic dependence and a hollow arrow indicates

a logical function. From the diagram, it can be seen that eta[j] depends on mutg|g[j]], and
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gl7] depends on pi[g] with p[j,i] being a logical function of sigmalg[j]], eta[j], blg[;], ], and
gli]-

Once the model is specified, including all priors and distributions, WinBUGS can deter-
mine the necessary sampling methods directly from the graphical structure. The form of the
full conditional distributions for 4, and 7, are both conjugate (i.e., normal and Dirichlet dis-
tribution, respectively), so that direct sampling using standard algorithms is done. The form
of the full conditional distribution of g is a discrete distribution with a finite upper bound
so that the inversion method is implemented. In addition, the forms of the full conditional
distributions of 7;,0,, and b;, are log-concave distribution, so that derivative-free adaptive
rejection sampling is carried out. The truncated version of the normal distribution of o, is
also log-concave.

A common MCMC strategy is to sample a class membership parameter for each obser-
vation at each stage of the Markov chain (Robert, 1996). In this study, the algorithm imple-
mented the following strategy: A class membership parameter, g = 1,2, ---, G, was sampled
for each examinee j along with a continuous latent ability parameter n;. The group mem-
bership parameter was determined as the mode of gs across iterations following burn-in.

Monitoring Convergence. In Cho et al. (2006), some of the chains had not converged
by the time they had reached 100,000 iterations. This occurred for all the 10-item conditions
for each sample size and for the 30-item and 50-item conditions with 360 examinees in
that study. These results indicate that the data were not sufficiently informative to obtain
stable parameter estimates for these conditions. The results further suggest that test lengths
for the MRMs simulated should be at least 30 items and sample sizes should be around
1,000 examinees. For those conditions in Cho et al. that did converge, results suggested a
conservative burn-in of 7,000 iterations would be appropriate for all conditions for which
convergence was obtained. Based on the results from these procedures, Cho et al. adopted
a common conservative burn-in of 7,000 burn-in iterations and 8,000 post burn-in iterations

for all remaining conditions.
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Mixture models in general are likely to have multiple local maxima of the likelihood
(Muthén et al., 2002). Maximizing a likelihood yields a solution that provides a local max-
imum only within a restricted set of parameter values rather than globally over all possible
combinations of parameter values. The usual method used to check whether the model is
identified or whether there is merely a local solution is to run the model with different
starting values (McLachlan & Peel, 2000). Observing the same log likelihood obtained from
multiple set of initial values, for example, increases confidence that the solution is not a
local maximum. This is similar to the checking of convergence of two or more chains by
using markedly different starting values in a Bayesian solution. Once convergence has been
reached, a Bayesian solution may prevent the possibility both of non-identification and local

maxima when estimating mixture models.

3.1.3 BAYESIAN ESTIMATION OF THE MULTILEVEL MIXTURE IRT MODEL

The MMixIRTM parameters were estimated using a Bayesian algorithm. A MCMC Gibbs
sampling algorithm was written using WinBUGS 1.4 (Spiegelhalter, et al., 2003) to estimate
the MMixIRTM with covariates model described above (The WinBUGS program code used
is given in Appendix D and E.) Considered below are issues to be addressed in the MCMC

solution.

LABEL SWITCHING

There are three possible types of label switching that can arise in a MMixIRTM. Label
switching within a chain is the first type, and label switching across chains is the second
type. The third type of label switching is a variant of Type II switching in which student-
level latent classes switch within a school-level latent class. Each type of label switching is
described below.

The lack of identifiability causes problems in a Bayesian framework where the posterior

distribution is used to make inferences regarding model parameters. This problem is harder
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to deal with for a MMixIRTM because of the multilevel structure of mixtures. Employing
the notion of the hierarchical mixtures-of experts (HME) model suggested in Jordan and
Jacobs (1992), the MMixIRTM can be viewed as having a two-layer mixture structure. The
higher-level is the school level and mixing proportions in the latent classes are m,. At the
lower-level, the student-level, latent class have mixing proportions ;. Vermunt (in press
a) described the model identification issue for the multilevel mixture model as follows: A
necessary condition for identification is that the higher-level model has the structure of an
identifiable latent class model. Separate identifiability of the lower part of the model is a
sufficient condition but not always necessary when the number of higher-level classes is larger
than 1. A necessary condition for identification is that the 7 for the K latent classes should
be identified. As noted earlier, label switching can be seen when distinct jumps occur in the
traces of a parameter and when the density for the parameter has multiple modes (Stephens,
2000). If multiple modes do not exist for the 7, it can be concluded that there is no the first
type label switching and a necessary condition for identification is satisfied.

The second type of label switching arises in a MCMC chain as described MixIRTM. This
kind of label switching may happen within each school-level mixture in the MMixIRTM since
the student-level proportion is modelled within a school-level mixture. That is, the labelling
of student-level membership is different for each school-level mixture, if this second type of
label switching arises within a school-level mixture. This type of label switching is called the
third type of label switching in this study. In a simulation study, the parameter estimates can
be compared with the generating parameters to determine which labels should be applied
to each of the latent classes for each school-level mixture. In an empirical data sets, group
memberships can be matched across chains and across school-level mixtures by looking at

the patterns of the means of ability, mixture proportions, and difficulty.
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MODEL SELECTION

As described (above) in the section on model selection for Bayesian estimation of MixIRTM,

AIC and BIC were used for the model selection indices.

SPECIFYING A MODEL IN WINBUGS

Scale Anchoring and Linking for the MMIixIRTM. Linking of scales is necessary in
order to make comparisons among the different latent groups in the model. In this study,
we anchor the metric with respect to ability distribution. This procedure is done by re-

parameterizing 64, into ,/Jgk “Njtgk- That is, 00 and nj. are set, respectively, as follows:

ejtgk ~ Normal(ugkvask)a

Njtgk ~ Normal(fg, 1),

where 111 = f}Z’T’;. For metric anchoring, the mean of 7y, is set to 0 for the reference group
g

(in this study, #1; = 0). The means for the remaining latent classes are set to fi, that
is, they are to be estimated. Thus, the mean and variance of the distributions of the other
groups are estimated relative to the N(0, 1) scale of the reference group in terms of 7.

That is, the procedure can be described as follows:

loth[P(yzjtgk = 1|g7 ka njtgk)] Y. O—Sk *Mjtgk — bigk- (315)

DIF analysis with MMixIRTM is the situation where the same set of items are admin-
istrated across unknown groups, i.e., latent classes, g and k. That is, each (latent) group
of examinees responded to the same set of items. Given the particular items used, one can
think of every item on the scale as being a potential anchor item to be used in estimating
an appropriate link. This is similar to a common-item internal anchor nonequivalent groups
linking design. However, in the MMixIRTM, class-specific item difficulties as well as group

memberships g and k are estimated simultaneously. For comparisons of the item difficulties
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across latent classes, g and k, The br;g, are calculated for each classes g and & with the
Priors and Posterior Distributions. The following priors were used for the binary

response version of the MMixIRTM:

g ~ Categorical (mg[1 : G])
k ~ Categorical (mg[l : KJ)
nit|G =9, K =k ~ Normal (pg,1), j=1,....,J;t=1,...,T
pgr ~ Normal (0,1), ¢g=2,...,.G.k=2,.... K,y =1
g ~ Normal(0,1)1(0,), ¢g=1,...,G,

Bigk ~ Normal (0,1), i=1,...,1,9g=1,...,G,

where (0, ) indicates that observations of o were sampled above 0. An mildly informative
prior on item difficulty was set at b, ~ N(0,1) for items across classes. The use of diffuse
priors failed to provide enough bound on the item difficulty and standard deviation of ability
parameters for MMixIRTM. As a result, mildly informative prior was used. The use of such
priors was done to provide rough bounds on the parameters of the model and to make fitting
procedures more stable (Bolt, Cohen, & Wollack, 2001, 2002; Cohen & Bolt, 2005; Cohen,
Cho, & Kim, 2005; Samuelsen, 2005; Wollack, Cohen, & Wells, 2003).

A multinomial logistic regression with a covariate model was used for representing the
student-level mixtures conditional on the school-level mixture (i.e., mg). The following

models were used:
exp(Yogk + 25:1 YogWip)
ZgG:1 exp(Yogk + 25:1 VogWip)’

(3.16)

Tglk,W; =

and
exp(Yogr + 25:1 Voot Wip)
Zngl exp(Yogk + 25:1 VogkWip)

The difference between the first model and the second model is that the first model contains

7Tg|k,Wj = (317)

a covariate effect (7,,) for school-level mixtures, whereas the second model contains the
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covariate effect (ypg%) for school-level mixtures. Priors for yog, Vpg, and v,g,, were set to
N(0,1).
For the prior of 7y, a Dirichlet distribution can be used as the conjugate prior of the

parameters of the multinomial distribution:

F(Zgag) < ag—1
0, T(ag) L .

where Zngl mge = 1 for all school-level latent class ks with the proportion of m;, and G
indicates the number of student-level latent classes.

One way to sample 7y, from the Dirichlet distribution is to sample G independent random

variables Tk from the Gamma distribution, Gamma(ay, 1), g =1,-- -, G normalizing
7T*
glk
Zg:l 7Tg|k
for each k.

A second way to sample 7, from the Dirichlet distribution is to set ay directly. The
parameters «, can be interpreted as “prior observation counts” for events governed by s
(Gelman et al., 2003). The density is proper if all ag are positive. The density of the
Dirichlet distribution is improper if all oy, are 0. When ay), — 0, the distribution becomes
noninformative. The order of mixtures in a mixture density is arbitrary. Consequently, the
usual procedure is to select priors that reflect this information, such that they are invariant
to relabelling of the mixtures (Frithwirth-Schnatter, 2006). Thus, the hyperparameters of
the prior in this study were assumed to be the same, yielding invariant priors. That is, the
means of all the 7, priors were the same in this study. The marginal distribution of g is
a Beta distribution, therefore, the mean and variance of the 7y, are respectively as follows:

(Frithwirth-Schnatter, 2006):

(3.20)

and

(3.21)
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The variances decrease as the parameter values of oy increase. In this study, oy, = 1 as a
uniform Dirichlet prior and as ay, = 4 were both studied as possible priors. A multinomial
logistic regression with a school-level covariate, a Dirichlet prior as a conjugate prior, a
Dirichlet prior with the Gamma distribution, and a Dirichlet process with stick-breaking
prior also can be used for the school-level probabilities of mixtures (i.e., 7).

The probability of a school belonging to latent class k, 7, can be written as

exp(Yor. + Ele Yok Wep)
iy exp(Yor + Sy Yok Wip)

Priors of o, and 7y, were set to N(0,1).

The Dirichlet distribution is the conjugate prior of the parameters of the multinomial
distribution. It is defined as follows in the computer program WinBUGS 1.4 (Spigelhalter et
al., 2003):

F(Zk ak’) s aip—1

. 3.23
Hk F(&k) k T 7 ( )

where 0 < pr < 1, > pr = 1, and K indicates the number of school-level mixtures. In this
study, a, = 1 as a uniform Dirichlet prior and «a; = 4 were tried for prior investigation.

Another way to sample 7, from the Dirichlet distribution is to sample K independent

random variables 7} from the Gamma distribution, Gamma(ayg, 1), k =1, -- -, K normalizing
T
T = = o (3.24)
Zf:l Tk
for each k.

The Dirichlet process prior (DPP) offers an approach which avoids parametric assump-
tions and is less impeded by uncertainty about the appropriate number of classes. The
DPP method deals with possible clustering in the data by only requiring specification of a
maximum conceivable number of latent classes (Congdon, 2003). 7 at any iteration may
be constructed by defining a sequence 71,79, -+, rx_1 of Beta(1l,a) random variables, with
rx = 1 (Congdon, 2003). The distribution of Beta(a,b) is defined as follows in the computer
program WinBUGS 1.4 (Spigelhalter et al., 2003):

Pa—1(1 _p)b—lm7 (3.25)
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where 0 < p < 1.

The stick-breaking prior proceeds as follows: Sample

rg ~ Beta(l,a),g=1,---,G, (3.26)
and set

o= T, (3.27)

T = ro-(1—11), (3.28)

w3 = r3-(1—r9)-(1—1y), (3.29)

and so on. This is known as a stick-breaking prior since at each stage what is left of a stick
of unit length is broken and the length of the broken portion assigned to the current value
7. At any iteration, some of the K potential classes may be empty. It is possible to monitor
the actual number K of non-empty, though differing, classes.

The likelihood function for the binary response version of the MMixIRTM is as follows:
L(g,k,059) = Ty TL_a[{00 gt ™k - gl P (Yijegh = 119, K, Ojugr) Y
: {Zi(:l 2521 T - Wg\kp(yijtgk = 1’97 kv ejtgk)}l_u”]cjgk 9 (330)

where wu;; is dichotomously scored responses as 0 and 1, (jgr = 1 if the examinee j is from
mixtures g and k and (4, = 0 otherwise.

The joint posterior distribution for the use of priors on ), and 7y,

S = {97 k? Nit, Hgks O gk, ﬁigka Tk, 7Tg|k}
can be written as
P(SIU) o8 L(Q,/f,th)P(ﬁjt|Mgk)P(Mgk)P(9|7Tg|k)
- P(my) P(k|m) P(m) Page) P(Big) - (3.31)

The joint posterior distribution for the use of a multinomial logistic regression model on

gk and my,

S = {gv k: Njty Mgk, O gk, ﬁ’igka Tk, ﬂ-g\kv Yogks Vpgs Yok ’ka}
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can be written as

P(S|U) (08 L(Q»kanjt)P(njt|Mgk)P(Ngk)P(g|’Ynga’ng)P(709k)P(7pg)

- P(k|vok, Ypr) P (Yor) P (Vpr) P(agr) P(Bigr) - (3.32)

Sampling in WinBUGS. MCMC sampling in WinBUGS is shown below for the use
of priors on the probability of mixtures. WinBUGS uses a graphical model to calculate full
conditional distribution. Figure 3.3 is shown to represent the graphical model of MMixIRTM

with DoodleBUGS, which leads the same code in the Appendix D we used for the estimation.

Figure 3.3: Graphical Representation of MMixIRTM with Priors
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The processing in WinBUGS proceeds by sampling all nodes starting at the outer edge
of the diagram with the hyperparameters and working inwards in the diagram to the plj, 7].
As an example, pi is the variable name used in the program code for myy, pil is the
variable name used in the program code for 7, g[j] is the index for group membership
for student j, gg[group[j]] is the index for group membership for school k, etalj] is 7;,
algljl, gglgroupljl] is oy, betali, gljl, gglgroupljll] is Bigr and mutglg[j], gglgroup(jll] is pgr.
A solid arrow indicates a stochastic dependence and a hollow arrow indicates a logical func-
tion. From the diagram, it can be seen that eta[j] depends on mutglg[j], gg[groupljll], glj]
depends on pi, and gg[group|[j]] depends on pil. p[j,¢] (which is the code in the program for
P(P (i = 119, . 0;01))) is a logical function of alglj), gglgrouplsl] betali, g1, gglgroupljl]).

etalj], mutg(g[j], gglgrouplj]]], g[j], and gglgroup|j]].

Once the model is fully specified using the distributions given above, WinBUGS then
determines the necessary sampling methods directly from the structure in the diagram. The
form of the full conditional distribution of pgx, 7g%, and 7, is a conjugate distribution of the
parameters (i.e., normal and Dirichlet distributions), so that in this study, direct sampling
was conducted using standard algorithms. The form of the full conditional distribution of g
and k is a discrete distribution with a finite upper bound so that the inversion method is
implemented. The form of the full conditional distribution of 7;, agx, and B4 is log-concave,
so that WinBUGS uses derivative-free adaptive rejection sampling. The truncated version of
the normal distribution of o is log-concave as well.

Starting values are needed for each parameter being sampled in order to define the first
state of the Markov chain. The starting values for the remaining model parameters were
randomly generated in the WinBUGS software except that the school-level group member-
ship to monitor the trace of it. It was randomly set with the random permutation for both
simulation and empirical study.

Monitoring Convergence. The Gelman and Rubin (1992) statistic was run for two

chains using widely disparate initial values for each of the parameters (e.g., the initial values
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for the difficulty parameters, Bg, were set at —2 and 2, respectively, for the two chains, for
the standard deviation of ability, o4, the initial values were 1 and 2, respectively, for the
two chains). The autocorrelation plot was examined. The Geweke (1992), Heidelberger and
Welch (1993), and the Raftery and Lewis (1992) methods also were run and analyzed for a

single chain.

3.2 DIF DETECTION PROCEDURE

In this section, the DIF detection procedure of the general MMixIRTM is described at both
student- and school-levels.

Student-level DIF in the General MMixIRTM. As described earlier, DIF at the
student-level is defined based on differences in item difficulties within a school-level latent
class. In other words, we obtain information about student DIF for each school-level latent
class. Since we are concerned with school-level comparisons in this study, we do not define
one of the student-level latent classes as a reference group. Further, the student-level DIF
measures are based on differences in item difficulties of all pairwise comparisons for binary

and for polytomous items as follows:

DIFM = frigh — Brig s (3.33)
and
DIFM = drigh — Oy (3.34)

where BTigk and 3Tigk are transformed (T) estimated item difficulties for the given k.
For studied item ¢ of the given school-level in latent class k, the following comparisons

are of interest:
Hy : 5Tz‘gk - ﬁ:m-g'k =0, (3'35)

and

HO : 5Tigk - 5Tig/k =0 s (336)
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indicating that there is no hypothesized difference in item difficulties between two student-
level groups.

School-level DIF in the General MMixIRTM. DIF at the school-level can be deter-
mined by comparing the differences between the item difficulties among school-level latent
classes. The current procedure used by the College Board is to provide a DIF analysis for
each school relative to a single comparison group. In this study, this same approach is used
except that there are K — 1 latent classes, each of which is used as a comparison group.

Each school is classified by the MMixIRTM into to one of the K school-level latent classes.
For purposes of reporting to each school, we identify the latent class in which that school
is a member and define that latent class as the focal group. For ease of discussion, we refer
to the given school of interest as the focal school. The notation F' in the equations below
is used to indicate the latent class in which the focal school is located, i.e., the focal group.
The remaining K — 1 latent classes are each separately used as reference groups for this DIF
analysis. If K > 3, then the DIF analysis is a multi-group DIF analysis.

The school-level DIF measures are based on differences in item difficulties between the
focal group and each of the K — 1 other latent classes separately defined as follows for binary

and for polytomous items, respectively:

DIFM = Brig, — Brigi, (3.37)
and
DIFM = dpige — drigic, (3.38)

where Bﬂgk and 3Tigk are estimated item difficulties transformed.
Let the group £ = 1 be the focal group for the focal school and the remaining K — 1
groups (i.e., k = 2,..., K) be the reference groups for that school. For the studied item ¢

and for student-level latent class g, the following comparisons are of interest:

Ho : Brigk — Brigk = 0, (3.39)
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and

Ho : 0rigk — 07igre = 0, (3.40)

indicating that there is no difference in item difficulties between two school-level groups.
DIF Detection Procedure. Since Bayesian estimation is used to estimate model
parameters, then a Bayesian method for estimation of DIF needs to be used as well. In
this regard, the difference between each pair of item difficulties can be tested with a cred-
ibility interval. Box and Tiao (1973) describe this interval as the highest posterior density
(HPD) interval. The HPD interval containing 95 percent of the probability under the pos-
terior is referred to as the 95 percent highest posterior density (HPD) interval. Assuming
a nominal alpha of .05 for rejection of the null hypothesis in which a parameter value or a
function of parameter values is 0, the HPD interval can be used to test, if the value differs
significantly from zero (Box & Tiao, 1973). In this study, if the HPD interval of the DIF
measure for each item does not include 0, the item is considered as DIF item (Samuelsen,

2005).

3.3 SIMULATION DESIGN

Simulation of Mixtures. Rost (1990) suggested the primary diagnostic potential of the
MRM (i.e., without school-level mixtures) is in its use for accounting for qualitative differ-
ences among examinees. De Boeck et al. (2005) describe two types of qualitative differences
between manifest categories. The qualitative differences are “simple” when the location of
item difficulties has shifted relative to the location of the other item difficulties. The qualita-
tive differences are “complex” when there does not appear to be a discernible pattern to the
locations of the item difficulties among the latent classes. Likewise, two types of qualitative
differences at the school-level mixture are possible: simple and complex qualitative differ-
ences. In this study, complex qualitative differences were simulated among both school-level

and student-level latent classes.
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Mixtures were simulated to represent different item difficulty patterns for each class at
the student- and school-levels. In a mathematics test used in the PSAT/NMSQT, there
are four math concepts in mathematics section (i.e., number of operations, algebra and
functions, geometry and measurement, and data analysis, statistics, and probability). Like-
wise, there are three kinds of problems of writing skills questions in the writing test in the
PSAT/NMSQT (i.e., improving sentences, identifying sentence errors, and improving para-
graphs). Four knowledge levels were assumed for generating item difficulty parameters are
generated. It was assumed that each concept was measured by 10 items. Further, each school-
level latent class was assumed to have its own student-level class-specific item difficulty. [tem
difficulty parameters were set as shown in Tables 3.1 and 3.2. In this study, school-level DIF
was generated by increasing and decreasing the [ parameters by different magnitudes. Two
levels of the percent of DIF items on the test were simulated: Four items (i.e., 10 percent
items in the test) and 12 items (i.e., 30 percent of the items in the test) were generated as
DIF items at the school-level. Ability was simulated as # ~ Normal (0,1) for each latent
class (i.e., g and k) for these item difficulties, resulting in multilevel mixture structures.

Simulation Conditions. A simulation study was done to describe the detection of
DIF for the MMixIRTM under typical testing conditions. The following conditions were
examined in the simulation study: test length, effect size of DIF, numbers of items with
DIF, numbers of latent classes at the student- and school-level, student and school sizes,
proportion of mixtures, modeling of probabilities of mixtures, and strength of relationship
between covariates and mixtures. Strength of relationship between covariates and mixtures
condition was examined only for the multinomial regression modeling on the probabilities of
mixtures.

There were a total of 32 conditions simulated for the use of priors: 1 test length x 1
magnitude of the differences in item difficulties x 2 levels of the percent of items with DIF

x 2 latent classes at the student- and school-levels x 2 numbers of students for each school
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X 1 total number of examinees x 1 proportion of mixtures x 8 different models fit to each
data set.

There were a total of 48 conditions simulated to investigate the use of a multinomial
logistic regression model: 1 test length x 1 magnitude of the differences in item difficulties
x 2 levels of the percent of items with DIF x 1 class at the student- and school-level x
2 numbers of students for each school x 1 total number of examinees x 1 proportion of
mixtures X 2 strength of relationship between covariates and mixtures x 6 model selection
(2 models are overlapped with models with the priors).

Thus, 80 conditions were simulated with five replications for each condition, yielding a
total of 400 simulated data sets analyzed. The simulation conditions are described below.

Test length. A recovery study for the MMixIRTM for a fixed length test of 40-items
was used. The length of 40 items was used since this was similar to the number of items on
the sections of the PSAT/NMSQT. That is, there are 39 items on the Writing Skills section
and 38 items on the Mathematics section (28 multiple-choice items and 10 gridded items).

Magnitudes of the differences in item difficulties. Differences among latent classes
are larger than typically observed among manifest groups (Samuelsen, 2005). This is a func-
tion of the clustering which is done by the MixIRTMs. These models function to detect
groups that are homogeneous with respect to the latent ability and also to increase differ-
ences on the latent ability among different latent classes. This result was also observed in
studies of DIF based on analysis of latent groups by Cohen and Bolt (2005) and by Cohen
et al. (2005).

The size of DIF was simulated as the difference between the item difficulty parame-
ters among the classes. DIF was introduced into items by increasing and decreasing the 3
parameters by 0.4, 0.6, 0.8, 1, and 1.2 magnitudes, which reflect the “complex” qualitative
difference at the school level. The strategy of increasing and decreasing the 3 parameters

by magnitudes are used in the Smit et al. (1999) and Samuelsen (2005) at the student-level.
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Smit et al. (1999) used differences of 1 and 2; Samuelsen (2005) used differences of 0.4, 0.8,
and 1.2.

Numbers of Items with DIF. 10 and 30 percent of DIF items at the school-level will
be used. The percentages of DIF items simulated were based on previous research which
suggests that it is not uncommon to observe between 10% and 30% of the items to func-
tion differentially on many tests (Hambleton & Rogers, 1989; Raju, Bode, & Larsen, 1989).
Such percentages are larger than would typically be observed in operational forms of well-
constructed tests, but it also was expected that more DIF items would be observed with a
latent classes approach than with a manifest groups approach (Samuelsen, 2005).

Numbers of Latent Classes at the Student- and School-Level. The simulation
study examined the number of students and schools, and the number of latent classes at the
student-level and at the school-level. These conditions are described in Table 3.3 .

In Table 3.3, I indicates the case when g < k, Il indicates the case when g = k, and
117 indicates the case g > k. For g = 1 and k£ = 1, the model is actually Rasch model or a
multilevel IRT model rather than a MMixIRTM. In addition, when ¢ =2 or g = 3 and k = 1,
the model is actually a MixIRTM. The multilevel IRT model and MixIRTM in Table 3.3
will be considered in this study but will be excluded for the recovery study portion. Model
recovery of a MixIRTM with fully Bayesian estimation is done in the Cho et al. (2006) and
in Li et al. (2006).

In modeling of a MMixIRTM, the combination of ¢ = 1 with £ > 1 is not meaningful
in the current study, because the number of school-level latent classes, k, is composed of
different proportions of the ¢g. In addition, it is less likely to have a condition of ¢ = 2 and
k = 3, as there is a smaller likelihood that two different latent classes at the student-level
will be capable of forming three different proportions of mixtures at the school level. In this
study, g = 2 and k£ = 2 were simulated.

Student and School Sample Sizes. As mentioned earlier, Cho et al. (2006) found

that some of the MCMC chains had not converged by the time they had reached 100,000
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iterations. This occurred for all the 10-item conditions for each sample size and for the 30-
item and 50-item conditions with 360 examinees as well. These results suggest that the data
for these conditions were not sufficiently informative to obtain stable parameter estimates
for these conditions. The results also suggest that test lengths for the MRM should be at
least 30 items and sample sizes should be at least 1,000 examinees. Finally, Cho et al. found
that, when the sample size was small, DIF was detected, if the overlap between the latent
classes and manifest groups was greater than 80 percent and the magnitude of the DIF was
large.

The proposed MMixIRTM is a complex model in that it assumes a multilevel latent class
structure. In addition, a hierarchical data structure is incorporated into the model so it is
appropriate for use with school-level data. The effect of the number of students in each school
was considered in this study as it is likely of more interest than the total number of examinees.
In addition, it was of interest how many students and schools were needed in each latent
class for recovery of parameters. This was be investigated by considering the proportions of
each class (¢ and k) using the different conditions shown in Table 3.4. The total sample size
as well as the number of students for each school were considered in determining how many
students and schools were included in each class.

With respect to student- and school-sample sizes, we focused on MMixIRTM behavior
with respect to the ratio of the number of examinees to the number of latent classes. The
efficiency and power of multilevel tests rests on pooled data across the units comprising
two or more levels. This typically implies large datasets. Simulation studies by Kreft (1996)
found adequate statistical power with 30 groups of 30 observations each, 60 groups with 25
observations each, and 150 groups with 5 observations each.

Currently, the SOAS report from The College Board is provided to each school that has
25 or more students participating in the PSAT/NMSQT program. 25, therefore, was the
number of students chosen as the small student sample size and 100 as the large size. One

fixed number of examinees, 8,000, was used for the simulations. This yielded 320 schools for
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the small student sample size and 80 schools for the large student sample size. The two ratios
for these sample sizes were .078 and 1.25, respectively. These two sample sizes of the number
of students for each school and the fixed number of the examinees provide two different sizes
of the number of schools for each latent class.

Proportion of mixtures. Equal proportions of membership in school-level latent class
were simulated in this study. In the two-group simulations, the proportions were both .50.
Table 5 describes the proportion of each latent class for each combination of student-level
x school-level mixture for the ¢ = 2 and k£ = 2 condition. For K = 1, the first student-level
class (i.e., G = 1) was simulated to have a dominant group with 92 percent of the examinees
in the first school-level class. For K = 2, the second student-level class (i.e., G = 2) was
simulated as the dominant group with 68 percent of the cases. This reflected a less dominant
group in the second school-level latent class.

Modeling of Probabilities of Mixtures. Preliminary checking of priors and hyper-
parameter combinations suggested the Dirichlet distribution with Gamma sampling for both
student-level and school-level probabilities of mixtures should yield good recovery of school-
level group membership. In addition, probabilities of mixtures from a multinomial logistic
regression model also were used for both student- and school-level as another condition.

Strength of Relationship Between Covariates and Recovery of Mixtures. This
condition applies only to the use of a multinomial logistic regression model on mixture
probabilities. Previous research suggests that the relationship between a covariate and the
mixture is a potentially important factor in the accuracy of detection of latent classes (Smit
et al., 1999; Cho et al., 2006). Results from Cho et al. (2006) suggest the use of a prior
with a covariate improved recovery of item difficulties and the probabilities of latent classes
for three and four-class models when overlap was 80 percent or more and no guessing was
simulated. In addition, Samuelsen (2005) has shown that, as the amount of overlap between

manifest groups and latent classes decreased, so did the power to correctly detect DIF items.
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Two levels of overlap were simulated between manifest and latent groups: 60 percent
overlap, and 100 percent overlap for each level of latent class. This condition will not be
fully crossed, however, for each level of number of latent classes. One hundred percent overlap
referred to a condition in which one latent class was composed entirely of examinees from a
single manifest group and the other overlap conditions refers to situations in which the latent
class was increasingly more heterogeneous with respect to the manifest groups (Samuelsen,
2005). Sixty percent overlap means 40 percent of the people in the manifest groups behaved
like those in the other manifest group. The resulting numbers of examinees within the sim-
ulated classes are shown in Table 3.5.

Model selection. Eight different numbers of mixtures were fitted to each number of
student- and school-level mixture. Frithwirth-Schnatter (2006) noted that label switching is
unavoidable for a model that is overfitting the number of mixtures because one or more than
probabilities of mixtures can be 0, or there are the possibilities that model parameters are
equal. Each combination of numbers of mixtures was monitored if the model is identified or
not first before AIC and BIC values are obtained.

Models were checked for G = 1,...,4 at the student-level and K =1, ..., 4 at the school-
level. However, three combinations, G =1 and K =2, G =1 and K = 3, and G = 1 and
K = 4, were not simulated as those two cases do not make sense in the present context. That
is, if there is no student-level mixture (i.e., G = 1), a school-level mixture will not exist.

Recovery Evaluation. The accuracy of parameter estimation is dependent on having
examinees classified correctly, and classification accuracy is dependent on accurate param-
eter estimation (Bolt, Cohen, & Wollack, 2002). Thus, only conditions that for recovery of
item difficulties and latent class memberships for the correct number of latent classes were
considered .

For the recovery of item difficulty, the root mean square error (RMSE), bias (Bias), and

Pearson correlations (Corr) were computed across replications with the following equations:

K

RMSE(b) J ii (bioie — bigh)? (3.41)

z:l g=1k=1
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- 1 1. .G K .
Bias(b) = 0K Z Z Z[E(bigk) — bigr)], (3.42)
i=1 g=1 k=1
and
biok, b;
Corr = M. (3.43)
O-bl;k7 O-bigk

Recovery of latent group membership was assessed by comparing the estimated group mem-
bership with the generating parameters. This was done at the mode of the sampled group
memberships following burn-in.

Linking of Scales for RMSE and Bias Analyses. To compare estimates of model
parameters with the generating parameters using the RMSE and bias statistics, it was nec-
essary first to place the estimates and the generating parameters on the same scale. Pearson
correlations do not require both variables to be placed on the same scale. In this study, the
estimates were placed on the scale of the generating parameters. The following adjustment

was needed to calculate RMSE and bias statistics:

Bt = Br — (Br — Ba), (3.44)

T represents target scale, that is, the estimates scale in the simulation study and B does

base scale, that is, the true parameter scale in the simulation study.
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Table 3.3: Model Selection for the Number of Latent Classes

K=1 K =2 K =3
G =1 1II (MullRT Model) I (Unavailable) I (Unavailable)
G =2 MI(MixIRT Model) 1 I
G =3 HI(MixIRT Model) III IT

Table 3.4: Proportions Simulated in Each Latent Class

P(K=1=5 P(K=2)=5
P(G=1) 92 32
P(G =2) 08 68

Table 3.5: Numbers of Examinees Within Latent Classes

Overlap LC1 LC2
100 M1 4000 0

M2 0 4000
60 M1 2400 600

M2 600 2400




CHAPTER 4

RESuULTS

4.1 RESULT OF SIMULATION STUDY

4.1.1 DETECTION OF LABEL SWITCHING

As described earlier, there are three possible types of label switching in MMixIRTM. Given
that the estimated marginal posterior densities for m; in the MMixIRTM were unimodal, it
was appropriate to conclude that there was no label-switching within the MCMC chains for
both models with and without covariates. That is, the first type of label-switching was not
observed, and a necessary condition for identification was satisfied.

However, we did find the second type of label switching (i.e., label switching across chains)
for a few of the simulation conditions for both the models with and without covariates. By
comparing parameter estimates with the generating parameters, it was possible to determine
which labels should be applied to each of the latent classes. The third type of label switching
was not detected since labelling of student-level group membership was consistent across

school-level mixtures for models with and without covariates.

4.1.2 MONITORING CONVERGENCE

In this study, evidence was examined from four convergence methods, the Gelman and Rubin
(1992) method as implemented in WinBUGS, and the Geweke (1992) method, and the
Raftery and Lewis (1992) method as implemented in the computer program Bayesian Output
Analysis (Smith, 2004). In addition, evidence was examined from autocorrelation plots from

WinBUGS.

87



38

The Rasch model, multilevel Rasch model, the MRM, and the MMixIRTM all were fitted
for each dataset generated as a MMixIRTM with G = 2 and K = 2 (as described in the
section on model selection). The Rasch model and multilevel Rasch model converged within
100 iterations for all simulated conditions. The two-group solution for the MRM converged
within 6,000 iterations for all simulated conditions. The three-group solution for the MRM
did not converge for most item difficulty parameters except for the condition with 25 students
per school and 30 percent DIF items. Given this result, it seems likely that the three-group
solution was not a reasonable approximation to data generated for two groups.

Figure 4.1 presents plots of the Gelman and Rubin statistics and autocorrelations for a
difficulty parameter of a single item as an example to show what the convergence looked
like for the simulation condition 10 % DIF items and 25-student/320-school. In Figure 4.1,
the left column presents the plot of the Gelman and Rubin statistics and the right column
presents the plot of autocorrelations. The Gelman and Rubin statistic approaches 1 quickly
and the level of the autocorrelations was low, which indicates convergence. Similar patterns

were observed for the other parameters and conditions.

Figure 4.1: Selected Plots of Gelman and Rubin Statistic and Autocorrelation: (a) Rasch
Model, (b) Multilevel Rasch Model, and (¢) MRM: 2-Group Solution
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For the MMixIRTM two-group solution at the student-level, two- and three-group solu-
tions at the school-level converged within 5,000 iterations, although there were relatively
high autocorrelations for some item parameter estimates. To deal with this, the chains were
thinned by sampling every 40 iterations. The result was the autocorrelations decreased. The
top of Figure 4.1 shows the plots of the Gelman and Rubin statistics and autocorrelations
for a difficulty parameter of one item as an example to represent the convergence for the
simulation condition 10 % DIF items and 25-student/320-school for the MMixIRTM. For
other models, Gelman and Rubin statistic also approached 1 quickly and the level of auto-
correlations was low after thinning to sample every 40th iteration. These results indicate
convergence. Other parameters and conditions had similar patterns to those shown in Figure
4.1.

The chain for estimating group membership at the school-level became stuck at initial
values for the three-group student-level simulation for the two- and three-group school-level
solutions as shown in the lower part of Figure 4.2. This may have occurred because a three-

group solution for the MRM may actually be overfitting given the generated data.

Figure 4.2: Figures on MMixIRTM
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For this study, a 7,000 iteration burn-in and an 8,000 iteration post-burn-in were used
across all conditions. Since thinning was set at 40 for MMixIRTM, this meant that 32,000

iterations were required after burn-in.

4.1.3 SIMULATION RESULTS
MODEL SELECTION

The recovery of the generating model was assessed using a model selection approach in
which two information-based indices, AIC and BIC, were used to determine model fit. The
two indices were calculated inside the MCMC algorithm and compared as averages over
the post-burn-in iterations (Congdon, 2003). The usual approach in mixture modeling, and
the one assumed in this study, was to fit a range of appropriate candidate mixture models
each with a different number of latent classes, and then to consider the selection of a model
according to some theoretical rationale using one or more statistical criteria to guide the
choice. Results from Li et al. (2006) suggested that the BIC was more accurate than the
AIC for model selection with MixIRTMs. AIC tended to select the more complex model
(McLachlan & Peel, 2000; Cho et al., 2006; Li et al., 2006). In this study, therefore, AIC is
shown (because it is a commonly reported index), but correct models were determined based
only on the value of BIC. Tables 4.1, 4.2, 4.3, 4.4, 4.5, and 4.6 show the probabilities that a
model had the minimum AIC and BIC across iterations after burn-in. The probabilities are

averaged across replications.
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Table 4.1: Model Selection Result: AIC and BIC for 10 Percent DIF Items with a Prior on
the Probabilities of Mixtures

Number of 25 students/320 schools 100 students/80 schools
Mixtures Model BIC AIC BIC AIC
G =1K =1 Rasch Model 0 0 0 0
G =1K =1 Multilevel Rasch Model 0 0 0 0
G =2 K =1 Mixture IRT Model 0.93 0.13 0.88 0.14
G =2 K =2 Multilevel mixture IRT Model 0.07 0.66 0.12 0.72
G =2 K =3 Multilevel mixture IRT Model 0 0.21 0 0.13

Table 4.2: Model Selection Result: AIC and BIC for 30 Percent DIF Items with a Prior on
the Probabilities of Mixtures

Number of 25 students/320 schools 100 students/80 schools
Mixtures Model BIC AIC BIC AIC
G=1K =1 Rasch Model 0 0 0 0
G =1K =1 Multilevel Rasch Model 0 0 0 0
G =2 K =1 Mixture IRT Model 0.11 0 0.08 0
G =2 K =2 Multilevel mixture IRT Model 0.89 0.74 0.92 1
G =2 K =3 Multilevel mixture IRT Model 0 0.26 0 0
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Table 4.3: Model Selection Result: AIC and BIC for 10 Percent DIF Items with a Multinomial
Regression Model with a 60 Percent Overlap on the Probabilities of Mixtures

Number of 25 students/320 schools 100 students/80 schools
Mixtures Model BIC AIC BIC AIC
G =1K =1 Rasch Model 0 0 0 0
G =1K =1 Multilevel Rasch Model 0 0 0 0
G =2 K =1 Mixture IRT Model 0.80 0.22 0.72 0.22
G =2 K =2 Multilevel mixture IRT Model 0.20 0.59 0.11 0.32
G =2 K =3 Multilevel mixture IRT Model 0 0.19 0.17 0.46

Table 4.4: Model Selection Result: AIC and BIC for 10 Percent DIF Items with a Multinomial
Regression Model with a 100 Percent Overlap on the Probabilities of Mixtures

Number of 25 students/320 schools 100 students/80 schools
Mixtures Model BIC AIC BIC AIC
G=1K =1 Rasch Model 0 0 0 0.00
G =1K =1 Multilevel Rasch Model 0 0 0 0.00
G =2 K =1 Mixture IRT Model 0.82 0.02 1 0.11
G =2 K =2 Multilevel mixture IRT Model 0.18 0.78 0 0.36
G =2 K =3 Multilevel mixture IRT Model 0 0.20 0 0.53

As shown in Tables 4.1, 4.2, and 4.3 for the 10-percent DIF condition, the correct number

of mixtures (i.e., G = 2 and K = 2) was not selected by using BIC. In the 30-percent DIF

condition, however, BIC accurately selected the correct model for both 25 and 100 students

per school. Consistent with previous research, AIC tended to select the more complex model.

BIC selected the MRM with a two-group solution for the 10-percent DIF condition. This

result implied that more than 10 percent DIF was needed on a test at the school-level to

detect the correct number of latent classes at student- and school-levels.
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Table 4.5: Model Selection Result: AIC and BIC for 30 Percent DIF Items with a Multinomial
Regression Model with a 60 Percent Overlap on the Probabilities of Mixtures

Number of 25 students/320 schools 100 students/80 schools
Mixtures Model BIC AIC BIC AIC
G =1K =1 Rasch Model 0 0 0 0
G =1K =1 Multilevel Rasch Model 0 0 0 0
G =2 K =1 Mixture IRT Model 0.18 0 0.07 0
G =2 K =2 Multilevel mixture IRT Model 0.82 0.75 0.93 0.83
G =2 K =3 Multilevel mixture IRT Model 0 0.25 0 0.17

RECOVERY OF GENERATING PARAMETERS

A recovery analysis was done to determine whether the MCMC algorithm programmed in
WinBUGS accurately recovered the generating parameters under the conditions simulated.
The accuracy of parameter estimation is dependent on having examinees classified correctly
and classification accuracy is likewise dependent on accurate parameter estimation (Bolt,
Cohen, & Wollack, 2001). Thus, the recovery study was conducted only for conditions with
the correct numbers of latent classes. One replication of a condition was chosen to indicate
recovery of item difficulty parameters and transformed item difficulty estimates (see Table
4.9).

The recovery results for the 30-percent DIF condition is shown in Tables 4.7 and 4.8.

The recovery of group membership for both student- and school-level mixtures was good
for both 25 students/320 schools and 100 students/80 schools. With respect to the correctly
selected number of mixtures and identified model, the accuracy of detection of student-level
group membership was 98.5% — 99.6% and the accuracy of detection of school-level group

membership was 100%. RMSE of item difficulty was .094 — .115, bias was —.001 — .033,



94

Table 4.6: Model Selection Result: AIC and BIC for 30 Percent DIF Items with a Multinomial
Regression Model with a 100 Percent Overlap on the Probabilities of Mixtures

Number of 25 students/320 schools 100 students/80 schools
Mixtures Model BIC AIC BIC AIC
G =1K =1 Rasch Model 0 0 0 0
G =1K =1 Multilevel Rasch Model 0 0 0 0
G =2 K =1 Mixture IRT Model 0.05 0 0.01 0
G =2 K =2 Multilevel mixture IRT Model 0.95 0.82 0.99 0.89
G =2 K =3 Multilevel mixture IRT Model 0 0.18 0 0.11

Table 4.7: Model Parameter Recovery with 30 Percent DIF Items: Item Difficulty Recovery

25 Students/320 Schools 100 Students/80 Schools
RMSE Bias Correlation RMSE Bias Correlation
Prior 0.096 0.033 997 0.101  0.000 997
Covariate 60 percent 0.097 -0.001 997 0.100 0.000 997
100 percent  0.094  0.000 997 0.115 0.001 997

Pearson correlations were .997 for all 30% DIF items conditions. This result indicates that

the item difficulty parameter are recovered well.

4.2 EMPIRICAL ILLUSTRATION: MATHEMATICS SECTION

In this section, the proposed model, MMixIRTM, is illustrated with the PSAT/NMSQT
Mathematics section. The sample was selected with respect to the definition of the compa-
rable group, which is defined as students in a group in the 10th or 11th grade for the current

school year, who have scores between 20 and 80 inclusive, excluding non-standard students.
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Table 4.8: Model Parameter Recovery with 30 Percent DIF Items: Group Membership
Recovery

25 Students/320 Schools 100 Students/80 Schools
Student-Level School-Level Student-Level School-Level
Prior 98.7 100 98.6 100
Covariate 60 percent 98.7 100 98.6 100
100 percent 99.4 100 99.9 100

In addition, the schools having more than 25 students were considered. In doing so, we show
how heterogeneous the comparable group is with model-based clustering. The data includes
987 schools and 39,614 students. An approximately 20% random sub-sample of 206 schools
and 8,362 students is used for the empirical illustration.

The first part in this section describes the data for the MMixIRTM preliminary analysis.
Next, the results for the MMixIRTM and STD P-DIF analyses are shown and then compared

with regard to the detected DIF items at the school-level.

4.2.1 DATA

Before using the model it was necessary to investigate the adequacy and plausibility of
the model. In this regard, the multilevel structure was investigated. In addition, covariates
associated with students’ achievement are reviewed below.

Investigation of Hierarchical Structure. Before fitting a multilevel model to the
data, it was first necessary to determine whether a hierarchical structure was present in the
data. The standard technique is to use intra-class correlations (ICC, Raudenbush & Bryk,
2002) for both total score and latent score. Two ICC values are shown with a multilevel IRT
model using “latent item score” and with a multilevel analysis using “observed sum score”

(i.e., the sum of the number of correct answers).
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Fox and Glas (2001) note that the use of latent as opposed to observed scores as dependent
variables in a multilevel model provides the potential for separation of the effects of item
difficulty and ability, and also enables the modeling of response measurement error. Unlike
observed scores, latent scores are also invariant over items meaning it is possible to use
different forms of a test and estimating parameters for the items and the multilevel model
simultaneously.

For the multilevel IRT model, estimated student-level variance was .946, and estimated
school-level variance was .385. Both were statistically significant. The ICC for those two
estimates were .289, which indicated 28.9% of the student-level variance was explained at
the school level.

The dependent variable in a multilevel analysis is the sum of the number of correct
answers. This variable was standardized to be normal and no predictors were used to obtain
the IC'C' with varying intercept. A linear mixed-effects model was fitted using the lmer func-
tion (Bates & Debroy, 2004) written in R (R Development Core Team 2007). The estimated
student-level variance was .794, and the estimated school-level variance was .223. The ICC
for these two estimates was .219, which indicates 21.9% of the student-level variance was
explained at the school level.

Demographic information. Since gender and ethnicity have been shown to be asso-
ciated with student math achievement (Maple & Stage,1991; Tate, 1997) both variables
were considered as a student-level covariates. School-level variables were grouped into three
categories using information available from the PSAT/NMSQT data file as follows: (1) the
structural feature of the school including school location and school enrollment size, (2)
school-level SES variables including Title I schoolwide program, household income codes, and
poverty-level code, and (3) minority percentage for Caucasian, African-American, Native-
American, Asian, and Hispanic. In this study, the structural feature of the school and school-

level SES variables were considered for analysis.
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4.2.2 MMIXIRTM REsuLT
Frrring MMIXIRTM: STATISTICAL ANALYSIS

Model Identification Checking and Label Switching Analysis. As mentioned earlier,
there are three possible types of label switching that can arise in a MMixIRTM. That is,
label switching within a chain as Type I, label switching across chains as Type II. And Type
IIT label switching, a variant of Type II switching, in which student-level latent classes switch
within a school-level latent class. These three types of label switching were considered in the
empirical data analysis.

Since the pattern of three types of label switching was similar for both with and without
covariates models, the label switching analysis for only the model without covariates is
reported below. The necessary condition for identification of a MMixIRTM is that the school-
level classes should be identified. Since there was no multimodality in the density of 7 (as
can be seen in Figure 4.3), it was concluded that a necessary condition for identification was
satisfied and that there was no label switching within a chain (i.e., Type I label switching
did not occur). In addition, there was also no multimodality in the density of 7.

However, we did find label switching across chains (i.e., Type II label switching was
observed). This was detected in convergence checking with more than two chains and was
evident as the patterns of the means of ability and mixture proportions were different across
chains. In addition, we investigated the possibility of the Type III label switching by exam-
ining the patterns of class-specific item difficulties at the student-level across school-level
mixtures. Since patterns of relative difficulty for certain items appear to be similar in a con-
sistent manner across school-level mixtures, we concluded that there was no Type III label
switching.

Model Selection. Results from Li et al. (2006) suggested that the BIC was more accu-
rate than the AIC for model selection with MixIRTMs. In this study, therefore, both AIC and
BIC were computed for the comparisons. Model selection, however, was determined based

only on the value of BIC. Tables 4.10 and 4.11 present the averaged AIC and BIC values
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Figure 4.3: Marginalized Density Function for the Probability of Mixtures at the School-
Level: (a) For School-Level Class 1, (b) For School-Level Class 2
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across iterations after burn-in and the probabilities that a model had the minimum AIC and
the minimum BIC over the MCMC chain after burn-in.

Based on the BIC values shown in Table 4.10, G = 4 and K = 2 were chosen based for
the model without covariates. BIC values in Table 4.11 show that G = 4 and K = 2 were
chosen for the model with covariates.

Model Convergence Checking. We examined convergence using three methods, the
Gelman and Rubin (1992) method as implemented in WinBUGS, and the Geweke (1992)
method and the Raftery and Lewis (1992) method as implemented in the computer pro-
gram Bayesian Output Analysis (Smith, 2004) for both without covariate and with covariate
models. The Gelman and Rubin (1992) statistic was run for two chains using widely dis-
parate initial values for each of the parameters (e.g., the initial values for the difficulty

parameters, b, were set at —2 and 2, respectively, for the two chains, for the deviation of
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ability, o, the initial values were 1 and 2, respectively, for the two chains). Since the second-
type of label switching did occur for with covariate model, we got Gelman-Rubin statistic
after we matched the labelling of mixtures across chains by looking at the pattern of the
mean of ability and mixture proportions. The Geweke (1992) and the Raftery and Lewis
(1992) methods were run for a single chain.

The model without covariates was chosen to illustrate the convergence analysis mentioned
above. Figure 4.4 represents the plot of Gelman-Rubin statistic for the standard deviation
of ability (i.e., a2[2,2] in Figure 4.4) for a class and item difficulty (i.e., b2[2,2,2] in Figure
4.4) for a item as an example. Patterns from the other estimates were similar to that of the
estimates in Figure 4.4.

This method compared the within and between chain variances for each variable. In the
plot, line I presents the width of the central 80% interval of the pooled runs. Line II represents
the average width of the 80% interval within the individual runs. Line III represents the
ratio of pooled over within (= R). When the chains have converged, the variance within
each sequence and the variance between sequences for each variable will be roughly equal,
so R should approximately equal one. Since R is almost equal to 1 from 5000th iteration for
all other parameters shown in Figure 4.4), the chains were converged.

Geweke’s test is based on a time-series analysis approach. It splits the sample into two
parts, say after the first 10% and the last 50%. If the chain is at stationarity, the means
of the two samples should be equal. A modified z-test, referred to as a Geweke z-score, is
evaluated with a value larger than 2 indicating that the mean of the series is still drifting.
When this is the case, a longer burn-in is required before the chain can be assumed to have
reached stationarity. If the p-value for the Geweke z-score is less than .05 for all parameter
estimates, the chains are assumed to be at stationarity.

The method of Raftery and Lewis is based on how many iterations are necessary to
estimate the posterior for a given quantity. Here, a particular quantile (q) of the distribu-

tion of interest (typically 2.5% and 97.5%, yielding a 95% confidence interval), accuracy



100

Figure 4.4: Plot of Gelman-Rubin Statistic: (a) For Standard Deviation of Ability of a Class,
(b) For Item Difficulty for a Item

] a2[2,2] chains 1:2

T T T T
501 2500 5000 7500
iteration

b2[2,2,2] chains 1:2

501 2500 5000 7500

iteration

of the quantile, and power for achieving this accuracy on the specified quantile need to be
specified. With these three parameters set, the Raftery-Lewis test breaks the chain into a
(1,0) sequence. This generates a two-state Markov chain, and the Raftery-Lewis test uses
the sequence to estimate the transition probabilities. With these probabilities in hand, the
number of addition burn-ins required to approach stationarity and the total chain length
required to achieve the preset level of accuracy can be estimated. Results for the Raftery-
Lewis test indicated less than 1,000 iterations were needed for the burn-in for all parameter
estimates.

Based on results from these different methods, a conservative burn-in for all parameters
was set at 7,000 iterations. An additional 8,000 iterations were run after discarding the

burn-in iterations in order to obtain the posterior estimates.
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Firring MMIXIRTM: EMPIRICAL RESULTS

Class Proportions. Table 4.12 presents student-level class proportions for each school-
level class, k. There was a similar pattern in proportions with the use of covariates and
without. Without covariates, school-level class 1 had student-level class 2 and class 4 as
dominant groups while school-level class 2 had student-level class 1 as a dominant group.
Using covariates, school-level class 1 had student-level class 4 as a dominant group, while
school-level class 2 had student-level class 1 as a dominant group.

Ability Comparisons. Both with and without covariates, student-level latent classes
1, 2, 3, and 4 were “Average”, “Low”, “High”, and “Very Low” ability groups, respectively,
as shown in Table 4.13. It appears that school-level class 1 was a low ability group while
school-level class 2 was a high ability group.

Item Difficulty Profile. Class-specific item difficulty estimates are shown in Table 4.14
for both with and without covariates models. Correlations between item difficulty estimates
without covariates and item difficulty estimates with covariates was .973. Different item
difficulty profiles provide information on how each item functioned for each class. Table 4.14
shows both student- and school-level item profiles. In the DIF analysis, we compared item
difficulties in two ways: (1) student-level (i.e., g) item difficulty comparison within a school-
level class (i.e., k) for student-level DIF analysis, and (2) school-level (i.e., k) item difficulty
comparison given a student-level class (i.e., g) for school-level DIF analysis.

DIF Detection. As previously indicated, hypotheses can be tested using the HPD
interval. In this study, the 95-percent HPD interval was used. Tables 4.15, 4.16, 4.17, 4.18,
4.19, and 4.20 show DIF items detected at both student- and school-levels. Values inside
parenthesis in those tables indicates the lower bound of HPD and upper bound of HPD.
Items with bolded entries were detected as DIF items.

Tables 4.15, 4.16, and 4.17 present the DIF items detected for the model without covari-
ates. As mentioned earlier, school-level DIF item(s) can be detected by comparing student-

level item difficulties across school-level latent classes. At the school-level, shown in Table
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4.15, there was 1 item at student-level class 1, 6 items at student-level class 2, 2 items at
student-level class 3, and 7 items at student-level class 4 that were detected as DIF items.
In addition, student-level DIF item(s) can be detected by comparing pairwise item difficul-
ties within each school-level class. At school-level class 1 (i.e., K = 1) shown in 4.16, the
number of DIF items varied from 10 to 30 across pairwise comparison of difficulties at the
student-level class. At school-level class 2 (i.e., K = 2) shown in Table 4.17, the number of
DIF items varied from 16 to 30 across pairwise comparison of difficulties at the student-level
class.

Tables 4.18, 4.19, and 4.20 show the DIF items detected for the model with covariates.
At the school-level shown in Table 4.18, there were 13 items at student-level class 1, 7 items
at student-level class 2, 13 items at student-level class 3, and 2 items at student-level class 4
detected as DIF items. At school-level class 1 (i.e., K = 1) shown in Table 4.19, the number
of DIF items varied from 12 to 29 across pairwise comparison of difficulties at the student-
level class. At school-level class 2 (i.e., K = 2) shown in Table 4.20, the number of DIF items
varied from 13 to 33 across pairwise comparison of difficulties at the student-level class.

Since looking at differential item functioning using a latent class approach should max-
imize the differences between groups, the large differences in item difficulties are expected
(Samuelsen, 2005). The number of DIF items mentioned above based on a latent class group
is larger than the what one would expect based on DIF analysis using manifest groups.
This result is consistent with that previous research based on a latent class for DIF analysis
(Cohen & Bolt, 2005; Cohen, Gregg, & Deng, 2005; Samuelsen, 2005).

DIF information shown in Tables 4.15, 4.16, 4.17, 4.18, 4.19, and 4.20 provides information
about the characteristics of latent classes with respect to item characteristics at both student-
and school-levels. One approach is to have individuals with content expertise examine the
items and categorize them based on differences such as the kinds of cognitive skills required
or perhaps surface level characteristics of the items involved (see, for example, Li, Cohen, &

Ibarra, 2004). The categorizations of cognitive skills required by the items are shown in Table



103

4.21 as a Q-matrix (Tatsuoka, 1983). This Q-matrix is constructed based on skill information
provided from the College Board for the PSAT/NMSQT. In Table 4.21, 1 was assigned if

the skill was required by an item and 0 otherwise.
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Table 4.10: Model Selection Result for Mathematics Section: Without Covariate Model

Table 4.11: Model Selection Result for Mathematics Section: With Covariate Model

Number of

Mixtures Model Npar BIC AIC
G =1K =1 Multilevel Rasch Model 40 310200(0) 309900(0)
G=2K=2 MMixIRTM 162 300500(0) 299300(0)
G=3K=2 MMixIRTM 244  299000(0.12) 297300(0)
G=4K=2 MMixIRTM 326 298800(0.88) 296500(0.25)
G=5K=2 MMixIRTM 408 299500(0) 296400(0.67)
G=3K=3 MMixIRTM 367 300200(0) 297200(0.02)
G=4K=3 MMixIRTM 490 300800(0) 297300(0.01)
G=5K=3 MMixIRTM 613 301200(0) 296900(0.05)

Number of

Mixtures Model Npar BIC AIC
G =1K =1 Multilevel Rasch Model 40 310200(0) 309900(0)
G=2K=2 MMixIRTM 182 300800(0) 299500(0)
G=3K=2 MMixIRTM 266 299700(0.05) 297800(0)
G=4K=2 MMixIRTM 370 299400(0.64) 296800(0.03)
G=5K=2 MMixIRTM 438 299500(0.31) 296400(0.93)
G=3K=3 MMixIRTM 409 301900(0) 299100(0)
G=4K=3 MMixIRTM 545 301400(0) 297600(0)
G=5K=3 MMixIRTM 681 301700(0) 296900(0.04)

Table 4.12: Class Proportions for Mathematics Section Within School-Level Group Member-

ship

e G=1 G=2 G=3 G=4

Without K =1 .462 .187 .386 .058 .369
Covariates K =2 .538 .404 272 .194 130
With K=1 .465 .246 272 .130 351

Covariates K =2 .535 .396 .279 .100 224
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Table 4.13: Distribution of Ability for Mathematics Section: With and Without Covariates

G=1 G=2 G=3 G=4
Without K=1 N(0%,0.572?)  N(—1.965,0.431%2) N (1.344,0.893%) N(—4.557,0.299%)
Covariate K=2 N(0.562,0.575%) N(—1.768,0.412%) N(1.474,1.067%) N(—4.001,0.319?)
With K=1 N(0%,1.131%)  N(—1.842,0.425%) N(0.535,0.564%) N(—4.524,0.311?)
Covariate K =2 N(0.570,0.563%) N (—1.730,0.442%) N(1.621,1.0322) N(—4.250,0.3072)

* Fixed for identification



107

cLL'E 9.1°¢C 9€0'¥V T6C'T cIL'e ceEV'l 8LL'E ¢6C'C jH4aS G0e'T 0€e’€ [qrare ¥co'v Teh'T €IeV 669°C 8¢
el GG9'1 60G°'T 660 ove' T 8¢1'C Geo'1T Sre't 99L°0 GeC'T 6G€'T 69¢°T VES'T GE6'T L8T'T 66S'T L€
169°C V6ET 866°0 LTS'T €€9'C 9071 8L0°'T GLE'T 9€T1'C 6991 9911 91€'T L66°C V6T 1 LV0'T 12€'1 9¢
v.Lv'e 9T a8r'e LT0'T LLG°E EVe'T 088'¢ 640°¢ €9¢°¢ I8T'1T cLGE GclL'c 1.9°€ G8e'T 109°€ 10T°€ ge
¢ec0- LTyl 68570 L16°'T 2000 6V6'T 8240 66¢CT €91°0-  S¥0'C €47°0 VLE'T 980°0- 968°T €€9°0 8GT'T 123
I8T°1T ¥0¥'0- €120~ 6€€0- 0LC'T 98€°0-  ¥ET0-  8LVO- 12e'1 €6¢°0-  ¥PL0- €970 et Gvc'0-  19T°0-  967°0- €e
09€'T 616°0-  L6C°0- GLAT'I- LVT'T L8L°0- CLT'0- 00T'T- it 686°0- 680~ LVO'T- ¥ov°'1 686°0- I¥0°0- 6980 ce
cLT'0 €8¢'T-  ¢C6L'1- 688°0- 8G¢€0 ¢e0'T-  090°T-  061°T- 1.2°0 yel'1-  106°0-  8VI'I- ¥8¢°0 0vL0- Gel'I- LST'1- 1€
€€9'T T€2°0- €900 87¢€0 0LT'T €00°0- 8700~ TIC0- 6VT'T 681°0 0€0°0 Ga1°0- 96e'T TET0 L0T°0 18€°0- 0€
904°0-  8LT0 €G91°0- 8980~ g89°0- G29°0- 0¢T'0- 99¥°0 ceg’0-  Tel'0-  6C€0-  L6C0 L08°0- €¢I'T-  ¢v0'0- 9620 6¢
16G°0- 9891 G¢9°0 8GE'T V160~ G8C'1T ¢69°0 698'T €vL'0-  0S€'1 9€L°0 GLL'T 0160~ 96€°T 9y0 Gea'1 8¢
€120 8LV T 116°0 7480 99T°0 ¢66°0 L8T'T 6161 GG0'0-  ¥00'T L86°0 62S'T €VC0 €190 GL6°0 9281 LT
crT0-  LES'T €780 €€CC 91¢'0- GL0'C 8L9°0 L2V'T 890°0 [astaxd 89L°0 vyt 1¢€°0- €00'C €090 90¢°'T 9¢
G8€'0 EVT°0-  ¥80°0- €0€°0- 1820 ¥02°0- 1920 970°0- G690 0ST°0-  ¥80°0 TGT°0- 8¢¢'0 6.7°0- 2800 L€0°0 14
991°0- ¢6€'1-  T¢L0- LLT'T- €GT°0-  T99'1-  L0L°0- €60°T- 0LT°0-  PGL'T-  8L9°0- 19C'1- I71°0- 6€8°0-  ¢99°0- O08I'I- ¥e
¥¢0'0-  ¥8L°0- 6L0°0- €090 91€°0 8¢G'0- OIT'T- ¢69°0- 1448 G6€°0- €800 8LL0- 11’0 €79°0-  ¢g0'0-  €9L°0- €¢
LLL°0-  0LT'C-  9.0°C- 188’1~ ¢8L°0- 8981~ 9881~ V¥¥'e- 0vL0- 006'T- 088°'1- 99T°¢C 0€L°0- ¥80'¢c-  L06'T- 0¥9°C- [44
LT10°0 80G'T-  68%'1- LLT'I- 96¢°0-  6IT'T- 60C'T- 9LV'I- ¥€0°0- 180T~ COE'T- LIV'I- 6€T°0- 10¢°'T- €€¢'1- TCL'T- 1¢
92¢'0 €L0°C Gaeo9'1 [ 647°0 L88'T €09'T 8€T'C 88€°0 606'T 8871 Gg80'¢C 0820 0L6°T 69Y'T CLT'T 0¢
€90°0- TLSC ¥8y'1 0LC'c 9v1'0-  VCe'C 9TL'T 64¢C'C 7810 6€€C 09¢'1T €0v'C 01€0- 007'¢ 68€°T gev'e 61
L3C0-  V8T'C 1880 €E€EC L2T°0-  0€V'C SvL 0 0LC'C TL0°0-  VEV'C LELO ce0'T L9270~ T09°C ¢cI1L0 yav'e 8T
cre0- ¢l9'1 8€6°0 €L8'T G000~ ¥¥6'IL 869°0 y0€'1T 8LT°0- 0T6'L LELO 0971 LETO- 691°C 9€L°0 T9¢°1 LT
861°0- VE€ET 9€G'T (41 €V0°0-  Ge8'T SYT'T Yov'e ¢0T'0- 0881 G1C'T crr'e 86170~ CcLI'T 8VC'T 10T°C 9T
I87°0- ¥6¢°0 ¥8L°0 ¥¢0°0- 677'0-  ¥92¢°0 1960 LT0°0 LL2°0-  0€2°0 ce’'0 761°0 9€9°0- 080°0- ¢¥6°0 86¢°0 ST
860°0-  98€°0 160°0 80570 ¢61°0-  8¥€'0 6€0°0 ¥9¢°0 G8T°0-  S967'0 G810 66¢°0 €ET0- 96€°0 980°0- 8€E€0 i)
¢1e’0- 0700 yraal 87470~ 9L7'0-  69€0- TTI0°0- 8TIE0- €€€’0-  00¥'0- 080°0- ¢90°0- €0G°0- 6€9°0-  7SC0 601°0 €1
GLE0- ¢6€0-  LIT0- SQITO- €8€°0- 96€°0- SVI'0-  TIE€V'0- L0C°0-  ¥PC0-  9L0°0- ¥8E0- 670 68€°0-  661°0- 997°0- [48
TL9°0- €L0°0- €920~ 98L°0- G9L°0- T€V'0- 91€0- <¢0T0 68G°0-  L69°0- 992°0- 2900 L3880~ 916°0-  €0€°0- CS0°0- TT
T16°0-  679°0- 9,90~ 095°0- 8¢9°0- CS€0- €LL0- 6190 166°0- L8¢'0- ¢0L0- 1990 €860~ €¢6°0-  G99°0-  6¢9°0- 0T
L96'0- ¢ec’'l-  T99°0-  6¥E0- 8TT'T- 8IC'T- ¥69°0- LST'0- 9v1'0-  OLT'T- G290~ €6T'1- 06¢°0- €60'T- ¢09°0- 680 6
G080~ OFP'I- €860~ LG8°0- 698°0- €8T'I- 8880~ TIO'I- 69L°0- G90°'T- 68L°0- T¥6C'1- 806°0- 0%6°0-  G86°0- OIT'I- 8
600°T- IST'T- ¥98°1- T¥¥80- ¢oT'1-  L0O'T-  ¢6L°T- 0OV6°0- ¥.6'0- G180~ 06LT- 1801 800°T- 698°0- 6881~  LSE'T- L
L8€°0-  L8¥V'I-  G0€'T1- 0891~ 68G°0- G8F'I- T€0'I- 889'I- 677'0-  6L9'T- 8C6°0- €89'T- 8€G°0- 690°'T- Vce'1I- G691~ 9
¢L9'T-  CI6'T- 0881~ L6E'T- ¢8L'T-  GLE'T-  090'C-  L96°T- CLL'T-  €CV'T- 0681~ T98'1- €oLT- 987'1-  986'1- €00°¢C- g
687°0- VAZ'T- O0I0T- L69°0- ¢19°0- 49980~ 066'0- GES'T- 87€'0- T189°0- €860~ 89E'T- 999°0- LG0'T-  ¥06°0-  9LE°T- 14
¥.9'0- 8G®'C-  99€'1- 899'C 19¢°0- 869'¢- ¢8T'T- 089C- 89€°0- L9T1°¢- 1I8¢'1- 099'¢- 9y 0- €90'c-  Ovr'1- GIve €
8¢G'c- GI0C-  96L°'T- €0T°C- GLv'c-  186'T- 6£0°C- €LTC- 86€'¢c- 0L0c- TI6'T- G0T'C- ¥8G°C- 906°'T-  ¥¢6'1- CTLO'C 4
¢96'c-  TIv'c-  G8G'c-  L96°T- 989'¢c-  ¢El'c-  8LG'C-  1¢S'C- €49'¢c-  0ce'c-  T19'¢-  Sye'e ¥49°'¢c- 019°'1-  9¥9'¢c- S¥L'C- T
y=9 €= ¢=9H 1=9 =D €= T=9 =0 y=9 €= ¢=9H 1=9 y¥=9 €E=D T=H 1=9H W]
=M I1=3 c=M I1=M

S9YRLIRAOD) TITAA

S9)BLIRAOD) INOYITA\

UO1309G SOTJRWAYJRTN I0J 10 AYNOIFL(] W] oyoadg-sse[)) F1'F 9[qR],



108

L C 9 I sweg] JIJ JO IequinN
(520°Z ‘LEET'0-) €080 (z95°0 ‘91¥°0-) 91T°0 (¥96°'T ‘T€0°0) £86°0 (90T°T ‘900°0-) L8¥°0 8¢
awm.H ¢ LG8T°0) 89L°0 (601°0 ‘STL0-) 0620~ (991°0 ‘20G°0-) 2LT°0- (96£°0 ‘T2€0-) 0£0°0 L€
(86L'T 1190°0-) 198°0 (001°0 ‘0L°0-) SLT°0- (€81°0 ‘9€¥°0-) 61T°0- (60€°0 ‘00€°0-) 900°0 9¢
(¥P89'T ‘2T8L°0-) 8070 (20L°0 ‘89€°0~) ¥0T'0 (826°0 ‘088°0~) 620°0 (6£0°T ‘812°0-) 92.£°0 cg
(8GL£°0 ‘¥G€T0-) LLO0 (£52°0 ‘265°0-) 6710~ (e7€°0 ‘e81°0-) 6,070 (z€1°0 ‘925°07) 912°0- ve
(G89G°0 ‘FGLL0-) GLO'O- (98¢°0 ‘185°0~) 6700 (912°0 ‘€Sz°0-) 810°0- (182°0 ‘ge€°0-) €€0°0- e¢
(6888°0 ‘8682°0-) £2€°0 (269°0 ‘0TL°0-) 000°0 (L¥9°0 ‘690°0-) 88T'0 (6770 ‘6£1°0-) 8LT°0 43
(68T¥°0 ‘€€7°0-) €10°0 (TLO'T ‘PLE0-) ¥8€°0 (210°0- ‘S¥¥°0-) ¥22'0- (960°0- ‘¥9L°0-) 61 0- 1€
(9086°0 ‘6£02°0-) LOT'0 (T9%°0 ‘¥95°0-) 650°0- (1€€°0 ‘0L1°07) L2070 (¥¥0°0 ‘91¢°0-) 2€T0- 0¢
(8TT0°0- ‘TLPS'0-) GL2°0- (8L£°0 ‘S6T'T-) TOV'0- (819°0 ‘8%0°0) 2820 (01€°0 ‘662°0-) 100°0- 62
(LETS"0 ‘L0T0°0-) €£T°0 (g97°0 ‘99€°0-) 9700 (2200 ‘609°0-) 0620~ (0TT°0 ‘69G°0-) 6£2°0- 8¢
(¥PL19°0 ‘T020°0-) 8620 (090°0 ‘€88°0-) T6€°0- (T€€°0 ‘00€°0-) 81070 (TO¥°0 ‘FPE0-) £00°0- 1z
(¥6L0°0- ‘610L°0-) 68€'0- (6L1°0 ‘¢99°0-) 62 0~ (911°0 ‘99%°0-) G910~ (06€°0 ‘482°0-) 990°0 9z
(290°0- ‘2206°0-) L9%°0-  (£92°0 ‘SOT'T-) 62E 0~ (8zz'0 ‘9gz°0-) 100°0- (L87°0 ‘6L0°0-) 8810 oz
(LTEE0 ‘S0€°0-) 620°0 (zg9'T ‘T8T'0) S16°0 (192°0 ‘¥61°0-) 2200 (€6€°0 ‘€¥2°0-) T80°0 74
(z862°0 ‘2CLE0-) TE0'0- (9z¢°0 ‘€28°0-) 8¥T'0- (€L1°0 ‘€9€°0-) SOT0- (662°0 ‘292°0-) S10°0 €T
(L£0€°0 ‘€962°0-) 600°0 (9€8°0 ‘292°T-) ¥8T°0- (6€2°0 ‘682°0-) 920°0- (zG0°0 ‘TSO'T-) ¥L¥°0- e
(20gz"0 ‘€6.7°0-) GOT 0~ (P9¢°0 ‘€£8°0-) 0ZT°0- (60€°0 ‘891°0~) 690°0 (0T°0 ‘6£9°0-) ¥52°0- 12T
(1052°0  8S%°0-) 8010~ (8L7°0 ‘€6€°0-) 2900 (¥£€°0 ‘50%°0-) 620°0- (09%°0 ‘L22°0-) L80°0 0z
(1991°0- ‘€2T18°0-) ¥6%°0- (970 ‘6L£°0-) T90°0 (861°0 ‘€¥G°0-) TLT°0- (89%°0 ‘80%°0-) €200 6T
(Z11T°0 ‘GLTS°0-) 961°0- (26S°0 ‘FL2°0-) LIT'0 (19z°0 ‘zz€0-) €200~ (186°0 ‘L21°0-) €TF0 81
(6€°0 ‘¥692°0-) 1700 (22970 ‘€91°07) 6720 (482°0 ‘662°0-) 100°0- (LEV°0 ‘TPE°0-) 10T°0 L1
(6£02°0 ‘F°0-) 960°0~ (812°0 ‘659°0-) 80Z'0- (g6£°0 ‘0£€°0-) €£0°0 (9%0°0 ‘TTL°0-) T¥E0- 91
(€250°0- ‘2699°0-) 65¢°0- (0610 ‘€€8°0-) 0TI€0- (91%°0 ‘802°0-) OTIT0 (98¢°0 ‘981°0~) ¥OT0 a1
(£99€°0 ‘9552°0-) 1S0°0 (ggg'0 ‘6L5°07) 660°0- (1%70°0- ‘G05°0-) 042°0- (TIE0 ‘02Z'0-) 6£0°0 il
(SPTT°0 ‘L¥S7°0-) 0LT°0- (T8¥°0 ‘0¥6°0-) 8ET0- (829°0 ‘960°0) $€€°0 (P€¥°0 ‘260°0-) TLT°0 €1
(STTT0'0 ‘226S°0-) G8T0- (28€°0 ‘90L°07) S¥T'0- (011°0 ‘98€°0-) €210~ (9L1°0 ‘T¥E0-) 2800~ 41
(62€0°0 ‘L915°0-) 8T 0~ (TT%°0 ‘202 T-) 610~ (€81°0 ‘¥S2°0-) 8€0°0- (6¥1°0 ‘08¢°0-) #TT°0- 11
(¥662°0 ‘8LLZ°0-) 800°0 (ov0°'0- ‘sPe'1-) 9€9°0- (TVT'0 ‘€L1°0-) LE0°0 (6£°0 ‘TET°0-) €€T°0 01
(80910 ‘L29%°0-) ¥¥1°0- (69L°0 ‘GTL0-) LLOO (TP€°0 ‘50T1°0-) 0ZT°0 (219°0 ‘200°0-) T0€°0 6
(V6ET°0 ‘OVIV'0-) 6ET°0- (082°0 ‘926°0-) STT°0 (120°0 ‘G0%°0-) 96T°0- (¥P19°0 ‘TET°0-) F8T'0 8
(ze¥T'0 ‘2ovE0-) ¥£0°0- (88¢°0 ‘¥69°0-) S¥0°0- (o¥1°0 ‘0¥€°0-) 660°0- (z¥0°0 ‘L09°0-) 9220~ )
(186T°0 ‘618€°0-) 680°0- (T9¢'T ‘8€1°0-) 019°0 (120°0- ‘¢19°0-) 962°0- (¥E€£'0 ‘99€°0-) T10°0- 9
(8762°0 ‘F86T1°0-) 6700 (989°0 ‘g¥8°0-) £€90°0- (P€1°0 ‘82€°0-) 960°0- (182°0 ‘¥95°0-) ZHT0- g
(9220°0- ‘2€19°0-) 8TE'0- (¥TE€0 ‘L90°T-) 9L£°0- (962°0 ‘¥€1°0-) 62070 (91€°0 ‘#9¢°0-) 8T0°0- id
(98€2°0 ‘9LTF'0-) LL0O°0- (Fog'z ‘170°0-) $OT'T (F8€°0 ‘001°0~) THT'0 (6¥8°0 ‘0€¥°0~) ¥£T°0 €
(£9180°0 ¢ S¥F'0-) 981°0~ (P21°T ‘16L°0-) G910 (L12°0 ‘egz’0-) €10°0- (98%°0 ‘T0%°0-) €£0°0 4
(EVST'0 ‘PP9€°0-) 10T 0- (L19'T ‘091°0-) 0TL'0 (0710 ‘60%7°0-) GET'0- (960°0 ‘F¥6°0-) 00%'0- I
FSSR[D) [9AST-JUOPNIS € Sse[) [0ALT-)USPNIG ¢ SSe[)) [0A9T-jUopNIg T Sse[)) [oA9T-1UopPNIg weg]

SoSSR[) JUIRrT [9AS-[00TDS SSOIOY

S9JRLIBAO)) JNOTIIA\ UOI}IG SOIJRTAYJRIN I0] Son[eA JI(] [PALT-[00YDS JO opnjtude|y :GT1'H 9[qel,



109

e
(869°1- ‘6£9°€- - 8¢
(788°0 ,@:.o-vmﬂv £09°z- (251 "268°0-) 68T e
A vt 070 Aww R e ¢0 AMHw. ¢ N 0¢
600°T- ‘STG°C-) . 0°0 ‘€08°0-) L¥E 0~ € ‘vL0°C) T68"
¢ e0L'1- ( R 0 (9gg°0- ¢ N 4 (g9g'0- ¢ N 0]
(Z¥¥ 1- ‘PLTS-) . 00€°1I- ‘PIL°T-) . €°'0- ‘LVT1°'T-) S¥.L'0- 0- ‘ege'g-) 9Te'1I-
(0987 086 T) S8z (2960 601°12) %%m.a - (ecT°0 ‘129°0-) 5&.%\( 0- (¥0S°0 ‘T6€°0-) $90°0 T- (668°'T ‘20L°0) 842°'T b s
($16°0- “wﬁ.m-vmwﬁm H. (988°0 ‘TSE°0) mﬁm. (820°€ ‘TE€S'T) 912°C (910°T- ‘THP'T-) SLO T~ (G62°0 T98°0-) LEE0- mem.0w ‘GzgT) PI9T- 01 I JO Ioquiny
(994°T- ‘TLT €") mmw.T (620°T- ‘1€8°1-) Sm. _ (es6'0- ‘6vL 1) pOETL- (67€°0 ‘679'1-) 0,80 M%m.o 8¥7°07) 820°0 Amz.o 21007 21770 8¢
(LL€°0- ‘129°T-) wmw.a- (ver'1- ‘926°1-) mom.ﬂ- (099°0 ‘20¥°0-) €80°0 (¥8S°'T ‘006°0) ¥¥Z'T STY°C ‘180°T) 9TL'T A;@.o 101°07) 642°0 Lg
(828°0- 610°2-) wmo.ﬂ- (GET'I- ‘689°T-) mow.ﬁ- (£6°T ‘L1€°0) 8F6°0 (9%€°T- ‘S6T°2-) THL I- Mjm..on. ‘28T 1-) SEL0- %ow@ ﬁwmw.i 0060- o
(11€°0 ‘0TT°T-) @:J.o.w - (£90°T- ‘848°'T-) 9%.”- (881°0 ‘610°T-) ¢8¢°0- (2g6'1- ‘2L9L°2-) €88°2- %@No '058°07) 192°0- Ammm.o 822°0) 929°0 e
(S0£°T ‘£05°T) 906" (¥66°0 ‘8€S°0) S9L°0 (6750 ‘825°0-) $20°0- (809" T- ‘222°2-) 198°T- Aomw 0 ‘109°0-) 0210 %S.o- 1229°0-) V€0 ve
(2080 2110 6950 (12'T ‘69°0) 996°0 (888'T ‘s£7°0) T8O'T (Bpa-1- 086-0) £96T- (9600 T19'1) 20 (Z01°0- LeT'1) 6e80- g
Ammb.N 266'T) PTe" (820°'T ‘OF%'0) TELO (0gg'0- ‘09€°T-) 0S6°0- (F0¥'T ‘IT8°0) €0T'T Awmomu 990°'T-) L1G°0- AwOH.On hNHw.Ouv ZH1°0- e
(S81°0- D8Y"T-) wom. (28T°T “129°0) 260 (6530 ‘2L0°0-) €980 (6987 ‘6¥L°T) SPO'T 622 Nﬂ 8Z4°0) 61F'T ( LT0- €28°0-) $6%°0- e
(951°0- 9221~ 4°0- (6210 ‘6850-) Gh1-0- (100°T- ‘TO8'T-) - (689°T ‘8T6°0) €8T (989°0 ‘TLE0-) OFT0 669°0 ‘T00°0-) 8€€°0 0
. Z'1-) 869°0- ( ; S¥1°0 ( . 00%'1 Awm . ¢ X 8C'T (61G°T ! (9931 ¢ 3
(21Z-0- ‘962°1-) PaL: 2470 ‘6GL-0-) 0TS0 $ze'T ‘020°0) 195°0 12 ‘STS'T) LT8'T (It 1 1.8'0) PI60 (920" £EL°0) 680°T 62
(8650~ 62°2-) mm».o- (6T°0 ‘607°0-) €ET°0- (8LL°0 ‘SLE0) L8T'0 (L80°0 FLV'0) T6T°0- TT0°0 ‘F86°0-) L67°0- %mo.ﬂ TET°0) T95°0 8z
(9250 212-1-) Nwm.ﬁ- (186°0- ‘Z29'T-) LLT" (EVT'T ‘880°0) 129°0 (26L°0- ‘882" T-) 6€0°T- (62€T ‘PIT°0-) 916°0 Awmm. T ‘255°0) £06°0 LZ
(10T°Z ‘622°T) ol (9e8°0- ‘69€°T-) ro0T- (00T'T ‘929°0) LLT'0 (189°0- ‘84T'T-) $.8°0- M:wmuo LL6'0°) TVE'0- &mmo GV€°0) §70°0- 9z
(STT°€ ‘I82°C) OTL® (10g°T ‘298°0) 62T°T (0190 “289°0-) 2£0°0- (2L¥'1- ‘91¥°2-) 606°T- L6770 27L°07) 0ZL0- ( 12°0- ‘298'0-) 624°0- gz
(98z°'¢ ‘cev” e (6861 ‘zO¥" i (810°0- ‘9g6°0- . (192°T- ‘€€6°T-) 28S'I- (T£8°0 ‘979'T-) 995°0- LTV°0- ‘8L0°'T-) TVL°0- e
$°2) 898°C ) 1) 669°'T (agg" ) 119'0- (992°Z ¢ z8s'1-  (¥e20 ‘6¢C 0 (ep2°0- ‘822" 40
(T112°Z ‘€T6°T) 908" (#€2°T ‘T14°0) 6460 99g'0- ‘€PP°T-) T10°T- °T'T ‘veS'T) 268’ T ( 0/692°1) 0250~ (9z1* BLTT) 680" i
(922°2 ‘2T¥'T) mww.m (TE€T'T ‘119°0) £48°0 (gev'1- ‘218°T-) 688°'T- (2¥1°€ ‘6¥8°C) 9€L°T 66.°0 ‘26€°0-) 2080 %ﬁ.o-. 818°0-) 887°0- (4
(200°'T ‘040°0) @mm.% (282°T ‘TST'T) 9FF°T (2z20°T- ‘OP8'T-) €CP'I- (9gz'¢ ‘1€2°2) 12L4°C anw.o "mmm.o-v ¢z0°0 Ame.H rNwN.ov €120 12
(2260 ‘2L0°0) 6220 (c08°'T ‘€08°T) 84S°T (62070 228°07) ¥TH0- (020°% ‘€88°T) 869°T N%m $€8°0-) 8¥1°0- %S.H 'LL5°0) 980°T 0g
(87°0 “PT8°0-) 9£0°0- (L82°0 ‘V12°0-) 870°0 (zzg'T ‘889°0) 220°T (9992 ‘2L6°T) 862°C AoS. 0- ‘I80°1-) 809°0- Amg.m 7TTT) TrLT 61
(6160 6270°) 00 (2660 “PTC0) LELO (£80°0- ‘888°0-) I8F0- (02T ‘eT9°0) V€60 ASQ.O nmmo.o.v 6250 SS.H ,Sw.ov 9280 QT
(226°0 ‘€76°0-) 8R0°0- (F£5°0 ‘990°0) £62°0 (T9S'T “S2Z°0) €64°0 (9%2°0 ‘66T°0) TLF°0 A%a.o rmom.o-v 82€°0 Aomm.H wmw.ov £€98°0 L1
(0120 G20°T-) OFE-0- (8€L°0 ‘L08°0) $TS0 (969°0 ‘28Z°0-) 06T°0 (188°0 ‘c¥e'0) TI9°0 Ao@@ 0¥G"0-) 8500~ Awwm.o., €00°T-) ¥%9°0- 91
(€22°0- ‘9TS'T-) £08° (9V1°0 ‘€1€°0-) 280°0- (89¥°T ‘200°0) T19°0 (28270 ‘€£2°0-) 920°0 %mw I, '650°0) 8v0°0 aﬁ 0 481°0) £25°0 ot
(LES'0 ‘6€9°07) T70°0- 0-  (1£0°0 ‘€57°0-) 212°0- (976'0 ‘182°0-) 8SZ'0 (620°T ‘224°'0) 94470 %S@ 919'07) L0'0- :S.o Sv0) v n
(2690 ‘L17°0-) 6V1°0 (6€1°0 ‘262°0-) 9L0°0- (00€°T ‘8T0°0) T69°0 (00€°0 902°0~) $0'0 AHE. T ‘08T°0) £98°0  ( c00 L 07) 192 0- et
(L80°0 ‘G9T°T-) 2640~ (979°0- ‘eTT'1-) 188°0- (1990 ‘€09°0-) G£0°0- (92€°0- ‘068°0-) 09°0- Am:.ﬁ '122°07) V680 AJm.o 1010°0) 162°0 el
(288°0 ‘077°0-) 860 (19%°0- ‘226°0-) 989°0- (28%°0- ‘09S°T-) 0€0°T- (120°0 ‘6L¥°0-) ©0Z°0- Nwm.o F%w.o-v 102°0 %Q.o OM:.O-V 9¢T°0 T
(392°0 ‘920'T-) T6€°0- (¥70°0- ‘e87°0-) mmm.o- (98F°0 €9L°0-) GST°0- (9%0°0- ‘699°0-) 6¥€"0- 0v40 ‘T£8°07) 09T°0- %8. 0 ‘60407) 0650~ ot
(918°0- ‘T1S°2-) L19° (g10°0- ‘€97°0-) wmm.w- (8L1°0 ‘PST'T-) 100 (EVL°0- ‘€88°T-) LEO'T- MRH.O TTTT-) 867°0- Awiw Vy0-) 921°0- 6
(168°T ‘S81°02) 6290 I-  (ggh0- ‘8€6°0-) $69°0- (L82°0 ‘T0G°0-) €GT°0 (670°0 ‘279°0-) 0820~ Aﬁm.o '67'1-) 925°0- ( 980 ‘881°0) 1£9°0 8
AOHB.H aNduM..Ov i Amww.o ﬁﬁmﬂ.Ov H@@.OO ANHw.H hHNH.Dv €260 AHHﬂ.Ol «NNO.Hlv 010~ AﬂwN.O thN.Huu ]1G°0- CW@NO OM mwm.b.Olv 1.€°0- L
F=DSAE =D (6v2°0 ‘££2°0-) 800°0 (66270 ‘06L°0~) 8T0°0- (TT8°T- ‘129°2-) 046°T- Aoﬁ.o S0T'T-) 6T€°0- ( £0 '8€7°0) L10°0- 9
v =DsAL=5 (F€°0- ‘08L°T-) 980°T- (L¥8°0 ‘TH1°0) TIS0 T1L°0 ‘€€7'1-) €9€°0 %2 0- ‘228°0-) TLV'0- g
e=9SAT=05 T (67£°0 ‘98G°0-) T60°0- (79L°0 ‘210°T-) L9T°0- 6LL°0- ‘698°T-) QLT T- -
T=OSAl = (£82°0- ‘166°1-) . (g€2°0 ‘6595°0-) 6710~
19 P GEeT'1- Ahwm.o ‘999 0 €
AL=D P 99°0-) 660°0- (4
DSAT =9 1
weY

[ = 3] 10J [9pOIN S9
1RLIRAO ) INOTITAA
[A\ :UO
1199G SOT)RWIOT)RIA I0J sonfeA AT [9A9
T-uepnIg Jjo opn
JuSeIN 9T'F @
[qel,



110

e
Am.OH.._Hl ‘798°C- - 0g¢
(Te8°1 ﬁmo%ﬁw ) 916°T- (0L1'T "200'T-) 601" F
i i (2901 ‘611-0) 68 (669°C ‘871" i
0°0 ‘982°1-) L9G°0- I ‘611°0) £6S°0 8¥7°1) S20°C 9
(9€2°1- ‘sv0°g- . (91€°0- ‘08L°T-) ) (£9G°0- ‘29T T-) 998'0- (FL1°0- ‘296°T-) 600°'I- 1
(0ze'z ‘888" ) 280z~ (00%°T ‘SLL 696'0-  (S0T°0- ‘089" 98°0-  (TAT'T ‘ST¥ 01- (ggeT'T ‘96¢" . 6z
02S'T ‘S888°T) L0T° P ‘8LL°0) 60€°0 0- ‘089°0-) €0%'0- ST#°0) £08°0 62°0) L06°0 G mEo
(8201~ ‘982°2-) ST N. (I$6°0 “B2Z°0) 9T9°0 (88T°¢ ‘TFL'T) 16T (0£2°0- ‘0£5°T-) 0280~ (L8€°0- ‘626°0-) 959°0- Amﬂm OM 6821 SIT - 91 JAI( Jo Ioquny
(6991- 992-5-) 081~ (826°0- ‘0TT'Z-) S9%°T- (z88'1- ‘Pe8'T-) 169°T- (LTE°0 LTST) 8EC0- (110°0 P1907) £92°0- oo 021°0-) 0120 8¢
(oos 1 poLe) oel e (Eomo- Ee0T) 69 T-(S27°0 'SST07) 0510 e e e ery0 ‘291°0°) 0810 18
(087-0- ‘965-1-) 096-0- (60%°0- ‘T28T) ZTT- (vo1°1 ‘ ¥8€°0) TOL°0 (622'T- ‘80V°T-) ¥8LT- Mwmm.0m ‘8€6°0-) 049°0- Mmmﬁo-.hmmc.ﬁ-v Lv8°0- 9¢
(g€2°0 ‘969°0-) O@a.@.@ 0- (2£9'0- ‘699°'1-) QHH.Hl (829°0 ‘88T°0-) €220 (924°T- ‘80L°2-) 88T - AmQH.O rwﬁm.ouv 69170 Amw._”.._u Wh@.cv 1260 o
(L6€°T ‘SBL’T) €60° (200 ‘90109 £020 (98T°0 ‘GPF°0-) 65T°0- (260°T- 2181 6TF T (1670 '687°0-) 850°0- (oroo- 1925°0-) 61870~ Ve
Ammm.ﬂ »O._”N..Ov mmO.N AOHw.H aOmA.Hv 617 T Awmw.o hwﬂo.ouv £65°0 Amﬂww.O| aw._”w.._ulv $08"1- LEVO mw%.o& €200 Amﬂum. OW ﬂOﬂ.Hlv 618°0- e
(21S°Z ‘G88°T) T ($o€'T ‘899°0) ZTO" (2180~ ‘668-0-) F19°0- (080°'T ‘895°0) 628" (220°0- ‘099°0-) ¥HE 0~ 9000 “705°07) 9720~ oo
'€ 998'T) 981°C (0’1 ¢ 210'T (792°0 ‘8PE" $19°0- (208°C ‘ehe’ 80 (1281 ‘g6 ¢0-  (990°0 ‘TF¥0- .
(z2¥'0- ‘P1E°'T-) 9b8’ vS0'T ‘LEE°0) 00L°0 92°0 ‘8FE'07) L¥0°0- 8'C ‘e¥T'C) 8IS'T T ‘869°0) 610'T (pog- 1rv'0 ) 98T°0- Te
Aﬁﬁo.ﬂl hMWH.va ﬁ@M.Ol AMGH.Ol »th.Hlv 119°0- AQONHl ﬁHWF.Hlv S Awww.._” hQWN.Hv $8CT MWNF.O aQM"HOv czH 0 Aﬂm_.wo hwmm.Ov 9290 0e
(LST°0- ‘P26°0-) 6€ r (921°0- ‘698°0-) Sm.o- (0¥S°0 ‘790°07) $£2°0 (T29°T ‘T90°'T) T2€°'T $28°0 ‘822°0) 92S'0 %mm.H .Hﬁ.e 6€0°T 62
(1090~ PO8-1-) TOT-1- (3020 727 0) 000~ (809°T *009°0) 920° (287°0- ‘TVT"T-) 978°0- (8v4'0- ‘€20°T-) 218°0- (2260 142°0) TL8°0 8¢
(¥65°0- ‘81S°1-) mwﬁ.ﬁ- (£T18°0- ‘P8¥'T-) THT'T- (P18°0 ¥¥1°0) 627°0 (164°0- ‘€TP'T-) T60°T- (8€€°0 ‘€€€°0-) 100°0- Ammm. Y 90¥°0) 2L9°0 e
(628'T ‘TOT'T) Hmm.o - (0260~ ‘L£9°1) »@N.H- (019'0 °604°0-) 020°0 (129°0- ‘9€2°T-) 126°0- Mwwo..ﬁ ¥50°0-) €670 Amooo 087°07) 960~ 9z
(v0S°T ‘PTI8°T) mmH.H (PIS°T ‘€69°0) 00T'T T-  (L9T°0 ‘509°07) 18T 0~ (€80°T- ‘96L°T-) 9TV'TI- £20°0- ‘S£L°0-) T8E'0- Ammm.o- I¥8°0-) €85°0- o
(ve8'c ‘981°2) mom.m (T6L°T ‘2L6°0) 9LE'T (¥60°0- ‘82L°0-) TTV"0- (L60°T- ‘66L°T-) TEV'T~ (897°0 '6€6°0-) S9¢°0- Amom 0- ‘¥ZT°1-) T98°0- e
(0172 ‘98L°T) 460°c (T9T'T ‘2€7°0) 808°0 (¥2P°0- ‘OTT'T-) 6LL°0- (20T ‘S9E°T) L69°T M@mo.o GE8°0-) 98E'0- %S.o '699°0-) €85°0- €
(962°C ‘LG9°T) Nwm.m (292'T ‘TLG°0) S16°0 (TTP'TI- ‘086°T-) L69°I- (399°2 ‘¥68°T) 612°C 187°0 mﬁ.o-v 921°0 %:@ mmv.o-v coT°0- 44
(L¥8°0 ‘€LT°0) wom.w (899°T ‘096°0) LTE'T (216°0- ‘95¥°'T-) €8T'T~ (6172 ‘LLL'T) €0T°T M»wmo 672°0-) ¥90°0 Amma.o '8£2°0) L6S°0 12
(800°T ‘67€°0) 6L9°0 (8L¥°T ‘852°0) 60T'T (8€€°0- ‘086°0-) 999°0- (926°T ‘2PE'T) LE9'T %S.o- ‘LTL°0-) 2O¥"0- Aww: 1687°0) £78°0 0¢
(£0£°0 0VP°0-) L90°0- (169°0 ‘870°0) 69€°0 (9160 ‘£62°0) 209°0 (1087 ‘47eT) Tpe T (8880 28209 190~ (2660 866°0) 9621 61
(9270 ‘L07°0-) LEOO- (g£9°0 *€20°0-) £92°0 (€700~ ‘€45°0-) OTE'0- (292°0 ‘T8T°0) TLP'0 Awww. 0 ‘192°0) £95°0 Ammm.o FYY'0) £2L°0 81
(507°0 “197°0-) 800°0- (z97°0 ‘002°07) LET'0 (2990 ‘800°0-) 0ZE'0 (892°0 ‘402°0) ¥8%°0 %,@m‘o 98€°07) 9800~ Amwm.H £68°0) A22°1 L1
(6790 ‘620°0-) 70870 (0£9°0 ‘0T0°0) £2€°0 (TL¥°0 ‘2€T1°0-) 89T°0 (2€5°0 ‘200°0) TT'0 Amwo.o quw.o-v 96T°0- A wm. ﬁ. 2T6°0-) 8£9°0- o1
(895°0- ‘Z1'T-) £20° (L61°0 ‘OT7°0-) TTT°0- (87.°0 ‘620°0-) T€€°0 (€01°0 ‘96¥°0~) LLT°0- 869°0 ‘910°0-) 8EE'0 A:wm.o Ge107) SI10 a1
0110 12707 9620~ (8£T°0- ‘028°0-) SL7°0- (T1°0- “9T4°0-) GTF°0- (1060 ‘S8€°0) TS9°0 MSQ S97°07) OVT0- oY 22¢°0-) 8100 PT
(2€C°0 ‘9¥Z°0-) 6ST0 (¢82°0 ‘02€'0-) 6100~ (2960 ‘€ST°0) 8%S'0 (2020 ‘18€°0-) TL0°0- TIT'T ‘242°0) 699°0 Aio.o-, 95G°0-) 80€°0- 1
(6V4°0- ‘TLLT-) 0€T (zog'0- ‘€9T°1-) 918" (689°0 ‘860°0-) 9L2°0 (evL°0- ‘G9€°1-) LPO'T- (820°0- ‘804°0-) gL€°0- ASm. 0 ‘880°0) 8ZE0 4
(L1270 “LTT°0-) 0SE°0 @'r- (19T°07 ‘008'0-) Ew.ou (969°0- ‘PCE 1) 9L6°0- (€92°0- ‘P18°0-) 9Tg'0- (897°0 “167°0-) 7200~ Aﬁm.o 681°0-) 070°0 1T
(970°0 “FFL0-) €80 (0810 100D ST 0 (892°T ‘60€°0) TGL’ (GRT°0 ‘L21°07) S0T'0- (172°0 '629°0-) 622°0- LT€°0- ‘PES"0-) TLE'O- o1
. EEE0 (agg0- ¢ 8TT°0 (820°0- ° 19L°0 (068°0- ‘TEV- 0 (95T°0 299°0- (682°0- ‘82" 0
(z10°2- ‘6¥.L°'€-) 66L° SZE'0- ‘656°0-) S£9°0- £20°0- ‘9L8°0-) 89%°0- 8'0- ‘ISP'T-) PET'I- ( 0 °269°0-) L92'0- (89670 ° 8LL°0-) 9050~ 6
(188°0 ‘0T€'0-) 8ZE0 25~ (189°0- ‘29%°1-) mS.o- (92070 ‘6£9°0-) 20E0- (66T°0 ‘98€°0-) 680°0- ¢L9°0 ,5»3 960°0 Aww@..o www.e 9040 2
(G180 “02F°0-) €620 (78270 ‘061°0) L87°0 0- (818'Z ‘IZT'T) 988°'T (602°0- ‘TZ€'1-) OTO'T- MSG 66'0") 6570 %wm. 0- ‘2£6°0-) SS9°0- L
P =DAE=D (0L£°0 “T08°0°) 2400 (8620 ‘L9€°0-) 6410 Msm.ﬂ. 017-) 1822 (646t '090'1) 1200~ (6T L8z r) 6200 9
V=DSAT=D (967°0 ‘97L°07) 161°0- %S.o 9E0°0°) €62°0 ( 9¢'T '68€°0-) 814°0 Qoﬁou [079°0-) GL€°0- g
e=D5AT=5 S0 ‘€11°0-) 8020 $0L°0 ‘€89°0-) €00~ 0°T- ‘69L°T-) 898°T- :
P=OFAT=D (10L°0 ‘089°0) §20°0- MEE 825°0°) 610~ €
E=DSAL=D %wm 0 961°0-) 9910 z
=DSAT=D 1
E@&H

¢ = } I0J S9)RLIRAO
. O MOYIIAN UOI0D
[100G SOTJRWDYIRA] 10J SoN[RA AT(] [PALT-IUOP
- NG JO OPNIUSRIN :
(USRI LTV OI9BL



111

z €1 L €1 syl JIJ JO ToquinN
(OVT°1'%92°1-)090°0~ (8e%°0- ‘FL0°T-)PPL'0- (1690 ‘$92 T-)85C°0- (#PS'T ‘009°0)THO'T 8¢
(L0g°0'687°0-)¥00°0~ (#92°0 ‘26T°0)€LY'0 (LP1°0- ‘G9.°0-)QS¥ 0 (922°0- ‘868°0-)¥9S°0- L€
"0‘190°T-)STT 0~ T 20210 ‘0 ‘€22°0-)080° T ¥'0-)12S1°0-
(0G8°0°TC0 1-)8TT 0 (8L2°0 ‘68Z°0-)2T0°0 (0L£°0 ‘€2Z°0-)080°0 (ELT°0 ‘0L¥°0-)TTST O 9¢
12 T'6€0° T-)70T" 698°0- ‘28L°T-)68C'T- (IE€E'T ‘TTG0-)L6€ 928°C ‘TOV'1)E¥0°T
(6TZ’T°6£0°'T-)V0T°0 ( ¢ ) (1€€°T ‘T1G°0-)L6€°0 ( ¢ ) e
(£09°0'6%0°0-)622°0 (0P80 ‘422°0)TTS°0 (S81°0 ‘90£°0-)T90°0~ (842°0- ‘G86°0-)PLT9°0- ve
: "0-)680° ‘0 ‘ThE0-)8T0° T 2°0-)120°0- ve "0-)€6E1°0-
(989°0°209°0-)680°0 (£9€°0 ‘2P 0-)8T00 (L8T'0 ‘0€2°07)120°0 (SP€°0 ‘GLG°0-)E6ET°0 €
(ST1%°0'899°0-)2T1°0~ (£€9°0 ‘L¥Z'0-)2ET°0 (£5€°0 ‘S0T°0")¥21°0 (€£8G°0 ‘085°0-)€520°0- 44
"0°662°0-)98T" 299’ 1°0-) 16T’ ‘0 ‘82T°0-)ZET’ 12°0 ‘108°0-)F10€°0- 1
(££9°0°¢62°0-)981°0 (2990 ‘L8T°0-)TST0 (8L£°0 ‘821°07)ZET 0 (S12°0 ‘T08°0-)FT0E 0 €
180°0°090°T-)29¥%°0- ZVS0 ‘¥80°0-)622°0 €11°0 ‘9€€°0-)TTT°0- €61°0- ‘¥¥6°0-)689S°0- o€
( ‘ ) ( ‘ ) ( ‘ ) ( ¢ )
¥92°0°'918°0-) 120" '0- ‘06T T- ‘0-  (162°0 ‘L12°0-)2E0° 16'T ‘0)¥Te'T z
(¥92°0'912°0-)120°0 (8g8°0- ‘092°1-)€92°0- (162°0 ‘L13°0-)3€0°0 (L16'T ‘€08°0)¥TE 6
2€0691°0-)9L0" LT1T1°0- ‘002°0-)TO% 0- (Tege 2°0-)L€0° $06°0 ‘8ST°0)LTTS°0 e
(82€'0'691°0-)9.0°0 ( ¢ ) (2€€°0 ‘892°0-)LE0°0 ( ¢ ) 8
(L82°0°TGE°07) 4700~ (g6T°0- ‘¥08°0-)98%°0-  (£9G°0 ‘G00°0-)9.2°0 (8Y0°'T ‘2Z€°0)€299°0 1z
2T 0'1LE0-)€LO 0" : T : "0 ‘gEV0-)S9T 0" $9%°0- ‘6%1°T-)1S08°0- ré
(822°0°1LE0-)€L0°0 (6€8°0 ‘6£2°0)8€5°0 (860°0 ‘Z€EF'0-)G9T°0 F9v0- ‘6 )TIS08°0 9
(8¥72°0'6¥1"0-)660°0~ (¥82°0 ‘L0¥°0-)290°0~ (¥€9°0 ‘¥€0°0)9¥€°0 (£0L°0 ‘091°0-)895Z°0 qz
20'292°0-)V10° 220 ‘€¥8°0-)69 0- 44 1°0-)¥10° ¥9°0 ‘F1H°0-)89780" Ve
(L82°0292°0-)F10°0 (622°0 ‘€¥8°0-)692°0 (922°0 ‘€61°0~)¥10°0 (879°0 FTH°0-)89%80°0
G€9°0°0S0°0) TFE°0 €09°0 ‘€0T°0-)9SE 0 061°0 ‘¥¥5'0-)1€0°0- 85%°0 ‘1£9°0-)¥681°0- €T
( ¢ ) ( ‘ ) ( ‘ ) ( ‘ )
¥2'0°09¢°0-)<00°0- ‘0 ‘6¥2°0-)20€" V70 ‘290°0-)SST’ 20 ‘€T€1-)L8G 0" 44
(0%2°0°'052°0-)G00°0 (6£8°0 ‘6¥2°0-)T0€°0 (L¥V°0 ‘290°0-)88T°0 (89270 ‘€T€1-)L8S°0
vzo’ "0-)€LT0- : "0-)68€" 90S°0 ‘,450°0)T8Z°0 TLT "0-)665°0- 12
(¥20°0°065°0-)€22°0 (608°0 ‘0£0°0-)68€°0 ( ¢ ) (2L2°0 ‘0£8°0-)662°0
: “0)VET PIT0 ‘€7G°0-).L81°0- 20 ‘91G°0-)2ST 0" 29 1°0-)5GVe z
(89¢°0°¢60°0-)¥€2"0 (FPIT°0 ‘€¥S0-)L8T°0 (902°0 9T€"0-)TCT'0 (829°0 ‘801°0-)SS¥E 0 0
1T "0-)€80°0- : "0-)L¥20- 119°0 ‘S¥1°0-)TET : "0-)¥110°0- 1
(812°0°€8€°0-)€80°0 (8£0°0 ‘€09°0-)L¥T°0 (119°0 ‘G¥T1°0-)TET0 (LE€'0 ‘GLE07)FTTO0 6
(L9€°0°CLT 0-)00T 0 (1950 ‘G60°0-)9%2°0 (0€T°0 ‘2L0¥°0-)TF1°0~ (£6€°0 ‘89%°0-)1£90°0~ 8T
"0'2€0°0-)9€T ‘0 ‘VE0°0-)TLT ¥50°0 ‘38S°0-)0¥% 0- 222°0- ‘¥06°0-)169S°0- 1
(809°0°2£0°0-)9€2°0 (899°0 ‘F€0°0-)TLT 0 (¥50°0 ‘2T 0-)0¥Z0 ( 0- ‘¢06°0-)169S°0 L
(I¥%°0°1%1°0-)¥ST°0 (661°0- ‘228°0-)0TS'0- (T90°0- ‘PZL'0-)16€°0- (STT'T ‘€1€°0)20L'0 91
8T°0°STE 0-)2E0° 20 ‘61€°0-)0€0°0- 16°0 ‘6C1°0-)LLT 70 ‘GPE0-)L9070° 1
(282°0622'0-)2€0°0 (88270 ‘6T€°0-)0€0°0 (L1670 ‘621°07)LLT°0 (0SF°0 ‘5P£°0-)290%0°0 <
L9T'0°T9€°0-)760°0- £92°0 ‘€2€°0-)8€0°0- GLT°0 ‘€L2°0-)280°0- 8TT'0 ‘985°0-)E¥¥T 0- A
( ‘ ) ( ‘ ) ( ‘ ) ( ‘ )
¥01°0'Eh 0-)S9T 0" ‘0- ‘0- ‘0- 10°0 ‘18%°0-)SET 0- ‘0 ‘Pg0°0-)T0TV" I
(¥01°0'227°0-)S9T°0 (290°0- ‘GLL°0-)66€°0- (£10°0 ‘T8F'0-)8€T°0 (£06°0 ‘¥20°0-)T0TH 0 €
162°07.2°0-)L00°0- "0 ‘TVE’0-)€00°0- 1€°0 ‘Z8T0-)ELO’ 180°0 ‘¥0L°0-)8GTE 0" 41
(T82°0%L2°07)L00°0 (9€€°0 ‘ZFE0-)€00°0 (91€°0 ‘T8T°0-)€£L0°0 (180°0 F0L°0-)SSTE 0
ian “0-)¥60°0- 10°0- ‘0- ‘0- T "0-)¥90°0- ‘T ‘g6¥” : 1
(SPT°0°2£€°07)¥60°0 (e10°0- ‘G9.°0-)6G€°0- (IFT°0 ‘292°0-)¥90°0 (z29°'T ‘26¥°0)886°0
(¥61°0'60€°0-)650°0~ (6£9°0 ‘6€£0°0-)862°0 (800°0- ‘26£°0-)L6T°0- (0¥€'0 ‘T¥S0-)€911°0- 0T
(297°0°¢90°0-)T61°0 (€€7°0 ‘897°0-)S00°0 (061°0 ‘V92°0-)ZE0°0- (S6€°0 ‘299°0-)TIST 0- 6
(TLT°0'862°0-)%90°0~ (989°0 ‘1TZ"0-)8ST0 (0€€°0 ‘T9T°0-)¥60°0 (97€°0 ‘579°0-)LEST 0~ 8
(PE1°0'62€°0-)€60°0~ (8€¢°0 ‘8GZ°0-)FF1°0 (P1€°0 ‘G81°0-)2L0°0 (90¥%°0 ‘285°0-)6560°0- L
(190°0°2L¥°0-)£0T 0~ (2ev'0 ‘89¥°0-)200°0 (12%°0 ‘2L0°0)¥L2°0 (8%S°0 ‘09L°0-)ELET O~ 9
(L60°0'62£"0-)0TT 0~ (100°T ‘190°0)2€2°0 (870°0 ‘G0%°0-)TST°0~ (670°0 ‘FLT'T-)F0LE 0" q
(L21°0°'98¢°0-)€T1 0" (¥28°0 ‘€20°0)0TH'0 (¥€2°0 ‘961°0-)610°0 (eve 0- ‘8TL T-)T8ES 0" i
(g22'0'660°0)ETH'0  (PF6°0 ‘129°0-)09T°0 (88€°0 ‘6£0°0-)SLT°0 (£26'0 ‘#S0°1-)52C1°0" €
(€0€°0°0T2°0-)€50°0 (8G¢°0 ‘L2 0-)F€0°0 (820°0- ‘¥9¥°0-)THZ 0- (979°0 ‘€€6°0-)TOLT 0~ z
(660°0CVE 0-)FT1°0" (7980 ‘L£€°0-)6LT0 (792°0 ‘7¥2°0-)200°0 (9¥2°0 ‘€62 1-)FFSS 0" I
ﬂ mmﬁ~0 ~O>OA|QQOUSHW m mmﬁ~0 ~O>OA|QQOUSHW N mmﬁﬁo T!rOAu#QO@ﬂum_ ﬁ mmﬁﬁo ~O>Oquugoﬂﬂum EOQH

SOSSB[)) USR] [9ADT-[OOYDS SSOIDY

SOYRIIRAO ) YJIAN UOI}IDG SOIYRWSYJR]N I10] SonfeA JI(] [PAST-[00YDS JO opnjuSeIN Q1 o[qR],



112

Mm
L0Q'1- ‘€9T°¢- : G

ol hmom.o.ﬁw vow.m z- (2111 ‘€66°0-)L90° G

(esgT 888°0 (68T°0 ‘78S o L «

L1C°0- ‘988°T-) 421" L0 785'0-)S81°0- os 0o

(2271 ¢ 221°T- (€18°0- ‘61T° 0 (£9€°T ‘082 T Govo oo ¢

LIV T- ‘160°€-)SET" 18°0- ‘612°C-)GS¥ ' I- G . st

(zgz'T * cez'g-  (89¢°T ‘€9l qSP'1 (gg9'0 * : 5 e . (o0 o ¢

TQT'T ‘€99° ! eT ‘€92°0-)30¢" 0 ‘PT0°0)8TE" e o . )

. 1)2h6'T o5 0€°0 e €0 (3161 ¢ (8¥6°0 ‘11g" R N o
(L61°T- ‘691°%-)959" (g8L°0 ‘S¥2°0)ITS 0 (988°1- ‘¢9€°8-)L€Q°T- PI6°T ‘PES°0)6ST T ( wm or 112'0)€8S°0 (osT Nr Torp)oe T e
i him.m-vwmw.ﬁ- i, (i - o s (rioT res0)ost Aam 0 ‘4¥€°0-)1€0°0 ( SL0 mmw.o-vomvo- 8¢
(g96°0- ,Nww.ﬂ-vomo.m- (8¢0°T- éow.ﬁ-va:ﬂ.ﬂ- (181°0 ‘€0S°0-)2S1 0~ (266°0- ‘08S°T-)2T6T T~ PyL L 9T g)oTL T %mo.o Ftw.o-vwmm.o- :
(z8L0- hwmm.ﬁ-vmpm.ﬂ- (1eT°1- ém»é-vwﬂu.w- (80Z°0- ‘000°T-)¥T19°0- (912°C ‘eve 1)6VL'T Momm.oh '862°0)099°0 AS» ﬂ ﬁmdo-vomw.o :
i o ke (s0z:0- 000'T)7 (885°2 ‘L70°Z7)SVH T Ammm.o "@mm.o-vm%.o Awﬁ 0- ‘890°T-)1LL°0- ce
L o (o170 858708707 (FS6°T ‘SLT'T)8VE T Amwm.o meo.o-viw.o ( €50 @mo.o-vﬁ&.o ve
(ge1'T wa.ovpmw.ﬁ (8L¥'T ‘1¥6°0)902°T (890°0- ‘296°0-)GS¥H"0- (0924°T ‘4T0°T)T8E'T Atw.o m@m.o-vmmﬁo At.m Hn et :
(692 ,wmmévﬁmm.o (L1€°'T ‘824°0)120°T (868°0 ‘¥S2°0)¥6S°0 (848°0- ‘GTP'T-)TPI I~ Amow@ 102 08020 Amww.o rmom.o-vomﬁ.o ;
i »wmw.o-v;w. it (s6s'0 vszoyras (120°T- ‘STL°T-)P8E T~ Ambm 0- ‘862'T-)T€0°T- ( ww@ m.mdo-vmm:.o 1€
(820°T- ‘€50°2-)6 .o- (81€°0 “L¥£0-)820°0- (00L°T ‘€0T°T)26€°T (120°T- ‘¢#99°1-)€Se 1I- 68T°0- '£00°T-)V89"0- Govo. a0 11T :
(16%°0- him.ﬁ-vwmm.ﬁ- (g0€°0- ‘0T18°0-)¥SS"0- (TTT°0- ‘¥S8°0-)99%°0- e Lo A e Mmow”o- e @m
Bt dmm.H-vmww.c- i ,oc».c-vwmw.o- (rro- pasoooro- (2290 T20°0)28€"0 ::o.ﬁ ‘982°0)8¥9°0 Amﬁo.o- M»mw.o-vmmm.o- 8T
(g9%°0- hmmm.ﬁ-vwwm.ﬁ- #¥s°0- amwm.H-va.w- (g40°0- ‘08.°0-)81¥°0- L oa Mt&.o n%m.o-vmﬁ.o- AMQ . s, R
e e - (s sor T (616°0 ‘205°0-)810°0 (LT€°'T ‘912°0)600°T Ammo‘o w&.ﬁ-v%m.o- Aoa.o moo.o-vsm.o 9z
(eL2'T ‘09T°T) 1% (02€°T ‘61L°0)¥90°T (9870 ‘00€°0-)680°0 (ot oz et Am%.o n&m.o-vm@ao Sww.o woﬂov@wm.o mm
(628°z »mmm.nvhmm.m (022°C ‘129°'1)€98°'T (STL0 ‘€20°0-)¥8E0 (LG89°T ‘806°0)02T'T %mm.H rm@do-kum.o :mw.o “oom.ovmwm.o :
(zez'z ,mmw.dmwm.w (TPT'T ‘€69°0)TL8°0 (296°0 ‘T£2°0)809°0 (eve'1- ‘120°C-)8LY T~ Amww.o hmmdo-ﬁmm.o Swa Hr oo :
i "wﬁmdwww.ﬁ fdueing (zos0 ez 0)s00°0 (180°2- ‘22LT-) S0P "T- %S.a RNE.O-VEN.O- Qm@@ .@wo.o-vgm.o 44
(110°T ég.ovmﬁ.w (L67°T ‘I88°0)8SST'T (999°T ‘0¥6°0)9%2'T AR i A@@No "m@m.o-v@@o.o A o .mS.H-vmmw.o- Hm
dR I G et (ousr v 0joreT (920°T- ‘C6S°T-)608 1~ %So 88€°0-)091°0 Awﬁ.o- "Nwm.o-vmwm.o- 0%
(6550 ‘CeT°0-)LTT0 (62770 ‘020°0-)TET0 (8980~ ‘220°T-)269°0- (04T°2- ‘998°2-) L0S°- Aooom ‘052°0)079°0 Amm:- 725090090 "
R Ry (sss0- L2016 (6L1°0- “THL°0-)99F"0- Am.ﬁ. 0~ ‘STT'T-)0¥9°'0-  ( mw.o- ,Hmm.o-v@ow.o- ST
(8L9°0 ‘GL0°0-)€€E0 (90G°0 ‘9T0°0-)8€Z°0 (Z10°0- ‘0TL°0-)8¥€°0- (g02°0- ‘20L°0-)9S¥°0- Aﬁu@.o rmmﬁ.o-v%m.o AMHm.o-h R :
i s oo a0 A eiig (280°0- 509°0-)6€£€°0- Aomw.o Foum.o-vvwo,o Qom T 929°0)¥¥6°0 91
St e o o (e800; 409/07)6¢ ANE.O st.o-vmmm.o- @wo.o xmw.o-vmmm.o- a1
(920°0 “6%L0°)F1E 0~ I-  (06T°0- ‘T69°0-)LEV O~ (0S4°0 ‘680°0)TZH°0 e Tee Aﬁg e A%g wﬂ.o-:ﬁ.o :
(99%°0 ‘50€°0-)S60°0 (£22°0 ‘292°0-)020°0- (g22°0- ‘GL0°T1-)¥T9°0- (982°0 “092°0-)600°0 Awmﬂ. o ‘BILT)EE90-  ( wm.o mwoo.ov»wm.o i
(e9%°0- ‘S¥E€°1-)968" (9e¥°0- ‘0¥6°0-)069°0- (660°0 ‘09L°0~)¥62 0~ (842°T ‘999°0)T196°0 Aﬁﬁ.o “@mdo-v@nm.o Gmwn. Ow Vi i
S o (o500 QoL 0eT0 (967°0 FF1°0-)THL0 Ammw.o '289'0-)660°0- ( £1°0 ‘217 0)SP10- I
Pt (srz0- os0°0IevT0- (Z10°0- ‘216°0-)pSH"0- (0€T°0 ‘SFF"0-)Z9T°0- Ammm‘o "QE.O-VNS.O- vaw. 0 $12°0)S2S°0 01
(L6L°T- ‘80T°E-) LSV (zST'0- ‘GT9°0-)6.LE°0- (82T'T $¥2°0)S89°0 (egv'T ‘082'0)660°'T A.@iu.o ,uwm.o-vm@o.o- AM%@ ﬁmdo-vmmdo @
i hwmo.o-vwmw.ow e (ser viz )y (8250 65106810 Aﬁm.o rogo-vmom.o Ammm.o-ﬁ 9g1°1-)2g8°0- 8
(L¥0'T ‘G00°0-)¥SS°0 (289°0 ‘€8T'0)9€¥°0 (gL8°0- ‘#92°C-)LTIS T~ (692°T ‘609°0)¥26°0 %Hm ﬂ wmo.o-vmmm.o (z Nn HF ek el m
v =osag=pn (1920 ‘T#T1°0-)L0T°0 (7SS0 ‘867°0-)LS0°0 (6€0°€ ‘T06°T)6TV'T Aﬁm. y LA A o mS.o-vm%,o- .o

v=o5sag=pn (7960 ‘9€1°0-) L0 (22’0 ‘¥8S°0-)20T 0- D e Amom Rt m
e=Dsag=pH (862°0 ‘782°0-)S9T°0- (666'0 ‘0v¥"0-)262°0 ASH..ﬂ o6y :

0 180 MNMH ﬁ.Fmow.o-v%m.o mm».o nwi.o-vmmm.o :

ELLe0ro ) - \w 0 66% 0-)LS0°0- :

— U WQH = g ﬁ

E@uw

T = 3/ I0J SOJRLIRAO
I D YA\ UOT309
[100G SOTJRWIDYIR]A 10J Son[eA AT(] [PALT-IU
-juepnjg Jo opnjruse
TUSBIN -61F OI9BL



113

ee
Awmw.h..mul aOmvm.. _ - LT
(2080 “moo.omv )96S°T- (0271 788°0)v9C o
(8€9°0- ¢ L1170 (20 “06T°0- 0 (RVTT- ‘cg2’ LT
8€9°0- ‘676°'1-)8ST I- 0 ‘061°0-)892°0 eZLT)098 - (1678 2
(800°0- ‘T9L°T- 'T- (266°0- ‘76£'2-)€99°1- (£97°0 “LL1°0-)9VT°0 167°€ ‘P¥9°'1)129°C Py
(6T6°T ‘188" )z¥8'0-  (100°T ‘L10°T- g9'1- (¥99°0 ‘PTT’ (92%°0- ‘882" T~ (g0e'T ‘g6eg . 61
616'T ‘ISE . 0°'T ‘L10°T-)800° 0 ‘PTI°0)S68" 887°T-)GG8°0- ) £9°0)2526°0 mE
. vaﬂuw T N 00°0 A e ¢ €0 Am R — X 0 ANMH _ X Awm o ¢ - 9 A O
(28T°1- ‘090°2-)S8S" (280°T ‘¥€5°0)0T18'0 Z9T°0- ‘€9G°T-)TS8"0- $8'T ‘Z8%°0)SCT'T ( 0- ‘€89 0)8ep0-  ( 9'€ ‘€80 2)e8LT 1] Jo loquiny
(b181- “0r22 808 C- (286°0- ‘5L8'1-)968 - (20T°T ‘892°0)8€8°0 (ows cronisre  (s01¢ BEGY0)EET 07 (oe-o- ‘906°0-) 6840~ 8¢
ANHH.Hl ‘CePRT- N.Nl AH%N.Hl ‘QTT - .H AhmOD nhm.ﬂmuuv_u o A“VNw.._”l THMﬂ.vaw o Q01T N@ﬁvaHw. 022°0- n.uqn...w.mulva o e
¥8'T-)8GV 1 ) z-)9g9'1-  (12€°0- ¢ 610 (18T°C ‘226" eT'z-  (228T°0- ‘618" T (c8T' ‘0P8’ 90
(L0 T- ‘T8E°T-)P9S" (TL0°T- ‘€69°T-)$9€°T- TLE'0- ‘LL8°0-)229°0- 1°T ‘TL6°0)02S'T ( g OF 618'0-)968¥°0- ( .m 0¥8°1)99%°'¢C 0
(et Nwm.ovmmw.w 1-  (640°T- ‘821'2-)69G"1- (S81°0 ‘82£°0-)060°0- (sgz'e ‘876°1)989°2 ASQ@ £7€4°07)€9790°0- Avma 1- ‘029'1-)82¢"1- ag
(vegz ,mmo.mvt&.m (66L°0 ‘962°0)¥59°0 (0g0°0- ‘195°0-)962°0- Mmof [£99°0)T90° Amxé £L62'07)£952°0 %mm@ 022'0)9210 ¥e
(2ve'T ‘266°0)992°T (924°T ‘926°0)97C"T (5890 ‘0850:0) 1850 (5710 Gpr0reeT (9610 606°0-) €620 ot £6£°0)6.8°0 €¢
(#96°T ‘L07°1)089'T (866°0 ‘L6€°0)869°0 (80€°T ‘¥L°0)TE0'T Amﬂ 0 ‘0rE'0)29T0 :mﬁ.ou 8796°0-)€6.5°0- %S.o 2740080 ee
(P2 0- ‘C18°0-)82G" (182°T ‘T02°0)S86°0 (8%8°0 ‘982°0)299°0 929°'T- ‘8SC°Z-)676°T-  ( 99'T ‘£50°0)9%0° Asom 079°0-)S88 0~ 1€
(1£6°0- me.ﬁ-vomm.o- (67T°0- ‘T64°0-)0L¥"0- (2960 ‘LT9°0)¥69°0 (022°0- 686°0-)T#9°0- %NP 0 ‘LL220°0-)S8TE 0 Aoom.ﬂ ‘802°0)STL°0 0g
(88%°0- dmo.ﬁ-vmmm.ﬁ- (162°0- ‘0¥8°0-)59¢S 0" (P8T°0 “PT€0-)850°0- (650°2- ‘T04'2-)5L8°C- AH 892°0)729°0 Am@w 0~ ‘T20°T-)E0L°0- 62
(8L0°T- ‘SE ».H-vm@».o- (1220 ‘TEE°0-) 7200~ (06€°0- ‘096°0-) T L9°0- (SPT'T ‘922°0)889°0 Amwﬂ.p- 920 1-)2969°0- %:5 2L20-)L80°0 82
(r1e1- ,omw.ﬁ-vmmm.? (££0°T- ‘299'1-) L6 1- (0g¥°0- ‘€96°0-)S0L°0- (99°T ‘967°0)TTO'T Amomm.o 19892°0)6651°0 Ammo..w. ‘289°'1-)068"T- 1
(se1'2 awmm.swwwm T- (1821 ‘908'T-)909'T~ (162°0 ‘957°0-)960°0- Mwad ‘9€0°0)6.7°0 Amwg.o 80€8°07)6712°0- Aomw.o TLT07)812°0 9z
(SL6'T ‘0TE'T)SEDT (PSL°T P8O T)6ZH T (192°0 ‘PTE0-)610°0- Avmw.ﬂ ‘9CT0)OTT T Goa.o ﬁmmﬁ.o-rowm.o- %wg wwo.o-v.@@.o 174
(002°2 ‘9TT'T)TTP'C (v28'T ‘L22°1)87S'T (2920 ‘2£0°0)617°0 Am@p.ﬁ ‘TL9°0)T6T'T GBm.o PE0'1-)2€82 0~ Awmw 0 ‘v€0°0)S2¥"0 e
(2212 ‘189 T)ET6'T (g82'T ‘888°0)FTT'T (9971 ‘8T2°0)L80°T %S.T ‘200°2-)£99°T- :wg.o LS8R 0)VIEE 0" %Nm.o 808°0)L8T°0- £z
Ahmwﬂ »ﬂﬂN.Nvaum.N Am.@ﬂu.H hbww.Ovﬁbﬂ.H A%O@.H thQ.OthN.H AW@@.Hl rﬂwwﬂuvaMNu Ammﬁmo Fﬂﬁbﬂ.ﬁu:vﬁw‘_ﬂ.o AﬁONO hﬁwbﬁuquHmOl e
(F10'T ‘9£5°0)SL2°0 (990'2 ‘TTF" T)€EL'T (620°T ‘Z¥P°0)PEL'O 98Tz ‘L98'Z-)19S - Gm:.o 2L860°0-)10£°0 %m:.u 065°0-)8€Z°0- Ite
(18270 ‘98T’ : (67S'T ‘DL6°0)S9T" (PST'T ‘9€7°0)66L° (8641 ‘g2h'C-)STT'C- 8V2°0 ‘PLEG 07)6671 0" LVP°0- ‘9TT T-)98L°0- 0z
(4 Ovﬂwﬂ 0 e S9C'1 A . ‘ 64°0 ANM" R T'c Qwﬂ@ﬁ ¢ . A@MH _« . 0
(109°0 ‘ZTT°0)TSE0 (1S7°0 ‘T60°0-)88T°0 102°0- ‘G22°0-)T6%°0- ( 9'1- ‘992°2-)096'T- (g o ﬁwm 0-)¥102°0- ( .H ,wmh 1-) 2% T- 61
(220 “292°0-)L10°0- (162°0 ‘922°0)6£5°0 (0850 ‘650009620 (1520 (28001850~ (1120° 8LET0)5L50 oo 872 1-)926°0- 81
(4280 ‘29€°0)86S°0 (9£7°0 “601°0-)8GT°0 (80°0 ‘62¥°07)L81°0- A»mm..oﬂ ‘996°0-)909°0- A%mwo TY880°0-)FLIE 0 %NS 69907422 0- L1
(0ST°0 “0€€°0-)680°0- (299°0 LL1°0)8T7°0 (£20°0 "827°0)GLT 0" (ot L8T°07) 2620 (sog ¢ VEGY 0)8121°0- (2900 £V7°0)808°0 91
Amcw.cl »hm._”.._unvﬂhw. Ame.O FNBN.OlvwﬂO.Ou AmOﬁ.O "Nmo.ouvowﬁ.o Ammﬂ.o h@N@.O¢O©N.Ou AmO H. MMMH.Ovmbwm.O ANwO..Ulh wﬂh.olvaﬂu.On qr
(vog-o- “mmm.o-vmm@.o- (0600 92¥"07)P12 0~ (POT°0 ‘LTE0-)EL0°0- %wm.o 1GLE°07)STT'0 aoﬁ.o 8629°0-) L9120~ AHmN. T ‘698°0)SLL°0 14
(0TT°0 ‘C07°0-)EFT°0- 0-  (920°0 ‘€2¥0-)8LI0- (€8€°0- ‘296°0-)099°0- 28€°0 ‘Z9¥'0-)670°0- ( 0€°T ‘€Z61°0)VEIL'0 AEQ 467°0-)201°0- €1
(S18°0- ‘007°1-)00T" (609°0- ‘00T'T-)SG8"0- (19710~ ‘€92°0-)8SH"0- M»ﬁ..w %€1°0)6T9°0 %mmm.o ,@@S.o-vmpﬂ.o- Amg T ‘$50°0)€€S°0 43
(1700 ‘6850072 0- I-  (029°0- ‘PST'T-)8I6°0- (LL6°0 ‘LT 0)STL°0 82S°0 ‘F0¥0-)250°0 Nwmmo 86080-) 1662 0- Nmm.o "%wo-vm@o.o- 1
(129°0- ‘G50°T-)982" (220°0 ‘09¥°0-)80%0- (680°0 “697°0-)Z8T°0- (60€°0 “F19°0-)S9T 0" Ammnmo.ro- ‘9TT'I-)1€85°0- A:a.o 970°0-)907°0 ot
(88L°T- JE.N-vww».o- (192°0- ‘L6L°0-)125°0- (982°0 *89€°0-)2€0°0- (PE8'T ‘€62°0)¥91°T %mmm.o 7L08'07) L0E"0- %Nm@ 1L5°0-)921°0- 6
(6080 dom.ovﬁm.ﬂ g~ (vev'o- ‘v¥6'0-)289°0- (010°0 “9¥¢"0-)692"0- Mwom.o L08'0)6L2°0- Amm.t 0 ¥816°0-)9VE90°0 Awmm 0- ‘09%'1-)0Z0"T- 8
(2670 9TT 01510 (v86°0 ‘727°0)28L°0 (650°1- ‘2E0T)z0s T (s 0€Z'0-)602°0 (169 9eT T-)6V1E 0" eoo “T0E°0)9V2°0 L
v =D AE=D (28270 ‘€82°0-)€20°0- (201°0 ‘685°0-)612 0" Awmw. z ‘eeT'T)¥88'1T (¢ 6990°0- ‘€90'1-)2LL9°0- Nwo.o €00 T-)€87°0- 9
F=DSAT=D5 Qumm.o ﬁmm.o&mhﬁ.o RGE0 Nwo.ﬂuvmmw.ﬁf A 9080 Nmm.ﬂuvmoom.ou TI1T°0 th.ouvmﬂm.ou G
C=DSAC=05D (eZ1°0 ‘802 T-)S6S 0~ Amomm.o Mmomw.o-vmwnwo.o (1€1°2 ‘€2¥°0)T0T°T ;
Y =DSAL=D mmm%..o 612 1975 0- Mmooq vam.o-kom.o ¢
=DSAT=P - 600 €22 1-)619°0- 4
=DSAT=D 1
wo)]

¢ = M I0J S91RLIRAO
I D YA\ UOT309
[100G SOTJRWIDYIR]A 10J Son[eA AT(] [PALT-IU
-juepnjg Jo opnjruse
TUSBIN -0C¥ PI98L



114

Student- and School-Level Characteristics of Latent Classes. Tables 4.22 and
4.23 present the association analysis result between the estimated student-level group mem-
bership and manifest group membership at both student-level and school-level. As shown
in Table 4.22, there were significant associations between the estimated group membership
and ethnicity and the estimated group membership and gender. Class 1 is predominantly
White, Class 2 is predominantly Mexican and Hispanic, Class 3 is predominantly Asian, and
Class 4 is predominantly African American. At the school-level shown in Table 4.23, there
were significant associations between the estimated school-level group membership and Title
I schoolwide program, household income, and poverty-level code, respectively. 88% of those
in a Title I schoolwide program were categorized into K = 1. As the school-level household
income increases, schools were more likely to belong to K = 2. In addition, all schools having

more than 30% poverty level were included into K = 1.

Tables 4.24 and 4.25 show student- and school-level covariate effects based on the multi-
nomial logistic regression covariate model. Values in Tables 4.24 and 4.25 are estimated
regression coefficients. As shown in Table 4.24, males were more likely than female to belong
to Class 1. American Indians were more likely than Whites to belong to Class 4, Asian
Americans were less likely than Whites to belong to Class 2, African Americans and Mex-
ican Americans were more likely than Whites to belong to Classes 2 and 4, and Puerto
Ricans and Hispanics were more likely than Whites to belong to Class 2. In Table 4.25, only
household income and poverty levels (the higher the value is, the higher the poverty level is)
were significant among school-level covariates. Schools which have higher household incomes
and lower poverty levels were more likely to belong to school Class 2.

Response Patterns in Latent Classes. Mixture portions of MMixIRTM are intended
to differentiate among latent groups of examinees with similar patterns of responses. The

methods of identifying DIF typically focus on the correct option. Omitted responses can also
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provide useful information concerning differential functioning and are sometimes considered
useful indicators of speededness (Mroch & Bolt, 2006).

The last five items on the test were examined as a group to determine whether particular
response patterns might emerge conditional on group membership using models with and
without covariates. These five items were gridded-in items and were classified as “high”
level difficulty in the item descriptions provided by The College Board. There were some
noticeable patterns of omitted responses: 99900, 99909, 99990, and 99999 (where 0, 1, and
9 indicate incorrect, correct, and omitted responses, respectively). No students assigned to
Class 3, the high ability group, had any omitted responses. Students with Os and 1s, that is,
students who tried to answer the question, were mostly classified into the average and high
ability groups. Table 4.26 shows this pattern for the model without covariates. There was a

similar pattern to that shown Table 4.26 for the model with covariates.
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(Q-Matrix of Mathematics Sect

Table 4.21

Skill 2 Skill 3  Skill4 Skill 5 Skill 6 Skill 7 Skill 8 Skill 9  Skill 10  Skill 11

Skill 1

Item

10
11

12
13
14
15
16
17
18
19
20
21

22
23
24
25
26
27
28
29
30
31

32
33
34
35
36
37
38
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Table 4.22: Chi-Squares Between Group Membership and Demographic Variables for Math-

ematics Section: Student-Level

G= G=2 G=3 G=4 X2 df  p-value
Gender  Missing o ) (300)  .2(.200) 5(500) 35344 6 1000
Female 1267(.294)  1442(.334) 501(.116) 1103(.256)
Male 1272( 315)  1271(.315) 592(.147)  904(.224)
Ethnicity No Response 52(.185)  86(.306)  18(.064)  125(.445) 1501.166 24 1000
American Indian or Alaska Native 13(.245) 17(.321) 7(.132) 16(.302)
Asian, Asian-American, or Pacific Islander 174(.316) 130(.236)  184(.335) 62(.113)
Black, or African-American 258(.157) 596(.363) 60(.037) 726(.443)
Mexican, or Mexican-American 163( 218) 309(.414) 23(.031) 251(.336)
Puerto Rican 25(.170) 56(.381) 8(.054) 58(.295)
Other Hispanic, Latino, or Latin American 126(.215) 236(.403) 26(.044) 198(.338)
White 1653( 404) 1188(.291)  736(.18)  512(.125)
Other 75(.278)  98(.363)  33(.122)  64(.237)

Numbers in columns are frequencies

Values in parentheses are within-category proportions

Table 4.23: Chi-Squares Between Group Membership and Demographic Variables for Math-

ematics Section: School-Level

K=1 K=2 x> df p-value
Metro Code Unclassified 2(.500) 2(.500) 6.571 3 .087
Rural 13(.520)  12(.480)
Suburban 42(.393) 65(.607)
Urban 41(.586)  29(.414)
School Enrollment Size Code D (300 - 499) 1(1.000) 0(0.000) 1.635 3 .651
E (500 - 999) 6(.545)  5(.455)
F (1,000 - 2,499) 71(.480)  77(.520)
G (2,500 - more) 20(.435)  26(.565)
Title I Schoolwide Program No/Unknown 77(.423)  105(.577) 17.363 1 .000
Yes 21(.875)  3(.125)
Household Income A (§1-19,999) 1(1.000)  0(.000) 62.667 16 1000
B (20,000 - 22,999)  2(1.000)  0(.000)
C (23,000 - 24,999)  3(1.000)  0(.000)
D (25,000 - 27,999)  6(.667)  3(.333)
E (28,000 - 29,999) 2(1.000) 0(.000)
F (30,000 - 32,999)  5(.833) 1(.167)
G (33,000 - 34,999) .000)  2(1.000)
H (35,000 - 37,999)  13(.929)  1(.071)
I (38,000 - 39,999) 600)  2(.400)
J (40,000 - 42,999)  10(.769)  3(.231)
K (43,000 - 44,999) 571)  3(.429)
L (45,000 - 47,999) 10(.556) 8(.444)
M (48,000 - 49,999)  4(1.000)  0(0.000)
N (50,000 - 59,999)  12(.400)  18(.600)
O (60,000 - 69,999)  10(.476)  11(.524)
P (70,000 Plus ) 12(.176)  56(.824)
Z (Unclassified ) 1(.000) 0(0.000)
Poverty Level Code A(0-59%) 4(.095) 38(.905)  45.057 3 0.000
B (6 - 15.9 %) 44(.458)  52(.542)
C (16 - 29.9 %) 43(.705)  18(.295)
D (30 % - More) 7(1.000)  0(.000)

Values in parentheses are within-category proportions
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Table 4.26: Response Patterns for Each Latent Class for Last 5 [tems Of Mathematics Section

Pattern Class 1 Class 2 Class 3 Class 4
(Average Ability)  (Low Ability)  (High Ability)  (Very Low Ability)  Total
00000 287 546 14 677 1524
00001 42 3 46 0 91
00009 95 104 4 61 264
00010 87 85 3 33 208
00011 33 3 10 0 46
00019 18 20 2 3 43
00090 7 10 0 17 34
00091 0 0 1 0 1
00099 41 57 1 17 116
00100 102 82 7 8 199
00101 18 2 31 0 51
00109 34 21 2 1 58
00110 37 16 3 0 56
00111 14 0 13 0 27
00119 9 6 0 0 15
00190 3 3 1 0 7
00191 1 0 3 0 4
00199 6 5 0 1 12
00900 7 19 0 20 46
00909 13 24 1 15 53
00910 0 2 0 4 6
00911 0 1 0 0 1
00919 2 3 0 1 6
00990 1 4 0 6 11
00999 30 42 2 22 96
01000 16 9 40 1 66
01001 3 0 59 0 62
01009 11 1 21 0 33
01010 13 1 15 0 29
01011 3 0 38 0 41
01019 4 0 8 0 12
01090 2 0 1 0 3
01091 0 0 2 0 2
01099 3 2 10 1 16
01100 9 1 31 0 41
01101 3 0 55 0 58
01109 4 0 16 0 20
01110 5 0 17 0 22
01111 0 0 55 0 55
01119 3 0 6 0 9
01190 2 0 0 0 2
01191 0 0 2 0 2
01199 1 0 4 0 5
01900 1 0 2 0 3
01901 0 0 1 0 1
01909 0 0 1 0 1
01919 1 0 0 0 1
01999 3 0 2 0 5
09000 101 118 3 67 289
09001 35 4 15 0 54
09009 157 211 1 55 424
09010 25 13 4 5 47
09011 9 0 6 0 15
09019 48 32 0 10 90
09090 6 14 1 8 29
09091 2 0 1 0 3
09099 50 50 2 18 120
09100 43 25 3 1 72
09101 13 1 9 0 23
09109 80 55 4 1 140
09110 18 1 6 0 25
09111 7 0 2 0 9
09119 24 6 1 0 31
09190 3 1 0 1 5
09191 1 0 0 0 1
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Table 4.26 continued: Response Patterns for Each Latent Class for Last 5 Items Of Mathematics Section

Pattern Class 1 Class 2 Class 3 Class 4
(Average Ability) (Low Ability) (High Ability) (Very Low Ability) Total
09199 17 21 4 1 43
09900 9 19 0 26 54
09901 1 0 0 1 2
09909 29 7 0 43 149
09910 4 4 0 1 9
09911 0 0 1 0 1
09919 4 17 0 3 24
09990 5 12 0 18 35
09991 1 0 0 0 1
09999 60 135 2 87 284
10000 80 154 3 156 393
10001 35 1 10 0 46
10009 18 37 2 14 71
10010 43 19 2 14 78
10011 5 0 16 0 21
10019 12 4 1 1 18
10090 0 0 0 8 8
10091 0 1 0 0 1
10099 13 12 2 5 32
10100 36 23 2 0 61
10101 11 0 22 0 33
10109 18 4 0 0 22
10110 22 2 10 0 34
10111 7 0 22 0 29
10119 4 0 1 0 5
10190 0 1 1 0 2
10199 3 5 0 0 8
10900 1 2 0 9 12
10909 2 10 0 9 21
10910 0 1 0 2 3
10919 1 2 0 1 4
10990 1 2 0 2 5
10999 12 10 1 5 28
11000 16 6 19 1 42
11001 2 0 38 0 40
11009 5 1 7 0 13
11010 10 0 9 0 19
11011 2 0 28 0 30
11019 2 0 6 0 8
11099 1 1 3 0 5
11100 11 0 21 0 32
11101 2 0 62 0 64
11109 1 1 6 0 8
11110 6 0 29 0 35
11111 0 0 112 0 112
11119 3 0 4 0 7
11190 0 0 1 0 1
11199 2 0 3 0 5
11909 1 0 0 0 1
11919 0 0 2 0 2
11999 2 1 2 0 5
19000 38 33 0 16 87
19001 14 1 2 0 17
19009 59 62 0 16 137
19010 8 8 0 2 18
19011 9 1 3 0 13
19019 18 15 0 4 37
19090 2 1 0 1 4
19091 1 0 0 0 1
19099 19 14 0 8 41
19100 20 3 3 0 26
19101 13 0 10 0 23
19109 24 23 1 0 48
19110 13 1 1 0 15
19111 4 0 6 0 10
19119 12 4 1 0 17
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Table 4.26 continued: Response Patterns for Each Latent Class for Last 5 Items Of Mathematics Section

Pattern Class 1 Class 2 Class 3 Class 4
(Average Ability) (Low Ability) (High Ability (Very Low Ability)  Total
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4.2.3 STD P-DIF RESULTS

One school was selected as the focal group to illustrate the results from the MMixIRTM
and the STD P-DIF approaches. In this section, we report the STD P-DIF results. The
comparison with the MMixIRTM results is given in the next section. The focal group school
was selected because it had the largest number of students taking the PSAT/NMSQT, 114
students, according to STD P-DIF comparison group definitions. Score-levels were collapsed
across the 20 to 80 point reporting scale used by The College Board, to yield 10 score intervals
as follows: 20 - 30, 31 - 40, 41 - 50, 51 - 60, 61 - 70, and 71 - 80. STD P-DIF values are shown
in Table 4.27. As mentioned earlier, College Board policy is to inspect STD P-DIF values
between —10% and —5% and between 10% and 5% to ensure that no possible DIF effect
is overlooked. There were 10 items having STD P-DIF values in these ranges. Items with
STD P-DIF values outside the —10% and 10% range are more unusual and are examined

carefully. There was one item with such a value.

4.2.4 COMPARISONS BETWEEN STD P-DIF anD MMixIRTM

In this section, we compare results from the STD P-DIF and MMixIRTM at the school-level.
Detected DIF items based on STD P-DIF were different across schools while those items
based on the MMixIRTM were the same within the same school-level group. For comparison
purposes, results for the school reported in Table 4.27 are presented. The school used for the
analysis of STD P-DIF also was included in school-level class 2 and used for estimating the
MMixIRTM.

For comparison purposes, three cases were identified in Table 4.28. Case I were items that
were identified as DIF by STD P-DIF, but not by MMixIRTM, Case II were items identified
as DIF by MMixIRTM, but not by STD P-DIF, and Case III were items identified DIF' by
both STD P-DIF and MMixIRTM.

Item categorization results as shown Table 4.28 are different across models without and

with covariates. The number of DIF items in Case II was larger than that of Case I especially
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with covariate model, which is mainly because the DIF analysis based on latent groups works
to find the nuisance dimension(s) along which the latent classes differ and then separates

latent classes based on that dimension (or dimensions)
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Table 4.27: STD P-DIF Value

Item STD P-DIF Value

1 0.56
2 -1.75
3 -0.87
4 4.58
) 0.32
6 2.05
7 -1.97
8 0.73
9 -4.61
10 -3.66
11 5.36
12 7.03
13 6.18
14 0.28
15 5.93
16 6.64
17 -5.82
18 297
19 -4.04
20 3.93
21 9.5
22 5.67
23 -2.01
24 8.61
25 -2.69
26 -2.86
27 -4.11
28 1.13
29 -12.25
30 0.76
31 7.89
32 1.52
33 -1.89
34 -0.94
35 2.72
36 -1.39
37 -2.31
38 -1.5
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Table 4.28: Result Comparisons with STD P-DIF and MMixIRTM for a School

Model Case DIF Items

Without Covariate Model Case I Items 11, 12, 16, 17, 21, and 22
Case I  Items 4, 6, 10, 14, 19, 25, 26, and 38
Case III  Items 13, 15, 24, 29, and 31

With Covariate Model Case 1 Items 12, 15, 22, 24, and 31
Case I Ttems 2, 3, 4, 5, 6, 10, 23, 25, 26, 27, 28, 30, 34, 35, 37, and 38
Case III Items 13, 16, 17, 21, and 29




CHAPTER 5

CONCLUSIONS

5.1 SUMMARY AND IMPLICATIONS OF RESULTS

The purpose of this study was to provide a model that would assist The College Board
in describing the comparison groups used in reporting DIF results to schools. The model
developed in this study, the MMixIRTM, employs features of an IRT model, an unrestricted
LCM, and a multilevel model, the description of the model was described from those three
perspectives. Model estimation is often an important concern. Therefore, in this study, a a
fully Bayesian method for estimation of the model parameters was described using the freely
available software, WinBUGS. A simulation study was done to investigate the performance
of the estimation algorithm that was developed to study the behavior of the MMixIRTM for
detection of DIF under some typical testing conditions. The results indicated that the gener-
ated parameters were recovered very well for the conditions considered. Use of MMixIRTM
also was illustrated with the PSAT/NMSQT Mathematics Test. Finally, the results from
the MMixIRTM were compared with those from the STD P-DIF, the currently used DIF
detection method, on a school selected as an example.

There are several differences between the STD P-DIF and the MMixIRTM approaches to
DIF detection. First, the DIF detection using the STD P-DIF is based on manifest groups
in which a comparable group is composed (a) of those students who have scored between
20 and 80 for all three sections in PSAT/NMSQT and (b) who were in Grades 10 and 11.
The comparable group also does not include any non-standard students. The MMixIRTM,
on the other hand, uses a model-based method for detecting latent groups in the data at

both the student-level and at the school-level. As a result, DIF information from by the
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MMixIRTM is provided about student-level differences in response propensities and school-
level factors associated with different proportions of student-level latent classes. That is,
the MMixIRTM clusters students into latent classes with respect to their response patterns,
and schools are clustered with respect to different proportions of student-level groups. With
this type of clustering, the MMixIRTM makes it possible to provide a given school with
descriptions of student- and school-level characteristics associated with the given school
as well as associated with other schools not in the same latent class as the given school.
Student-level characteristics include such things as ability levels, response patterns (including
patterns of omissions), particular demographic characteristics that predominate in one or
more student- or school-level latent classes, and profiles of item parameter values as well as
DIF item information about individual items. At the school-level, results from a MMixIRTM
analysis provide each school with descriptions of schools in each school-level latent class,
including their own. This description can then be used to provide schools with a framework
within which to compare the results of their school with other schools in their latent class
and in the other latent classes. As an example, with respect to the school used in the example
of Mathematics section in this study, those schools that were classified into the same latent
class, (i.e., school-level latent group 2) were characterized by lower Title I enrollment, higher
household income, lower poverty levels and a predominance of students in student-level latent
class 1. Other information describing individual schools can be similarly used to describe
members of each school-level latent class.

Second, STD P-DIF is based on observed scores while MMixIRTM is based on latent
score from IRT model. The use of latent instead of observed scores provided the potential
for separation of the effects of item difficulty and ability, and also enables the modeling of
response measurement error (Fox & Glas, 2001).

Third, STD P-DIF provides DIF information for each school using only a single com-
parable group. The characteristics of this group are described in terms of information that

may not be closely related to why students in a given school performed better than or worse
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than other schools in the comparable group. The MMixIRTM, on the other hand, provides
DIF information for all schools that are members of the same school-level latent class. Fur-
ther, there is also the possibility that there may be more than one such comparable group.
STD P-DIF currently provides DIF information only at the school-level. The MMixIRTM
provides DIF information simultaneously at both school- and student-levels. It is further
possible to incorporate information regarding specific item-level skill as shown in Figure 5.1
to explain the meaning of the differences in item functioning among the latent groups. For
example, in Figure 5.1, 13 Mathematics items are shown to illustrate simultaneous school-
and student-level DIF information. In this figure, the x-axis represents item number (from
13 to 25) and the y-axis represents item difficulty. Highlighted values in the table indicate
both student-level and school-level DIF items. As an example, items 15, 19, and 25 were
detected as a DIF item at the school-level but all except item 13 were detected as DIF items
at the student-level. In this study, item-level skill information was not incorporated into the

description of items, but this is clearly possible.

5.2 LIMITATIONS

SUBSTANTIVE USEFULNESS OF MMIXIRTM

The substantive usefulness of the model is based on the assumption that the resulting classes
represent discrete subpopulations and not just statistical artifacts of non-normality that may
incidentally exist in the data (Bauer & Curran, 2003). At the present time, previous findings
are not available indicating what schools look like based on the latent classes. This kind of
information can be developed, however, and will soon lead to a better understanding of how
many school-level latent classes might be expected. The resulting student- and school-level
mixtures in the data examined in the empirical example were clearly distinguishable in terms
of ability level, response patterns (such as omission rate), item difficulty profile, and student
and school demographic characteristics. When several factors determine a class, however,

finding those factors that cause is often difficult.
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STATISTICAL ISSUES

Label Switching. The second-type of label switching, that is, label switching among dif-
ferent replications of the same simulation conditions was detected in the simulation study.
This type of label switching can be problematic (1) for checking convergence using more
than two chains, (2) for comparing student-level latent group membership across school-
level latent classes (because the student-level probability of mixtures is modeled for each
school-level class), and (3) for comparing results with and without covariates.

The WinBUGS code developed for this study was not designed to prevent the second
type of label switching. This type of label switching can be easily detected and taken care of
in a simulation study, but it can be a problem in an empirical study. The strategy we used in
this study to check for this type of label switching was to investigate item difficulty profiles
and ability patterns for each school latent class to see if the representation is similar across
school-level mixtures, and to crosstabulate group memberships to find the dominant group.

Limitation of the Simulation Study. We investigated model recovery only for binary
responses. The behavior of the MMixIRTM for the polytomous responses and mixed binary
and polytomous responses needs to be investigated. It may also be useful to investigate the
behavior of the MMixIRTM with respect to different numbers of items and examinees.

In this study, only one covariate was used with two different percentages of overlap
between the latent classes and manifest covariate. There were no differences in the parameter
recovery with- and without-covariate models. However, there were little differences between
the two models in the empirical study, when more than one covariate was used, at both
student- and school levels. This suggests that additional simulation studies are needed to
examine the effect of covariates on parameter recovery.

Use of Priors on the Probabilities of Mixtures. Three different kinds of priors
on the probabilities of mixtures were studied along with their hyperparameters, oy and ay.
For student-level mixture probabilities, a Dirichlet distribution provides a conjugate prior. A

Dirichlet distribution with the Gamma distribution also was studied for the hyperparameters,
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ay = 1 and oy = 4. At the school-level, probabilities of mixture were studied using a Dirichlet
prior as a conjugate prior, a Dirichlet prior with the Gamma distribution, and a Dirichlet
process with stick-breaking prior for the hyperparameters, o, = 1 and oy, = 4.

A small simulation study for the priors was done to determine whether these priors
worked well under the conditions simulated. The Dirichlet distribution with the Gamma
distribution with ay, = 1 and a3 = 1 for both student-level and school-level performed well
in that the models were identified. It is important to note that this result is limited to the
conditions studied here. More extensive simulation study of the behavior of these priors on
the probabilities of mixture is still needed.

Algorithm Efficiency using WinBUGS. von Davier and Yamamoto (2007) have
noted that MCMC typically requires substantial computing time to obtain usable results. The
use of multiple starting points is necessary with empirical data, in particular, to determine
whether stationarity has been attained (i.e., whether the algorithm has converged). For this
reason, the amount of computing required can sometimes be very large. In the case of the
example in this study: 90 hours were required for one condition in the simulation study and
121.5 hours for the empirical study, respectively, on a 3.0 GHz computer with 1GB of RAM to
complete a single replication. In order to implement this model in an operational situation,
a much faster algorithm would be required. Results such as this are not uncommon, and
MCMC estimation of model parameters for long tests and very large samples is clearly going
to require substantial computing resources or development of speedier algorithms. When
compared to relatively speedy computation using software implementing EM algorithms for
some simpler IRT models, MCMC does not yet appear to be ready for use in most operational

testing programs.

5.3 DISCUSSION

Anchoring and Linking for a MMixIRTM DIF Analysis. In a DIF analysis with a

MMixIRTM, each latent group of examinees is evaluated over the same set of test items.
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Thus, one can think of every item on the scale as being a potential anchor item to be used in
estimating an appropriate set of linking coefficients. This design is similar to the common-
item nonequivalent group design except that group membership is latent. Following the
rationale for that design, group membership and class-specific item difficulty parameters are
estimated simultaneously with metric anchoring done in terms of the ability distribution.

An alternative way of anchoring and linking in MMixIRTM is that we set the anchor
item(s) before fitting the MMixIRTM. This would be consistent with Thissen, Steinberg,
and Wainer (1993) who suggest that a set of anchor items first be identified that contains
no DIF. These anchor items then serve to identify the metric of the latent trait scale, and
thus item parameters from the non-anchor items are directly comparable. Implementing this
kind of apriori determination of DIF-free items is a potentially useful means of establishing
a set of anchor items, but how this should be done in the context of a latent groups DIF
analysis is not clear. What would be needed to do this would be a substantive rationale
clearly indicating what latent groups one might anticipate, given the test and the sample,
and then how these latent groups might be expected to perform on particular items. Lacking
that kind of rationale, apriori specification of anchor items that are assumed to be DIF-free
would seem premature.

Interpretation of Class-Specific Construct Representation. The ability esti-
mates reflect somewhat different processes across classes. The following questions remain
(Embretson & Reise, 2000): Should abilities be interpreted equivalently across classes? In
addition, do we need to adjust scores for deficient knowledge states?

Use of Covariates and Predictors for MMixIRTM. An important distinction
between covariates and predictors is that covariates are variables that may be used to describe
or predict (rather than to define or measure) the latent classes while predictors are variables
that may be used to describe or predict the dependent variable (Vermunt & Magidson, 2005).
In this study, only covariates were used for both simulation and empirical studies. Further

study would be useful to explore inclusion of covariates and predictors in a MMixIRTM.
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Palardy and Vermunt (2007) note that, to the degree that the predictors adjust the
ability estimates, group membership can change. For school comparisons based on student
achievement, it is possible to equalize schools in terms of predictors and then determine the
number of classes based on achievement. Failing to control for excessive random variation in
between-level ability, however, will lead to over extraction of classes.

Type I Error Rate Control of Multiple Pairwise Comparisons. In this study,
the HPD interval was used in the detection of DIF items. If more than three latent classes
(i.e., G > 3, K > 3) were present, then a multigroup DIF analysis is potentially needed
(depending on the types of comparisons that are of interest). A concern with multigroup
DIF comparisons is control of Type I error.

Two candidate methods for multiple comparisons are the Benjamini-Hochberg (B-H:
Steinberg, 2001) sequential approach and Bonferroni methods. Williams, Jones, and Tukey
(1999) showed that a sequential approach to controlling the false discovery rate in multiple
comparisons yields much greater power than the widely used Bonferroni method. The B-H is a
sequential procedure implemented as follows: Consider testing hypotheses Hy, Hy, ..., Hx 4
based on the corresponding p-values, P, I, ..., Pg_1. Let Py < Pgy < ... < Pg_1) be the
ordered p-values of the z statistics, and denote by H(,) the null hypothesis corresponding to
P). Let k be the largest r for which

r

Po sl

(5.1)

then reject all H, forr=1,2,... K — 1.

The above multiple comparisons in the Hj is the situation where all multiple comparisons
are ones with one control group (i.e., the focal group) and planned rather than post-hoc tests.
Dunnett’s method is recommended for pairwise multiple comparisons with one control group
(i.e., the focal group) (Hsu, 1999). In this study, a given school can be a focal group at the
school-level and a dominant group can be a focal group at the student-level.

Descriptive Latent DIF Measure. As statistical power is a function of sample size

(Cohen, 1988), relatively small differences in population parameters will be statistically sig-
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nificant for sufficiently large samples. The result is that we can expect to reject the null
hypothesis, in this case of no DIF, when the sample size is very large but the difference
between parameters is small, possibly even trivially small (Dorans & Holland, 1993; Kim et
al., 2007). Since the College Board often has very large sample sizes for some of its testing
programs, a DIF analysis relying solely on statistical tests is not likely to be useful, as most
if not all items will be identified as functioning differentially. In addition to testing the sig-
nificance of differences in item parameter estimates, indices of the magnitude of DIF, that is,
effect sizes, often can be used to help determine whether or not the DIF that was detected
is sufficiently large to be meaningful. In this study, therefore, we employed indices of the
magnitude of DIF suggested for the manifest DIF analysis (e.g., Dorans & Kulick, 1986;
Dorans & Schmitt, 1991; Kim, 2000; Wainer, 1993; Zumbo, 1999) to latent DIF analysis

after group membership and its class-specific item difficulty were obtained.

5.4 PoOSSIBLE APPLICATIONS OF MMIXIRTM AND RELATED MODELING FOR EDUCA-

TIONAL RESEARCH

5.4.1 APPLICATIONS OF MMIXIRTM

Educational Policy Research. The MMixIRTM may also have application in school effec-
tiveness research. Most of current school effectiveness research is done to explore differ-
ences within and between schools by investigating the relationship between student-level
and school-level background variables. The outcome variable is typically a sum score on a
test, and the analysis is is usually done by studying differences among schools after adjusting
for relevant background variables.

As was shown in the analysis of empirical data, using the MMixIRTM enabled a clustering
of students and schools with respect to response patterns. In addition, it was then possible to
to determine what may have caused these differences by examining covariates either directly
in the model or subsequently, by means of tests of association. In addition, it was possible

to show the heterogeneity across groups in the DIF analysis. Results such as these also can
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provide useful information for educational policy research mainly by addressing to what
homogeneous groups look like based on students’ achievement at both the student-level and
school-level.

Application MMixIRTM to Longitudinal Data. Longitudinal data can be viewed
as a special type of multilevel data in which the first level units refer to responses over time.
Typically the second level units are individuals like students. The higher level units can be
schools, for example. In a cross-sectional analysis, students are clustered with respect to
their response patterns at the first level for cross-sectional data, and growth patterns are
clustered with respect to their initial status and growth rate at the first level for longitudinal
data. In addition, just as schools are clustered with respect to different proportions of first-
level groups (i.e., student-level), at the second level for the cross-sectional data, students are

clustered with respect to different proportions of growth patterns for longitudinal data.

5.4.2 MODELING OF OTHER ITEM STRUCTURES

Modeling of Testlet Effect for Reading Test. Standardized educational achievement
tests often include sections composed of groups of items based on a common stimulus (e.g.,
a set of test items all focusing on a single passage in a reading comprehension test). These
groups of items, known as testlets, may offer greater efficiency in test construction, as a
single stimulus can be associated with several items, but they are also the potential cause
of nuisance dimensionality extraneous to the construct being measured. This dimensionality,
reflected as local dependence, arises because items within a testlet rely on a common stimulus.
Cohen, Cho, and Kim (2005) proposed a MixIRTM for the data structure having testlets.
The MMixIRTM should be capable of being extended to incorporate items with a testlet
structure.

Non-Uniform DIF Analysis. The MMixIRTM was tested in this study using the Rasch
model, which allows the item difficulty to differ across mixtures. The structure of the Rasch

model only allows for uniform DIF among latent classes. It should be possible to extend the
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MMixIRTM to other models such as the 2- or 3-parameter IRT model to account not only
for differences between the groups with respect to item difficulty, but also differences with
respect to discriminating power or guessing parameters.

Incorporation of a Q-Matrix in a MMIixIRTM for Diagnostic Modeling. In
the linear logistic test model (LLTM, Fisher, 1983), cognitive skills are modeled to reflect
basic features of items and how they affect probabilities of responses (Tatsuoka, 1983). A
@-matrix (Tatsuoka, 1983) is used to contain this information, the entries of which indicate
whether or not a particular cognitive skill is required by attribute h in item 2. Elements of
the Q-matrix, ¢;,, are either 1 if attribute h is required by item 7 or 0 if is is not. The LLTM

extends the Rasch model by positing a linear structure for item difficulty, g;:

Bi = Z qinTh = Q;h% (5.2)
h

where 7);, is a contribution to item difficulty entailed by attribute h.
We can incorporate the following linear structure for the item difficulty in MMixIRTM

to support the narrative theme of fundamental measurement:

Bigk = > GigknTgkh = gk (5.3)
3

where 74, is a contribution to item difficulty required by attribute A for each class, g and k.
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Figure 5.1: Item Difficulty Profile with DIF Information and Item Skill Information: (a) For
School-Level Comparison G = 4, K =1 Vs. G = 4, K = 2 (Selected Classes), and (b) For

Student-Level Comparison of G =3, K =1 Vs. G =4, K =1 (Selected Classes)

3
2
1
o —e—G=4_K=1
(a) V‘V‘: - —m G=4_K=2
1
-2 4
3
3
2 /\\A
o —e—G=3 K=1
— —=— G=4_K=1
-1
2 \'
-3
B 14|15 16|17 |18 (19)]|2 |20 |2]|23]24]|2
School-Level DIF -17) 05 | -36 | -10| 04 (-20 | -50 | -11 | -11 | .01 | -03 [ .03 | -47
Magpnitute
Student-Level DIF -04 53 [ 56 | 1.87 | 231|287 | 271|169 | - - -5 =70 | =71
Magnitute 1.06 | 1.35
A
Skill 1 0 1 0 1 0 0 0 0 0 0 0 1 0
Skill 2 0 0 0 0 0 1 0 1 0 0 0 0 1
Q-Matrix
Skill 11 0 1 0 1 1 0 1 1 0 0 0 1 0
A,




[1]

BIBLIOGRAPHY

Ackerman, T. A. (1992). A didactic explanation of item bias, item impact, and item

validity from a multidimensional perspective. Journal of Educational Measurement, 29,

67-91.

Adams, R. J.;, Wilson, M., & Wu, M. (1997). Multilevel item response models: An
approach to errors in variables regression. Journal of Educational and Behavioral Statis-

tics, 22, 47-76.

Angoff, W. A. (1993). Perspectives on differential item functioning methodology. In P.
W. Holland & H. Wainer (Eds.), Differential item functioning (pp. 3-23). Hillsdale, NJ:

Lawrence Erlbaum Associates.

Asparouhov, T., & Muthén, B. (2007). Multilevel mixture model. In G. R. Hancock
& K. M. Samuelsen, (Eds.). Advances in latent variable mizture models(pp. 25-51).

Greenwich, CT: Information Age Publishing, Inc.

Bassiri, D. (1988). Large and small sample properties of mazimum likelihood estimates
for the hierarchical linear model. Unpublished doctoral dissertation, Michigan State

University.

Bates, D., & Debroy, S. (2004). Linear mixed models and penalized least squares. Journal

of Multivariate Analysis, 91, 1-17.

Bijmolt, T. H. A., Paas, L, & Vermunt, J. K. (2004). Country and consumer segmen-
tation: Multi-level latent class analysis of financial product ownership. International

Journal of Research in Marketing, 21, 323-340.

138



8]

[10]

[11]

[12]

[16]

139

Bolt, D. M., Cohen, A. S., & Wollack, J. A. (2001). A mixture item response for multiple-

choice data. Journal of Educational and Behavioral Statistics, 26, 381-409.

Bolt, D. M., Cohen, A. S., & Wollack, J. A. (2002). Item parameter estimation under
conditions of test speededness: Application of a Mixture Rasch model with ordinal

constraints. Journal of Educational Measurement, 39, 331-348.

Box, G. E. P., & Tiao, G. C. (1973). Bayesian inference in statistical analysis. Reading,
MA: Addison-Wesley.

Browne, W. J., & Draper, D. (2006). A comparison of Bayesian and likelihood-based

methods for fitting multilevel models. Bayesian Analysis, 3, 473-514.

Bryk, A. S., & Raudenbush, S. W. (1988). Toward a more appropriate conceptualization
of research on school effects: A three-level hierarchical linear model. American Journal

of Education, 97, 65-108.

Bryk, A. S., & Raudenbush, S. W. (1992). Application of hierarchical linear models to

assessing change. Psychological Bulletin, 101, 147-158.

Cheong, Y. F.; & Raudenbush, S. W. (2000). Measurement and structural models for
child’s problem behaviors. Psychological Methods, 5, 477-495.

Cho, S.-J., Cohen, A. S.; & Kim, S.-H. (2006, June). An investigation of priors on the
probabilities of miztures in the mizture Rasch model. Paper presented at the Interna-
tional Meeting of the Psychometric Society: The 71st annual meeting of the Psychome-

tric Society, Montreal, Canada.

Cohen, A. S., Cho, S.-J., & Kim, S.-H. (2005, April). A mizture testlet model for edu-
cational tests. Paper presented at the annual meeting of the American Educational

Research Association, Montreal, Canada.



[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

140

Cohen, A. S.; & Bolt, D. M. (2005). A mixture model analysis of differential item

functioning. Journal of Educational Measurement, 42, 133-148.

Cohen, A. S., Gregg, N., & Deng, M. (2005). The role of extended time and item content
on a high-stakes mathematics test. Learning Disabilities Research € Practice, 20, 225-

233.

Cohen, J. (1998). Statistical power analysis for the behavioral sciences (2nd eds.). Hills-
dale, NJ: Erlbaum.

Congdon, P. (2003). Applied Bayesian modelling. New York: Wiley.

DeAyala, R. J., Kim, S. -H., Stapleton, L. M., & Dayton, C.M. (2002). Differential item
functioning: A mixture distribution conceptualization. International Journal of Testing,

2, 243-276.

De Boeck, P., Wilson, M., & Acton, G. S. (2005). A conceptual and psychometric
framework for distinguishing categories and dimensions. Psychological Review, 112, 129-

158.

Diebolt, J., & Robert, C. P. (1994). Estimation of finite distributions through Bayesian

sampling. Journal of the Royal Statistical Society, Series B, 56, 363-375.

Dorans, N. J. & Holland, P. W. (1993). DIF detection and description: Mantel-Haenszel
and standardization. In P. W. Holland & H. Wainer (Eds.), Differential item functioning

(pp. 35-66.) Hillsdale, NJ: Erlbaum.

Dorans, N. J. & Kulick, E. (1986). Demonstrating the utility of the standardization
approach to assessing unexpected differential item performance on the Scholastic Apti-

tude Test, Journal of Educational Measurement, 23, 355-368.



[26]

[27]

28]

[29]

[32]

[33]

[34]

141

Dorans, N. J., & Schmitt, A. P. (1991). Constructed response and differential item
functioning: A pragmatic approach (Research Rep. No. RR-91-47). Princeton, NJ: Edu-

cational Testing Service.

Dunn, L. M., & Dunn, L. M. (1997). Peabody picture vocabulary test-third edition. Circle

Pines, MN: American Guidance Service.

Embretson, S. E., & Reise, S. P. (2000). Item response theory for psychologists. Mahwah,

NJ: Lawrence-Erlbaum.

Finch, S. J., N. R. Mendell, & H. C. Thode (1989). Probablistic measure of adequacy of
a numerical search for global maximum. Journal of the American Statistical Association,

84, 1020-1023.

Fisher, G. H. (1983). Logistic latent trait models with linear constraints. Psychometrika,
48, 3-26.

Fox, J. -P., & Glas, C. (2001). Bayesian estimation of a multilevel IRT model using

Gibbs sampling. Psychometrika, 66, 271-288.

Fox, J. -P. (2005). Multilevel IRT using dichotomous and polytomous response data.

British Journal of Mathematical and Statistical Psychology, 58, 145-172.

Frithwirth-Schnatter, S. (2006). Finite mizture and markov switching models. New York:

Springer.

Gelman, A.; & Rubin, D. B. (1992). Inference from iterative simulation using multiple

sequences. Statistical Sceience, 7, 457-472.

Gelman, A., Carlin, J. B., Stern, H. S., & Rubin, D. B. (2003). Bayesian data anal-
ysis(2nd Eds). Chapman & Hall.



[36]

[37]

[38]

[39]

[40]

[41]

[42]

[45]

142

Geweke, J. (1992). Evaluating the accuracy of sampling-based approaches to calculating
posterior moments. In J. M. Bernardo, J. O. Berger, A. P. Dawid, & A. F. M. Smith

(Eds.), Bayesian statistics 4(pp. 169-194). Oxford: Oxford University Press.

Gilks, W. R., & Wild, P. (1992). Adaptive rejection sampling for Gibbs’ sampling.
Applied Statistician, 41, 337-348.

Goldstein, H. (1986). Multilevel mixed linear model analysis using iterative generalized

least squares. Biometrika, 73, 43-56.

Goldstein, H. (1987). Multilevel models in education and social research. London: Charles

Griflin and Co.

Goldstein, H. (1989). Restricted unbiased iterative generalized least squares estimation.

Biometrika, 76, 622-623.

Goldstein, H., & Rasbash, J. (1996). Improved approximations for multilevel models

with binary responses. Journal of the Royal Statistical Society, Series A, 159, 505-513.

Hambleton, R. K., & Rogers, H. J. (1989). Detecting potentially biased test item: Com-
parison of IRT area and Mantel-Haenszel methods. Applied Measurement in Education,

2, 313-334.

Heinen, T. (1996). Latent classes and discrete latent trait models. Thousand Oaks, CA:

Sage Publications.

Hu, P. G., & Dorans, N. J.(1989). The effect of deleting differentially functioning
items on equating functions and reported score distributions. Princeton, NJ: Educational

Testing Service.

Johnson, V., & Albert, J. (1998). Ordinal data modeling. New York: Springer.



[46]

[49]

[50]

[51]

[54]

143

Jordan, M. 1., & Jacobs, R. A. (1992). Hierarchies of adaptive experts. In Moody,
J., Hanson, S., & Lippmann, R. (Eds.), Advances in Neural Information Processing

Systems, 4 (pp. 985-993), San Mateo, California: Morgan Kaufmann, 985-993.

Kamata, A. (2001). Item analysis by the hierarchical generalized linear model. Journal

of Educational Measurement, 38, 79-93.

Kamata, A., & Binici, S. (2003, June). Random-effect DIF analysis via hierarchical gen-
eralized linear models. Paper presented at the International Meeting of the Psychometric

Society: The 68st annual meeting of the Psychometric Society, Sardinia, Italy.

Kamata, A., Chaimongkol, S., Genc, E., & Bilir, M. K. (2005, April). Random-effect
differential item functioning across group units by the hierarchical generalized linear
model. Paper presented at the annual meeting of the American Educational Research

Association, Montreal, CA.

Kang, T.-H., & Cohen, A. S. (in press). A mixture model analysis of ethnic group DIF.

Journal of Educational FEvaluation.

Kiefer, N. M. & J. Wolfowitz (1956). Consistency of the maximum likelihood estimator
in the presence of infinitely many incidential parameters. Annals of Mathematical Statis-

tics, 27, 887-906.

Kim, K.-S. (1990). Multilevel data analysis: A comparison of analytical alternatives.

Unpublished doctoral dissertation, Los Angeles: University of California.

Kim, S.-H. (April 2000). An investigation of the likelihood ratio test, the Mantel test,
and the generalized MantelHaenszel test of DIF. Paper presented at the annual meeting

of the American Educational Research Association, New Orleans, LA.

Kim, S.-H., Cohen, A. S., Alagoz, C., & Kim, S. (2007). DIF detection and effect size
measures for polytomously scored items. Journal of Educational Measurement, 44, 93-

116.



[55]

[56]

144

Kreft, I. G. G. (1996). Are multilevel techniques necessary? An overview, including sim-
ulation studies. Unpublished Report. Los Angeles: University of California, Department

of Statistics.

Li, F., Cohen, A. S., Kim, S.-H., & Cho, S.-J. (2006, April). Model selection methods
for mizture dichotomous IRT models. Paper presented at the annual meeting of the

National Council on Measurement in Education, San Francisco, CA.

Li, Y., Cohen, A. S., & Ibarra, R. A. (2004). Characteristics of mathematics items

associated with gender DIF. International Journal of Testing, 4, 115-136.

Longford, N. T. (1987). A fast scoring algorithm for maximum likelihood estimation in

unbalanced mixed models with nested random effects. Biometrika, 7/, 817-827.
Longford, N. T. (1993). Random coefficient models. New York: Oxford University Press.

Maier, K. S. (2001). A Rasch hierarchical measurement model. Journal of Educational

and Behavioral Statistics, 26, 307-330.

Maier, K. S. (2002). Modeling incomplete scaled questionnaire data with a partial credit
hierarchical measurement model. Journal of Educational and Behavioral Statistics, 27,

271-289.

Maple, S. A., & Stage, F. K. (1991). Influences on the choice of math/science major by

gender and ethnicity. American Educational Research Journal, 28, 37-60.

Masters, G. N. (1985). A comparison of latent trait and latent class analysis of Likert-

type data. Psychometrika, 49, 69-82.
McLachlan, G., &, Peel, D. (2000). Finite mizture models. New York: Wiley.

Mislevy, R. J. (1987). Exploiting auxiliary information about examinees in the estima-

tion of item parameters. Applied Psychological Measurement, 11, 81-91.



[66]

[67]

[68]

[69]

[72]

145

Mislevy, R. J., & Verhelst, N. (1990). Modeling item responses when different subjects

employ different solution strategies. Psychometrika, 55, 195-215.

Muraki, E. (1999). Stepwise analysis of differential item functioning based on multiple-

group partial credit model. Journal of Educational Measurement, 36, 217-232.

Muthén, B., & Asparouhov, T. (2006). Item response mixture modeling: Application to

tobacco dependence criteria. Addictive Behaviors, 31, 1050-1066.

Muthén, B., Brown, C. H., Jo, B. K. M., Khoo, S.-T., Yang, C. C., Wang, C.-P., &
Kellam, S. G. (2002). General growth mixture modeling for randomized preventive inter-

ventions. Biostatistics, 3, 459-475.

Muthén, L. K. & Muthén, B. O. (2006). Mplus [Computer program|. Los Angeles, CA:
Muthén & Muthén.

O’neill, K. A., & Mcpeek, W. M. (1993). Item and test characteristics that are associated
with differential item functioning. In P. W. Holland & H. Wainer (Eds.), Differential

item functioning (pp. 255-276). Hillsdale, NJ: Lawrence Erlbaum Associates.

Palardy, G., & Vermunt, J. K. (2007). Multilevel growth mixture models for classi-
fying group-level observations. ( downloaded from website http://spitswww.uvt.nl/ ver-

munt/PapersSubmitted)

Patz, R. J., & Junker, B. W. (1999a). A straightforward approach to Markov chain
Monte Carlo methods for item response models. Journal of Educational and Behavioral

Statistics, 24, 146-178.

Patz, R. J., & Junker, B. W. (1999b). Applications and extensions of MCMC in IRT:
Multiple item types, missing data, and rated responses. Journal of Fducational and

Behavioral Statistics, 24, 342-366.



[75]

[76]

[77]

(78]

[79]

[80]

146

Penfield, R. D. (2001). Assessing differential item functioning among multiple groups: A
comparison of three Mantel-Haenszel procedures. Applied Measurement in Education,

1/, 235-259.

Pine, S. M. (1977). Applications of item characteristic curve theory to the problem of test
bias. In D. J. Weiss (Ed.), Applications of computerized adaptive testing: Proceedings of
a symposium presented a the 18th annual convention of the Military Testing Association
(Research Rep. No. 77-1, pp. 37-43). Minneapolis: University of Minnesota, Department

of Psychology, Psychometric Methods Program.

R Development Core Team. (2007). R: A Language and Environment for Statistical
Computing. R Foundation for Statistical Computing, Vienna, Austria. ISBN 3-900051-

07-0, URL http: www.R-project.org/.

Raftery, A. L., & Lewis, S. (1992). How many iterations in the Gibbs sampler? In J.
M. Bernardo, J. O. Berger, A. P. Dawid, & A. F. M. Smith (Eds.), Bayesian statistics
4(pp. 763-773). Oxford: Oxford University Press.

Rasbash, J., Steele, F., Browne. W., & Prosser, B. (2005). A user’s guide to MLwiN,

Version 2.0. University of Bristol, U.K.

Raju, N. S., Bode, R. K., & Larsen, V. S. (1989). An empirical assessment of the
Mantel-Haenszel statistic to detect differential item functioning. Applied Measurement

i Education, 2, 1-13.

Raudenbush, S. W., & Bryk, A. G. (2002). Hierarchical Linear Models: Applications
and data analysis methods (2nd eds.), Thousand Oaks, CA: Sage.

Raudenbush, S. W., Bryk, A. G., & Congdon, R. (2005). HLM: Hierarchical linear and

nonlinear modeling [Computer program]. Chicago: Scientific Software International.

Richardson, S., & Green, P. J. (1997). On Bayesian analysis of mixtures with an

unknown number of components (with discussion). Journal of the Royal Statistical



[34]

[89]

[90]

[91]

[92]

147

Society, Series B, 59, 731-792. Correction (1998). Journal of the Royal Statistical Society
Series, Series B, 60, 661.

Robert, C. P. (1996). Mixtures of distributions: inference and estimation. In W. R.. Gilks,
S. Richardson, & D. J. Spiegelhalter (Eds.), Markov chain Monte Carlo in practice (pp.
441-464). Washington DC: Chapman & Hall.

Rodriguez, G, & Goodman, N. (1995). An assessment of estimation procedure for mul-

tilevel models with binary responses. Journal of the Royal Statistical Society, Series A,

158, 73-89.

Rost, J. (1990). Rasch models in latent classes: An integration of two approaches to

item analysis. Applied Psychological Measurement, 14, 271-282.

Rost, J. (1997). Logistic mixture models. In W. J. van der Linden & R. K. Hambleton

(Eds.), Handbook of modern item response theory (pp. 449-463). New York: Springer.

Roussos, L., & Stout, W. (1996). A multidimensionality-based DIF analysis paradigm.

Applied Psychological Measurement, 20, 355-371.

Samuelsen, K. (2005). Ezamining differential item functioning from a latent class per-

spective. Unpublished doctoral dissertation, College Park: University of Maryland.

Schmitt, A.P., Holland, P.W., & Dorans, N.J. (1993). Evaluating hypotheses about
differential item functioning. In P. W. Holland & H. Wainer (Eds.), Differential item

functioning (pp. 281-315). Hillsdale, NJ: Lawrence Erlbaum Associates.

Smit, A. ; Kelderman, H. | & Flier, H. (1999). Collateral information and mixed Rasch

models. Methods of Psychological Research Online, /.

Smith, B. (2004, April). Bayesian output analysis program (BOA) Version 1.1.2 for R
and S-PLUS [Computer program|. Department of Biostatistics, University of lowa, lowa

City.



[93]

[94]

[95]

[96]

148

Spiegelhalter, D., Thomas, A., & Best, N. (2003). WinBUGS version 1.4 [Computer
program|. Robinson Way, Cambridge CB2 2SR, UK: MRC Biostatistics Unit, Institute
of Public Health.

Steinberg, L. (2001). The Consequences of pairing questions: Context effects in person-

ality measurement. Journal of Personality and Social Psychology, 81, 332-342.

Stephens, M. (2000). Dealing with Label Switching in Mixture Models. Journal of the

Royal Statistical Society, Series B, 62, 795-8009.

Tate, W. F. (1997). Race-ethnicity, SES, gender, and language proficiency trends in
mathematics achievement: An update. Journal for Research in Mathematics Education,

28, 652-679.

Tatsuoka, K. K. (1983). Rule space: An approach for dealing with misconceptions based

on item response theory. Journal of Educational Measurement, 20, 345-354.

Thissen, D., Steinberg, L., & Wainer, H. (1988). Use of item response theory in the study
of group differences in trace lines. In H. Wainer & H. I. Braun (Eds.), Test validity (pp.
147-169). Hillsdale, NJ: Lawrence Erlbaum Associates.

Thissen, D., Steinberg, L., & Wainer, H. (1993). Detection of differential item func-
tioning using the parameters of item response models. In P. W. Holland & H. Wainer
(Eds.), Differential item functioning (pp. 67-113). Hillsdale, NJ: Lawrence Erlbaum

Associates.

[100] Thissen, D., Steinberg, L., & Kuang, D. (2002). Quick and easy implementation of

the Benjamini-Hochberg procedure for controlling the false positive rate in multiple

comparisons. Journal of Educational and Behavioral Statistics, 27, 77-83.

[101] Vermunt, J. K. (2003). Multilevel latent class models. Sociological Methodology, 33,

213-239.



149

[102] Vermunt, J. K., & Magidson, J. (2005). Technical guide for Latent GOLD 4.0: Basic

and advanced. Belmont MA: Statistical Innovations Inc.

[103] Vermunt, J. K. (in press a). A hierarchical model for clustering three-way data sets.

Elsevier Science.

[104] Vermunt, J. K. (in press b). Latent class and finite mixture models for multilevel data

sets. Statistical Methods in Medical Research.

[105] Vermunt, J. K. (2007). Multilevel mixture item response theory models: An application

in education testing. IST 2007 Proceedings.

[106] von Davier, M. (2001). WINMIRA [Computer program]. St. Paul, MN: Assessment

Systems Corporation.

[107] von Davier, M., & Yamamoto, K. (2004). Partially observed mixtures of IRT models:
An extension of the generalized partial-credit model. Applied Psychological Measure-

ment, 28, 389-406.

[108] von Davier, M., & Yamamoto, K. (2007). Mixture-Distribution and HYBRID Rasch
Models. In M. von Davier, & C. H. Carstensen (Eds.), Multivariate and mizture distri-

bution Rasch models (pp. 99-115). New York: Springer.

[109] Wainer, H. (1993). Model-based standardized measurement of an item’s differential
impact. In P. W. Holland & H. Wainer (Eds.), Differential item functioning (pp. 123-
135). Hillsdale, NJ:Erlbaum.

[110] Webb, M. -y., Cohen, A. S., Schwanenflugel, P. J. (in press). Latent class analysis of
differential item functioning on the Peabody Picture Vocabulary Test-111. Educational

and Psychological Measurement.



150

[111] Williams, V. S. L., Jones, L. V., & Tukey, J. W. (1999). Controlling error in multiple
comparisons, with examples from state-to-state differences in educational achievement.

Journal of Educational and Behavioral Statistics, 2/, 42-69.

[112] Wollack, J. A., Cohen, A. S., & Wells, C. S. (2003). A method for maintaining scale
stability in the presence of test speededness. Journal of Educational Measurement, 40,

307-330.

[113] Zumbo, B. D. (1999). A handbook on the theory and methods of differential item func-
tioning (DIF). Ottawa, Ontario, Canada: Directorate of Human Resources Research

and Evaluation, Department of National Defense.



APPENDIX A

WINBUGS CobpE USED FOR MULTILEVEL IRT MODEL

# J: the number of students

# 1. the number of items

# T: the number of schools

# b: item difficulty

# eta: ability at the student-level

# nu: ability at the school-level

# gamma: mean of ability at the school-level

# tau (square root of tau in model description): the SD of ability at the student-level
# zeta: inverse variance of ability at the school-Level
model

{

for (j in 1:J) {
for (i in 1:1I) {
r[j,il<-resplj,il]
1}

# Multilevel Rasch
for (j in 1:J) {
for (i in 1:I) {
logit(pl[j,i]) <- tauxetalj] + nulgroupl(jl]l - b[i]
r(j,i] “dbern(p[j,i])
1}

# Ability
for (j in 1:J) {
etalj] ~ dnorm(0, 1)
}
for (j in 1:T){

nulj] ~ dnorm(gamma, zeta)

}
gamma ~ dnorm(0,1)
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# Standard Deviation of Ability at the Student-Level
tau ~ dnorm(0,1)I(0,)
# (1/Variance) of Ability at the School-Level

zeta ~ dgamma(0.1,0.001)

# Item Difficulty
for (i in 1:I) {
b[i] “"dnorm(0, 1)

# Log Likelihood
for (j in 1:J) {
for (i in 1:1) {
1[j,il<-1log(plj,il)*r[j,i]+log(1-p[j,il1)*(1-r[j,1])

+}r

loglik <-sum(1[1:J,1:1])

AIC <- -2%(loglik - np)

BIC <- -2*loglik + np*log(N)

1ist(J=8000, I=40, T=320, np=42,

group=c(¢ , 1 ,1 ,1 ,1 ,1 ,1 ,1 ,1 ,1
, 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1
, 1 , 1 , 1 , 1 , 2 , 2 , 2 , 2 , 2 , 2 , 2
, 2 , 2 , 2 , 2 , 2 , 2 , 2 , 2 , 2 , 2 , 2
, 2 , 2 , 2 , 2 , 2 , 2 , 2 , 3 , 3 , 3 , 3
),

resp=structure(.Data=c(

1.0,1.0,1.0,1.0,1.0,

1.0,1.0,1.0,1.0,1.0,

1.0,1.0,1.0,1.0,1.0,

1.0,1.0,0.0,1.0,0.0,

1.0,1.0,1.0,1.0,1.0,

1.0,1.0,1.0,1.0,1.0,

1.0,0.0,1.0,1.0,0.0,

0.0,1.0,1.0,1.0,0.0,

0.0,0.0,1.0,1.0,0.0,

1.0,1.0,0.0,0.0,0.0,
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1.0,0.0,0.0,0.0,0.0),.Dim = c(8000,40)))



APPENDIX B

WINBUGS CobpE USED FOR RASCH MODEL

# J: the number of students
# I: the number of items
# tau (square root of tau in model description): the SD of ability
# b: item difficulty
# eta: ability
model
{
for (j in 1:J) {
for (k in 1:I) {
r[j,kl<-resplj,k]
1}

# Rasch model
for (j in 1:J) {
for (i in 1:I) {
logit(plj,i]) <- tauxetalj] - b[il]
r[j,il dbern(plj,il)
1}

# Ability
for (j in 1:J) {

etalj] = dnorm(0, 1)
}

# SD of Ability
tau ~ dnorm(O, 1) I(O, )

# Item Difficulty
for (i in 1:1I) {
b[i] “"dnorm(0, 1)
}
# Log Likelihood
for (j in 1:J) {
for (i in 1:1I) {
1[0j,il<-1log(plj,il)*r[j,il+log(1-p[j,il)*(1-r[j,il)
}r
loglik <-sum(1[1:J,1:1])
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AIC <- -2%(loglik - np)

BIC <- -2*loglik + np*log(N)

}

=8000, I=40, np=41,

list(J

1.0,0.0,0.0,0.0,0.0),.Dim = c(8000,40)))
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ApPENDIX C

WINBUGS CobpE USED FOR MIXTURE IRT MODEL

2 student-level class (G) with prior
J: the number of students
I: the number of items

g: group membership at the student-level
sigma: the SD of ability

beta: item difficulty

eta: ability

mutg: the mean of ability

pi: the probability of mixture

H OH H H H H OH HH

model
{
for (j in 1:J) {
for (1 in 1:I) {
r[j,il<-resplj,il]
1}

# Mixture Rasch Model: 2-Group Solution

for (j in 1:J) {
for (i in 1:I) {
logit(plj,il) <- sigmalgl[jll* etaljl - blgljl,i]
r[j,il dbern(plj,il)

1}

# Ability
for (j in 1:J) {
etalj] 7 dnorm(mutglgljl], sigtlgljll)
}
mutgl[1] <- 0
mutg[2] ~ dnorm(mut,1)
mut ~ dnorm(0,1)
sigt[1] <- 1
sigt[2] <- 1

# SD of Ability
for (i in 1:G2) {
sigma[i] “dnorm(0,1) I(0,)
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}
# Group Membership
for (j in 1:J) {
gljl =~ dcat(pil1:G2])
}
for (g in 1:G2) {
pilgl <- deltalgl/sum(delta[1:G2])
deltalg] ~ dgamma(alphalg],1)
}
# Item Difficulty
for (g in 1:G2) {
for (i in 1:I) {
betalg,i] "dnorm(0,1)
1}
# Log-Likelihood
for (j in 1:J) {
for (i in 1:1I) {
1[j,i1<-1log(plj,il)*r[j,il+log(1-p[j,i1)*(1-r[j,i])
}r
loglik <-sum(1[1:J,1:I])
AIC <- -2%(loglik - np)
BIC <- -2*loglik + np*log(N)

1ist (J=8000, I=40, G2=2, np=84,
alpha=c(1,1),

resp=structure(.Data=c(
1.0,1.0,1.0,1.0,1.0,
1.0,1.0,1.0,1.0,1.0,
1.0,1.0,1.0,1.0,1.0,
1.0,1.0,0.0,1.0,0.0,
1.0,1.0,1.0,1.0,1.0,
1.0,1.0,1.0,1.0,1.0,
1.0,0.0,1.0,1.0,0.0,
0.0,1.0,1.0,1.0,0.0,
0.0,0.0,1.0,1.0,0.0,
1.0,1.0,0.0,0.0,0.0,
1.0,0.0,0.0,0.0,0.0),.Dim = c(8000,40)))



APPENDIX D

WINBUGS CobpE USED FOR MMIXIRTM: PRIOR

2 student-level class (G) with prior

2 school-level class (K)with prior

J: the number of students

I: the number of items

T: the number of schools

g: group membership at the student-level
gg: group membership at the school-level
a: the SD of ability

b: item difficulty

eta: ability

mutg: the mean of ability

model

{

for (j in 1:J) {

for (i in 1:I) {

r[j,i] <- resplj,i]

#
#
#
#
#
#
#
#
#
#
#

iy
# G=2

for (j in 1:J) {
for (i in 1:I) {
logit(plj,il) <- algljl, gglgroupl[jl]] *etalj]
- bli,gljl,gglgroupljll]
r(j,i] “dbern(p[j,i])
1}

# Ability
for (j in 1:J) {
etalj] “dnorm(mutglglj],gglgroupljll]l, sigtlgljl,gglgroupljlll)
}
mutg[1,1] <- 0O
mutg[2,1] ~ dnorm(0,1)
mutg[1,2] ~ dnorm(0,1)
mutg[2,2] ~ dnorm(0,1)
sigt[1,1] <- 1
sigt[2,1] <- 1
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sigt[1,2] <- 1
sigt[2,2] <- 1

# SD of Ability
for (g in 1:G2) {

for (k in 1:K2){

alg, k] ~ dnorm(0,1) I(0,)
1

# Student Level
for (j in 1:N) {

gljl = dcat(pilglgroupl(jl],1:G2])
}

for (k in 1:K2) {
for (g in 1:G2) {
pilk,gl <- deltalk,gl] /sum(deltalk,])
deltalk,g] ~ dgamma(alphalg],1)
}
+

# School Level
for (t in 1:T){
gglt] ~ dcat(pill1:K21)
}
for (k in 1:K2) {
pillk] <- deltall[k]/sum(deltal([1:K2])
deltal[k] ~ dgamma(alphal[k],1)
}

# Item Difficulty
for (i in 1:T) {
for (g in 1:G2) {
for (k in 1:K2){
bli,g,k] "dnorm(0,1)
T

# Log-Likelihood
for (j in 1:J) {
for (i in 1:1I) {
1[0j,il<-1log(plj,il)*r[j,il+log(1-p[j,il)*(1-r[j,il)
1}
loglik <-sum(1[1:J,1:1])
AIC <- -2%(loglik - np)
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BIC <- -2*loglik + np*log(N)

# Initial Value of School-Level Group Membership
list(gg=c(1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,

1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,
1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,

1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,
1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2))

2, np=169,

8000, I=40, T=320, G2=2, K2

list(J

c(1,1),

alpha=c(1,1), alphal

1

b

=c(1

group

1.0,0.0,0.0,0.0,0.0),.Dim = c(8000,40)))

A

O

— — N N F
LU S S .NWOOOOOOO O O O
A~ A 4 O+ - O O O O
— — N N /mwOOOOOOO oS O O
L NN M1111111 —\ - O
._nwooooooo O O O
— — N N A A A O — — — O
8 a o o o & a = PN
L R ..&OOOOOOO oS O O
al H A A A H O — O
~ O, A A a o a a =« PO,
a e e a H A A 4 A —HA A O O -



APPENDIX E

WINBUGS CoDE USED FOR MMIXIRTM: MULTINOMIAL LOGISTIC REGRESSION
MOoODEL

2 student-level class (G) with multinomial logistic regression model
2 school-level class (K)with multinomial logistic regression model
J: the number of students

I: the number of items

T: the number of schools

g: group membership at the student-level

gg: group membership at the school-level

a: the SD of ability

b: item difficulty

eta: ability

mutg: the mean of ability

beta’s: coefficients of multinomial logistic regression model
model

{

for (j in 1:J) {

for (i in 1:I) {

r[j,i] <- resplj,il

#
#
#
#
#
#
#
#
#
#
#
#

1}

# G=2
for (j in 1:J) {
for (i in 1:I) {
logit(plj,il) <= algljl, gglgroupl[jl]l] *etalj]
- bli,gljl,gglgroup[j1]1]
r[j,il~dbern(plj,il)
i 3s

# Ability for (j in 1:J) {
etalj] “dnorm(mutglglj]l,gglgroupljll]l, sigtlgljl,gglgroupljlll)
}
mutg[1,1] <- 0
mutg[2,1] ~ dnorm(0,1)
mutg[1,2] ~ dnorm(0,1)
mutg[2,2] ~ dnorm(0,1)
sigt[1,1] <- 1
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sigt[2,1] <- 1
sigt[1,2] <- 1
sigt[2,2] <- 1

# SD of Ability
for (g in 1:G2) {

for (k in 1:K2){

alg, k] ~ dnorm(0,1) I(0,)
T}

# Student Level
for (j in 1:N) {
gljl = dcat(pilgglgroupljll,j,1:G2])
}
for (k in 1:K2) {
for (j in 1:J) {
for (g in 1:G2) {
pilk,j,gl <- philk,j,g] /sum(philk,j,])
log(philk,j,gl) <- beta20[k,gl+beta2l[g]*gender[j]
}
}
}
for (k in 1:K2) {
for (g in 1:G2){
beta20[k,g] ~ dnorm(0,1)
}
}
for (g in 1:G2){
beta21[g] ~ dnorm(0,1)
}
# Covariate Identification
beta20[1,1] <- 0
beta20[2,1] <- 0
beta21[1] <- 0
# School Level
for (¢t in 1:T){
ggmem2[t] ~ dcat(pi21[t,1:K2])
}
for (t in 1:T){
for (k in 1:K2) {
log(phi21[t,k]) <- beta200[k]+ beta21l[k]*citol[t]
pi21[t,k] <- phi21[t,k]/sum(phi21[t,1:K2])
}
}
for (k in 1:K2){
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beta200[k] ~ dnorm(0,1)
beta211[k] ~ dnorm(0,1)
}
# Covariate Identification
beta200[1] <- 0
beta211[1] <- 0
# Item Difficulty
for (i in 1:I) {
for (g in 1:G2) {
for (k in 1:K2){
b2[i,g,k] “"dnorm(0,1)
i3
# Log-Liklihood
for (j in 1:J) {
for (i in 1:I) {
1[j,il<-log(plj,il)*r[j,i]l+log(1-p[j,i]l)*(1-r[j,i])
i3
loglik <-sum(12[1:J,1:I])
AIC <- -2%(loglik - np)
BIC <- -2*loglik + np*log(N)

+

# Initial Value of School-Level Group Membership
list(gg=c(1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,
1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,
1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,

1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2
1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1

AR
—

b b 3 3 b b b b b b b b b 3 3 b b 3 ’2

1ist (J=8000, I=40, T=320, G2=2, K2=2, np=169,

group=c (1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 1 , 1

, 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1

, 1 , 1 , 1 , 1 , 2 , 2 , 2 , 2 , 2 , 2 , 2

, 2 , 2 , 2 , 2 , 2 , 2 , 2 , 2 , 2 , 2 , 2

, 2 , 2 , 2 , 2 , 2 , 2 , 2 , 3 , 3 , 3 , 3
D,

resp=structure(.Data=c(

.0,1.0,1.0,1.
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-
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0.0,1.0,1.0,1.0,0.0,
0.0,0.0,1.0,1.0,0.0,
1.0,1.0,0.0,0.0,0.0,

1.0,0.0,0.0,0.0,0.0),.Dim = c(8000,40)))





